i, (ceramarns UMONS S Bolittetiaue

HAUTS-DE-FRANCE

INSA

Thése de doctorat
Pour obtenir le grade de Docteur de
I’'UNIVERSITE POLYTECHNIQUE HAUTS-DE-FRANCE
et de 'INSA HAUTS-DE-FRANCE
et du titre de Docteur en Sciences de
I'UNIVERSITE DE MONS

Discipline : Mathématiques et leurs interactions
Présentée et soutenue par Damien GALANT
Le 09/12/2024, a Valenciennes

Ecole doctorale :

Ecole Doctorale Polytechnique Hauts-de-France (ED PHF n°635)

Unité de recherche :

Laboratoire de Matériaux Céramiques et de Mathématiques (CERAMATHS), département DMATHS

L’équation de Schrédinger non-linéaire sur les graphes métriques

JURY

Président du jury

- Menet, Quentin. Chargé de cours. Université de Mons, Mons, Belgique.

Rapporteurs

- Hamel, Francois. Professeur. Université d’Aix Marseille, Marseille, France.

- Weth, Tobias. Professeur. Goethe-Universitat Frankfurt, Francfort-sur-le-Main, Allemagne.

Examinatrice

- Pistoia, Angela. Professeur. Universita « La Sapienza » di Roma, Rome, ltalie.

Directeurs de thése
- De Coster, Colette. Professeur. Université Polytechnique Hauts-de-France, Valenciennes, France.

- Troestler, Christophe. Professeur. Université de Mons, Mons, Belgique.



. ((ceramarss UMONS X7 fhiersé e

HAUTS-DE-FRANCE

INSA

PhD Thesis
Submitted for the degree of Doctor of Philosophy from
UNIVERSITE POLYTECHNIQUE HAUTS-DE-FRANCE
And INSA HAUTS-DE-FRANCE
and the title of Docteur en Sciences from the
UNIVERSITE DE MONS

Subject : Mathematics and their interactions
Presented and defended by Damien GALANT
On 09/12/2024, at Valenciennes

Doctoral school :

Doctoral School Polytechnique Hauts-de-France (ED PHF n°635)

Research unit :

Laboratory of Ceramic Materials and Mathematics (CERAMATHS), DMATHS Department

The nonlinear Schrédinger equation on metric graphs

JURY

Jury president

- Menet, Quentin. “Chargé de cours”. Université de Mons, Mons, Belgium.

Reviewers

- Hamel, Francois. Professor. Université d’Aix Marseille, Marseille, France.

- Weth, Tobias. Professor. Goethe-Universitat Frankfurt, Frankfurt am Main, Germany.

Examiner

- Pistoia, Angela. Professor. Universita “La Sapienza” di Roma, Rome, Italy.

Thesis directors
- De Coster, Colette. Professor. Université Polytechnigue Hauts-de-France, Valenciennes, France.

- Troestler, Christophe. Professor. Université de Mons, Mons, Belgium.



Résumé

Dans cette these, nous étudions I’équation de Schrédinger non-linéaire
—Au+ I = [ulPu (NLS)

ol A 1= >,y 0y est le laplacien, p, A € R et p > 2. L’équation est considérée
sur des ouverts de RY ou, dans I’essentiel des chapitres, sur des graphes métriques.

Tout d’abord, nous plantons le décor dans lequel les chapitres suivants se
déroulent. Ainsi, nous présentons 1'équation elliptique superlinéaire (NLS), les
graphes métriques et la formulation de (NLS) sur ceux-ci.

Ensuite, nous introduisons plusieurs notions. En particulier, nous considérons
deux fagons d’aborder le probleme d'une fagon variationnelle : 'une basée sur
les points critiques de la fonctionnelle d’action sur la variété de Nehari, ce qui
mene aux (nodal) action ground states, 'autre basée sur les points critiques de la
fonctionnelle d’énergie sur une contrainte de masse L2, ce qui meéne aux solutions
normalisées. Suivent cinq chapitres, consacrés a :

1. un théoreme d’existence de solutions de (NLS) sur les graphes métriques
qui permet de construire des exemples ou 'on peut comparer les notions
d’action ground state et de solution d’action minimale sur des domaines
non-compacts;

2. des résultats d’existence et de non-existence d’action ground states et de
nodal action ground states sur plusieurs classes de graphes métriques;

3. une nouvelle méthode pour démontrer 'existence de solutions (positives et
nodales) L2-normalisées de (NLS) pour la condition au bord de Dirichlet sur
des ouverts bornés de RY, y compris dans le régime masse-supercritique ;

4. la multiplicité infinie de solutions normalisées, sur des graphes métriques et
dans le régime L2-supercritique, a I'équation de Schrodinger non-linéaire a
non-linéarité localisée ;

5. 'analyse asymptotique de (NLS) sur des graphes compacts dans le régime
asymptotique p — 2 grace a une réduction de Lyapunov-Schmidt, 1’étude
des nodal ground states s’annulant identiquement sur des arétes sur des
graphes compacts en étoile et I'étude détaillée de solutions sur le « graphe
tétraedre » a I'aide d’une preuve assistée par ordinateur utilisant des calculs
certifiés grace a larithmétique d’intervalles.

Mots clés : équations elliptiques superlinéaires, NLS, graphes métriques,
action ground states, energy ground states, nodal ground states, domaines non-
compacts, solutions normalisées, régime masse-supercritique, indices de Morse,
réduction de Lyapunov-Schmidt, unicité et symétries, arithmétique d’intervalles,
preuves assistées par ordinateur
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Abstract

In this thesis, we investigate the nonlinear Schréodinger equation
—Au+ M= |uf?u (NLS)

where A = >7,.,cn 0y is the Laplacian, p, A € R and p > 2. The equation is
considered on open domains of RY or, in most chapters, on metric graphs.

To begin with, we set the stage in which the following chapters take place.
Thus, we present the superlinear elliptic equation (NLS), metric graphs and the
formulation of (NLS) on them.

Then, we introduce several notions. In particular, we consider two ways to
tackle the problem variationally: one based on the critical points of the action
functional on the Nehari manifold, leading to (nodal) action ground states, the
other based on critical points of the energy functional on a L2-mass constraint,
leading to normalized solutions. Five chapters follow, dedicated to:

1. an existence theorem of solutions to (NLS) on metric graphs which allows
to construct examples where one may compare the notions of action ground
state and of minimal action solution on noncompact domains;

2. existence and non-existence results for action ground states and nodal action
ground states on several classes of metric graphs;

3. a new method to prove the existence of (positive and nodal) L?*-normalized
solutions to (NLS) with the Dirichlet boundary condition on bounded open
sets of RV, including in the L2-supercritical regime;

4. the infinite multiplicity of normalized solutions, on metric graphs and in the
L?-supercritical regime, to the nonlinear Schrodinger equation with localized
nonlinearity;

5. the asymptotic analysis of (NLS) on compact graphs in the asymptotic
regime p — 2 thanks to a Lyapunov-Schmidt reduction, the study of nodal
ground states vanishing identically on edges on compact star graphs as well as
the detailed study of the “tetrahedron graph” thanks to a computer-assisted
proof using computations certified by interval arithmetic.

Keywords: superlinear elliptic equations, NLS, metric graphs, action
ground states, energy ground states, nodal ground states, noncompact domains,
normalized solutions, mass-supercritical regime, Morse indices, Lyapunov-Schmidt
reduction, uniqueness and symmetries, interval arithmetic, computer-assisted
proofs
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I. Introduction (en frangais)

Avant d’aborder les questions précises étudiées dans cette these et les résultats
obtenus, il convient de présenter des notions ainsi que des éléments historiques.
Cette introduction se veut, dans la mesure du possible, plus accessible que les
chapitres ultérieurs. Les dessins, exemples et intuitions seront de rigueur et on ne
trouvera généralement ni énoncés précis, ni preuves.

La table ci-dessous indique quels themes des sections suivantes sont présents
dans les différents chapitres.

Chapitres
Sujets (sections)

Equation de Schrodinger non-linéaire (1.1)
Graphes métriques (1.2 et 1.3)
(Nodal) action ground states (I.4)
Solutions nodales (1.4)

Solutions normalisées (1.5)
Domaines non-compacts (1.6)

Role de la géométrie et de
la topologie du domaine (1.6)
Solutions concentrées (1.7) v

(18) %
)
)

ANENEN
NENENENINN
Q\

ANENEN

\
{\

<
\
Q\
>

Problémes avec non-linéarité localisée
Solutions nulles sur des arétes (1.9
Solutions versus minimiseurs (1.10

Régime p =~ 2 (1.11) v
Unicité, symétries et preuves
assistées par ordinateur (I.11)

I.1 L’équation de Schrodinger non-linéaire

Cette these a pour objet ’étude d’équations aux dérivées partielles elliptiques
non-linéaires, essentiellement 1’équation de Schrodinger non-linéaire®

—Au+ M = |ulP?u, (NLS)

ol A := Y <<y 0y désigne 'opérateur laplacien, p > 2 et A sont des parametres
réels, v : Q — R et Q C RY est un domaine ouvert, borné ou non.

'Par la suite, I’équation (NLS) sera systématiquement appelée « équation de Schrédinger
non-linéaire ». Dans la littérature, cette expression désigne également 1’équation d’évolution
10,V (t, 2)+ AV (t,2)+|¥(t, 2)|P~2¥(¢,x) = 0. L’ansatz des ondes stationnaires ¥(t,z) = eMu(z)
assure le lien entre 1’équation d’évolution et I’équation elliptique (voir 'annexe F).
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Reste alors a spécifier des conditions au bord, comme celle de Dirichlet (qui
impose que u s’annule au bord de Q) ou celle de Neumann (qui impose que la
dérivée normale de u s’annule au bord de €2).

Si le domaine € n’est pas borné, par exemple si Q = RY, les conditions & I'infini
jouent également un role. Dans ce cas, on s’intéressera aux solutions « suffisamment
petites » en l'infini, comme celles de carré intégrable.

Une propriété importante de I’équation (NLS) est d’admettre une formulation
variationnelle. En effet, si on définit la fonctionnelle? d’action

1 A 1
Ty(u) = 2/Q|]VuH2dx+2/Qlu|2da:—p/ﬂlu\pdx,

alors les points critiques de Jy sur I'espace de Sobolev H'()) correspondent aux
solutions de I’équation avec la condition de Neumann et les points critiques de J
sur H} () correspondent aux solutions de 1’équation avec la condition de Dirichlet.
Le point de vue variationnel jouera un grand role dans la plupart des chapitres.

La littérature sur le sujet est vaste et il serait vain de tenter de la présenter de
fagon exhaustive. Néanmoins, mentionnons les articles fondamentaux [65, 66, 213,
307, 332] qui étudient les propriétés de 1’équation (NLS) sur RY.

Le lecteur qui souhaite s’introduire au sujet peut par exemple consulter les
articles d’exposition [52, 214] et le livre [35].

Les ouvrages [284, 310, 335 sont de précieuses références en ce qui concerne le
point de vue variationnel.

Mentionnons également les traités [98, 152, 317| qui étudient I’équation de
Schrodinger au sens large, y compris la théorie des problemes d’évolution non-
linéaires associés.

Résumons 'objet de nos travaux (hormis le chapitre 3) en une phrase.

Cette these est dédiée a ['étude d’équivalents de ['équation (NLS)
sur des graphes métriques.

Le chapitre 3 est, quant a lui, consacré a 1’étude de solutions (normalisées au sens
L?, notion que nous préciserons dans la section 1.5) pour 1’équation (NLS) sur des
domaines {2 bornés.

Avant d’aller plus loin, précisons ce que sont les graphes métriques.

2Dans le texte, nous appelons fonctionnelle une fonction définie sur un espace de fonctions.
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I.2 Pourquoi utiliser les graphes métriques
comme domaines ?

I.2.1 Que sont les graphes métriques 7

Un graphe métrique est un domaine unidimensionnel formé de sommets (ou neuds)
et d’arétes joignant les sommets entre eux ou reliant un sommet et l'infini.

C Co Cs Cy Cs Cs Cr Cs

€p U1 €1 Vy €9 Vg €3 Vg €4 U €5 Vg €g Uy €7 Vg €3

FI1GURE 1.1 : Un premier exemple de graphe métrique avec 8 sommets vy, ..., vg;
7 arétes de longueur finie ey, . . ., e7 reliant des sommets distincts ; 8 boucles (arétes)
Cy,...,Cq reliant un sommet a lui-méme ; deux demi-droites eq et es.
®
m ‘
& o o m
00

F1GURE 1.2 : Second exemple de graphe métrique

Une définition formelle de la notion de graphe métrique est disponible dans
I’annexe A. Remarquons des a présent que :

o les graphes étudiés sont métriques : les longueurs des arétes ont de I'importance
et joueront parfois un réle dans les résultats ;

o les arétes des graphes allant jusqu’a l'infini sont des demi-droites et ont une
longueur infinie;

o dans cette these, nous dirons qu'un graphe est compact s’il est formé dun
nombre fini d’arétes de longueurs finies (en effet, dans ce cas, le graphe est
compact en tant qu’espace métrique, voir la proposition A.1).
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En utilisant uniquement des demi-droites, on peut former la famille des graphes
en €toile, exemples de graphes non-compacts n’ayant qu’'un seul sommet.

° 00 00 TS 00
La demi-droite La droite
00
00 00
00
00
00 00
o'e)
00 00 00
L’étoile a 5 branches L’étoile a 6 branches

F1GURE 1.3 : Constructions basées sur des demi-droites

La classe des graphes métriques possede une grande richesse. On peut par
exemple considérer des graphes périodiques (voir les figures 1.4 et 1.5).

FI1GURE 1.4 : La grille infinie dans le plan
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Ficure 1.5 : La grille infinie dans 1’espace

Nous considérerons également des arbres infinis (voir la figure 1.6).

FIGURE 1.6 : Arbres infinis
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Dans cette these, les graphes métriques joueront le role de domaines sur lesquels
les problemes non-linéaires seront étudiés. Nos objets d’études principaux seront
donc des fonctions définies sur des graphes métriques.

€1

v

h

FIGURE 1.7 : Un graphe métrique G avec trois arétes ey (de longueur 5), e; (de
longueur 4), e; (de longueur 3) et avec les trois fonctions
réelles [y, f1, fo associées. Remarquons que [y(0) = f1(0) = f2(0) = f(v).



L2, POURQUOI SUR DES GRAPHES? 7

Les opérations classiques de I'analyse peuvent étre définies naturellement sur
les graphes en travaillant aréte par aréte. Par exemple, dans la figure 1.7, on a

/gfdx = /05f0(x)dx—|—/04f1(x)dx—|—/03f2(x)dx,

Disposer d’'une théorie de 'intégration permet de définir de fagon usuelle les
espaces de Lebesgue, que nous noterons LP(G). Nous pouvons également munir G
d’une structure d’espace métrique en disant que la distance entre deux points du
graphe est donnée par la plus petite longueur d’un chemin continu joignant ces
deux points. Ainsi, les graphes métriques forment une classe d’exemples d’espaces
métriques mesurés (voir les sections A.2 et A.3 pour des définitions précises des
structures dont on munit les graphes).

A présent, voyons quelques raisons « pragmatiques » d’étudier des problémes
sur les graphes.

1.2.2 Reéduction de dimension

Les graphes métriques sont pertinents dans I’étude de problémes pour lesquels une
seule direction spatiale est importante.

0,9)

F1GURE 1.8 : Un « graphe épais » et le graphe métrique sous-jacent

C’est le cas dans I'exemple illustré par la figure 1.8 ott 'on peut voir un domaine
de R? (un « graphe épais »). La situation est analogue pour les cables dans R3
(fibres optiques, cables électriques, etc.). Le bon sens veut que, lorsque ’épaisseur
du domaine est petite et que les directions transverses au cable ne jouent pas de
role important, le probleme « devient unidimensionnel ».

Ainsi, dans les cours de physique dédiés a I’étude des circuits électriques, on
peut introduire plus ou moins heuristiquement des modeles réduits des circuits en
partant des principes fondamentaux de 1’électromagnétisme. Dans de tels modeles,
la forme géométrique précise des cables dans R® ne joue aucun role (voir par
exemple [151, Volume II, Chapter 22]).
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N

A ce sujet, rappelons la loi des neeuds de Kirchhoff, stipulant que la somme
des intensités électriques en chaque nceud du circuit est nulle, en employant une
bonne convention de signe (voir par exemple [64, Chapitre 7]).

I.2.3 Genese des graphes quantiques

Une réduction de dimension telle que celle présentée dans les exemples de la section
[.2.2 est également pertinente pour des modeles quantiques. Présentons quelques
cas historiques illustrant notre propos. Ils se basent® sur I'article [113, Section 8],
dans lequel le lecteur trouvera plus de détails sur les débuts de la théorie des
graphes quantiques.

Des 1930, E. Hiickel [180] a mis en évidence le fait que la description quantique
des hydrocarbures pouvait se réduire a I’étude d'un modele posé sur le graphe
associé a la structure de la molécule.

Dans les années 1950, K. Ruedenberg et C.W. Scherr [290] ont utilis¢ la méme
démarche afin d’étudier la dynamique des électrons de valence de la naphtaléne
CioHg (voir la figure 1.9). Dans le méme esprit, on pourra également citer les
travaux de C.A. Coulson [112] et des travaux postérieurs de Ruedenberg (voir par
exemple [289]).

I
J

FIGURE 1.9 : Représentation* d'une molécule de naphtaléne CioHg et le graphe
métrique associé.

Les travaux de chimie quantique susmentionnés mettent en évidence le lien
entre les valeurs propres d’opérateurs hamiltoniens® associés a une molécule avec
le spectre du graphe métrique correspondant a la molécule.

Précisons ce que signifie cette notion.

3Un grand merci au Pr. Delio Mugnolo d’avoir présenté I’historique de la théorie lors de
son cours donné a 1’école d’été Nonlinear Quantum Graphs & Valenciennes en juin 2024 (voir
https://nqg.sciencesconf.org/), en particulier d’avoir mis en évidence 'ouvrage [113].

“Tmage issue de https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-
3D-balls.png, domaine public.

°Qui correspondent & des niveauzr d’énergie, d’aprés la théorie quantique.


https://nqg.sciencesconf.org/
https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-3D-balls.png
https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-3D-balls.png
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1.2.4 Le probleme spectral et la condition de Kirchhoff

Si G désigne un graphe métrique, le probleme spectral sur G consiste a déterminer
les couples (u,~) pour lesquels la fonction propre u : G — R et la wvaleur propre
~ € R fournissent une solution au systeme différentiel

—u" =~u sur chaque aréte e du graphe G,

u est continue  en chaque sommet v de G, (Spec)
g

(v) =0 en chaque sommet v de G.

La notation e > v signifie que la somme porte sur toutes les arétes de sommet v
et ;7“(11) est la dérivée sortante de v en v. Si l’'on paramétrise e par une coordonnée
€
ze € [0, ]e]] (ou |e| désigne la longueur de €), on a donc

du u'(v)  siw correspond a x, = 0,
az, ") =

—u/(v) siwv correspond a x, = |e|.

Par analogie avec la loi des nocuds de Kirchhoff, la condition

>

e dze

(v)=0

est désignée comme la condition de Kirchhoff.

L’observation ci-dessous nous suivra tout au long de notre étude des problemes
posés sur les graphes.

Un probleme différentiel posé sur un graphe consiste en la donnée :
1) d’une équation différentielle aréte par aréte ;
2) de conditions de compatibilité en les sommets.

Dans le cas de (Specg), la condition de continuité et la condition de Kirchhoff
sont les conditions en les sommets.

Dans la section 1.3, nous rencontrerons les mémes conditions lors de I'étude de
I’équation de Schrodinger non-linéaire sur les graphes.

A présent, regardons ce que signifie la condition de Kirchhoff en lillustrant
grace a quelques exemples simples. Par la suite, nous désignerons par degré de v
le nombre d’arétes adjacentes a un nceud v donné.
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Cas d’un noeud de degré un

Considérons un nceud v de degré un et . Localement,
la situation est la suivante :

v —

La condition devient
. u(v+t)—u(v)
lim

t——0 t
t>0

= 0.

Autrement dit, la condition de Kirchhoff impose que la dérivée de u s’annule en le
sommet v : on retrouve la condition de Neumann usuelle.

Cas d’un noeud de degré deux

Cette fois, la situation est (localement) illustrée comme suit :

v

- —

Rappelons que nous considérons des fonctions continues en les neuds. Ainsi,
nous pouvons considérer la fonction u définie sur le graphe comme une fonction
définie sur un intervalle réel contenant v en son intérieur.

Dans ce cas, la condition de Kirchhoff impose que les dérivées a gauche et a
droite de u en v soient égales, ce qui signifie que u (toujours considérée comme
une fonction définie sur un intervalle réel) est dérivable en v. Cette propriété de
différentiabilité est vérifiée par les solutions d’équations différentielles d’ordre 2,
ce qui explique pourquoi on identifiera généralement deux graphes qui ne different
que par la présence de nceuds de degré deux.

Illustration du cas général

Considérons une situation ou le graphe possede un nceud v de degré quatre :

N\

—

v

Dans ce cas, quatre dérivées sont évaluées en le sommet v et la condition de
Kirchhoff affirme que la somme de ces quatre dérivées est nulle.
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I.2.5 Les graphes quantiques®

Deux articles fondateurs des problemes d’analyse sur les graphes métriques sont
ceux de B.S. Pavlov-M.D. Faddeev [266] et de S. Nicaise [254]. Dans ces travaux,
les auteurs montrent que le laplacien sur les graphes est un opérateur auto-adjoint
dans L? si on le munit des conditions de continuité et de Kirchhoff en les sommets.
Le lecteur désireux de s’initier a ’étude d’opérateurs différentiels sur les graphes
pourra consulter le livre [68] de G. Berkolaiko et P. Kuchment. On peut notamment
y trouver la définition d’un graphe quantique (|68, Definition 1.4.1]), notion adaptée
a I’étude des problemes physico-chimiques mentionnés précédemment :

A quantum graph is a metric graph equipped with a differential
operator H (Hamiltonian), accompanied by “appropriate” vertex
conditions. That is, a quantum graph I' is a triple

{metric graph I', Hamiltonian , vertex conditions}.

En particulier, si on couple 'opérateur de dérivée seconde avec les conditions de
continuité et de Kirchhoff sur un graphe, le probleme spectral du graphe quantique
associé prend la forme (Specg).

Hormis [68], plusieurs ouvrages sont dédiés a 1’étude de problemes différentiels
sur les graphes métriques, voir par exemple [246] de D. Mugnolo, [108] d”Y. Colin
de Verdiere ou [210] de P. Kurasov.

Parmi les questions relevant du domaine des graphes quantiques, citons 1’étude
du spectre des graphes compacts (formules de Weyl, inégalités de Cheeger et de
Faber-Krahn, etc.) dans [24, 158, 254, les problémes isospectraux (« Can one hear
the shape of a network ? ») dans [59], 'obtention d’estimées spectrales par des
techniques de « chirurgie » dans [67], le « chaos quantique » dans [165], etc. Un
apercgu plus détaillé du sujet se trouve dans les notes de cours [202].

Remarque. Nous considérerons uniquement des modeles uni-dimensionnels, otu les
grandeurs d’intérét sont définies sur les arétes du graphe qui sont identifiées a des
intervalles. Certains modeles « zéro-dimensionnels », ou les grandeurs d’intérét
sont définies sur les sommets, existent également, voir par exemple [246, Section
2.1.4] pour une définition du laplacien discret. Si toutes les arétes d’'un graphe
ont méme longueur, il existe un lien profond entre le modele unidimensionnel et
le modele discret, comme démontré par J. von Below [57] et S. Nicaise [253] au
milieu des années 1980 (voir aussi [264] et |68, Section 3.6]). Nous utiliserons ces
considérations lors de 1’étude du « graphe tétraedre » dans le chapitre 5.

6A nouveau, nous remercions le Pr. Mugnolo grice & qui nous avons eu un meilleur apercu
de la littérature ad hoc.

"Mentionnons également la note [229] de G. Lumer aux Comptes Rendus de I’Académie
des Sciences de Paris. L’auteur y considére les graphes (qu’il appelle « réseaux topologiques »)
comme étant des exemples d’espaces ramifiés, espaces obtenus par recollement de structures plus
élémentaires, en 'occurrence des intervalles réels dans le cas des graphes. Nous renvoyons le
lecteur intéressé vers |26, 60, 251, 252| et aux références s’y trouvant pour plus d’informations.
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I.3 L’équation de Schrodinger non-linéaire sur
les graphes métriques

La démarche de réduction de dimension s’applique également a des situations
régies par ’équation de Schrodinger non-linéaire (NLS).

Etant donné un graphe métrique G et deux nombres réels p > 2 et A, on couple
I’équation de Schrodinger non-linéaire

—u" + M = |ulf*u

sur chaque aréte avec la condition de continuité et la condition de Kirchhoff.

Le probleme s’écrit alors

—u” + M = |u[P"2u  sur chaque aréte e du graphe G,

u est continue en chaque sommet v de G, (NLSg)
d

> “ (v)=0 en chaque sommet v de G.

o dze

Le probléme (NLSg) (et ses variantes) est le principal objet d’étude de cette thése.
Il possede des applications en physique, nous les décrirons dans la section 1.3.2.

Dans un premier temps, considérons quelques exemples.

I1.3.1 Exemples : la (demi-)droite, les graphes en étoile

Dans cette section, étudions ’équation de Schrédinger non-linéaire sur des graphes
simples : la droite, la demi-droite et les graphes en étoile. Ces exemples serviront
d’importants points de référence par la suite. Ci-dessous, nous prenons A > 0.

Les affirmations énoncées dans cette section sont prouvées dans [10, Section 2],
voir aussi la section 1.4.3. Les arguments sont élémentaires et se basent sur le fait
que les solutions non-nulles convergeant vers 0 de I’équation différentielle

—u" + Au = |uPu (I.1)

sont (au signe pres) des portions translatées du soliton® ¢, (voir la proposition C.2
et la figure 1.10) dont l'expression explicite est

1 _2
p—2 — 92 p—2
ox(z) = <)\2p> cosh (p 5 )\ém) °

8Le terme soliton provient du terme « onde solitaire » et est utilisé dans ’étude de plusieurs
équations dispersives (voir [320, Section 2]). Ici, nous I'utiliserons uniquement pour désigner ¢,.
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La droite : G =R

L’ensemble des solutions non-nulles de (NLSg) sur la droite réelle est donné par
{:I:(Z)A(xjta) la € R}, ou ¢, est le soliton. Dans ce cas, 'ensemble des solutions du

probléme est invariant par® la fonction u — —u et invariant par les translations
spatiales.

2

o ® 0

0
FIGURE 1.10 : Trois solutions de (NLSg) sur la droite réelle
La demi-droite : G = Rt := [0, +00)

Sur RT, il n’y a que deux solutions opposées, données par des demi-solitons. En
particulier, il n’y a pas de famille continue de solutions.

[ (0. 9]

FIGURE I.11 : La solution positive de (NLSg) sur la demi-droite

Les graphes en étoile avec un nombre impair de demi-droites

On peut montrer que, sur un graphe en étoile possédant un nombre impair de
demi-droites, (NLSg) ne possede que deux solutions non-nulles. Ces solutions sont
opposées, I'une d’entre elles est positive et s’obtient en recollant des demi-solitons
en leur point de maximum, comme l'illustre la figure 1.12.

Remarquons que la condition de Kirchhoff est satisfaite pour ces solutions car
toutes les dérivées en le noeud sont nulles.

B

F1GURE 1.12 : Solutions positives sur les étoiles a 3 et 5 branches

9Ce qui signifie que si u est une solution, alors —u I'est également.
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Les graphes en étoile avec un nombre pair de demi-droites

Lorsque le nombre de demi-droites est pair, il est possible de les grouper deux par
deux et d’y placer un soliton entier, comme on peut le voir sur la figure I.13. Ainsi,
on observe a nouveau la présence de familles continues de solutions.

La condition de Kirchhoff est satisfaite pour ces solutions car les dérivées en le
nceud se compensent deux a deux.

FIGURE 1.13 : Une famille continue de solutions sur ’étoile a 4 branches

1.3.2 Des condensats de Bose-Einstein a I’atomtronique’®

Deux situations physiques, a priori assez différentes, sont décrites par 1’équation
de Schrédinger non-linéaire sur les graphes : la transmission de signaux dans les
fibres optiques et ’étude des condensats de Bose-Einstein. Citons Y.S. Kivshar et
G.P. Agrawal dans [207, Preface, page xv| :

In particular, the remarkable similarities between the matter-wave
solitons and optical solitons emphasize the intimate connection
between classical nonlinear optics and coherent atom optics and may
lead to many discoveries in other, seemingly different fields.

On peut montrer que la propagation de signaux dans certaines fibres optiques
amene a considérer une équation de Schrodinger non-linéaire focalisante (voir [207,
Section 1.2.2]). Le terme cubique qui y apparait provient de I'effet Kerr, qui désigne
un changement non-linéaire dans l'indice de réfraction d’un matériau optique. La
non-linéarité focalisante peut compenser les effets dispersifs. Cela meéne a diverses
notions de solitons (spatiaux, temporels, clairs, noirs™', etc.).

9Pour une introduction aux aspects physiques de ’équation de Schrédinger non-linéaire sur
les graphes métriques, on peut visionner le cours du Pr. Riccardo Adami lors des « Expository
Quantum Lecture Series 8 » ayant lieu & I'Institute for Mathematical Research (INSPEM) de
I’Université Putra Malaysia (UPM), voir https://einspem.upm. edu.my/equals8/. La premiere
vidéo de cette série de lecons est disponible & ’adresse https://www.youtube.com/watch?v=
47sIV7iOwgl.

tCes solitons « noirs » convergent vers des constantes non nulles en U'infini et ne sont donc pas
de carré intégrable. Nous renvoyons le lecteur intéressé vers |73, 325] et remercions André de Laire
d’avoir présenté le sujet du point de vue mathématique lors d’un séminaire a Valenciennes et
d’avoir mis en avant les deux références précitées.


https://einspem.upm.edu.my/equals8/
https://www.youtube.com/watch?v=4ZsIV7i0wgI
https://www.youtube.com/watch?v=4ZsIV7i0wgI
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Pour en savoir plus sur le réle joué en optique par I’équation de Schrodinger
non-linéaire, citons les livres de D.E. Pelinovsky [268], G. Fibich [152] et C. Sulem-—
P.L. Sulem [317], a I'interface entre les mathématiques et leurs applications. Citons
également les articles [166, 291| qui expliquent comment 1’équation de Schrodinger
non-linéaire sur des graphes peut modéliser des réseauz de fibres.

A présent, intéressons-nous aux condensats de Bose-Einstein.

Lorsque des bosons!? identiques sont refroidis & une température trés proche
du zéro absolu, ils occupent un unique état quantique de plus basse énergie.

En 1925, A. Einstein a publié [138] dans lequel il prédit ce phénomene (a présent
connu sous le nom de condensation de Bose-FEinstein), en se basant sur des travaux
de S.N. Bose [83].13

Un phénomeéne quantique macroscopique ?

La condensation de Bose-Einstein est macroscopique et peut méme survenir en
présence de nombreuses particules, plus de 1000 lors des premieres réalisations
expérimentales décrites plus bas.

Cela semble contredire le principe de décohérence qui affirme qu'un systeme
« suffisamment grand » perd ses caractéristiques quantiques. Ceci est illustré par le
célebre exemple du chat de Schrodinger. Comme les auteurs de [171, Section 12.5]*,
nous recommandons la lecture de [296, Chapter 1, « Introducing Decoherence »].

Concernant les condensats de Bose-Einstein, soulignons que le phénomene a
lieu dans un régime de trés basse énergie, ce qui explique au moins partiellement
pourquoi on peut s’attendre a observer des effets quantiques méme pour un nombre
de particules relativement élevé (voir aussi [296, Section 6.4.1]).

Aspects expérimentaux

Malgré ce qui a été prédit dans les années 1920, ce n’est qu’au milieu des années
1990 que les équipes de C. Wieman, d’E. Cornell et de W. Ketterle parviennent a
réaliser expérimentalement des condensats de Bose-Einstein. Ces trois chercheurs
obtiendront le prix Nobel de physique en 2001 pour ces travaux'®.

12Un boson est une particule de spin entier. En ce qui concerne la condensation de Bose-
Einstein, on s’intéressera surtout a des bosons composites, tels que des atomes. Les particules
qui ne sont pas des bosons ont un spin demi-entier et sont des fermions. Ceux-ci obéissent au
principe d’exclusion de Pauli qui stipule que deux fermions identiques ne peuvent pas occuper
le méme état quantique. Il n’existe donc aucun équivalent de la condensation de Bose-Einstein
pour les fermions. Pour plus d’informations sur les bosons, fermions et le principe d’exclusion,
on pourra par exemple se référer & |171, Section 5.1.1].

13Gignalons qu’une présentation audiovisuelle pédagogique peut étre consultée & 'adresse
https://toutestquantique.fr/condensation-de-bose-einstein/ (produite par le groupe
de recherche « La Physique Autrement », https://vulgarisation.fr/).

140Om on trouvera une discussion & propos du chat de Schrodinger.

15Voir le communiqué de presse [282] et la présentation [281] desquels proviennent la plupart
des informations présentées dans la section consacrée aux aspects expérimentaux.


https://toutestquantique.fr/condensation-de-bose-einstein/
https://vulgarisation.fr/
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Sur le plan expérimental, un des challenges majeurs consiste a atteindre des
températures extrémement basses. A cette fin, Wieman, Cornell et Ketterle ont
notamment utilisé les progres obtenus dans le refroidissement d’atomes par laser.

Ainsi, Wiemann et Cornell ont réalisé la condensation dans un gaz d’atomes
de rubidium refroidi & environ 20 nanokelvins!®. Peu aprées, Ketterle a produit un
condensat dans un gaz d’atomes de sodium.

Pour plus d’informations sur les aspects expérimentaux de la réalisation des

condensats, on pourra se référer a l'article d’exposition [137] et aux « Conférences
Nobel » [110, 203, 333].

Les condensats de Bose-Einstein, des systémes quantiques & N corps'’

Désignons par  la région de R® dans laquelle le condensat de Bose-Einstein est
confiné et par N le nombre de bosons. A chaque boson correspond une position
T1,..., oy € S
L’opérateur hamiltonien quantique associé au systeme s’écrit sous la forme
Hy=-A+ 37 W)+ > V(i — 1),
1<j<N 1<i<j<N

ou W :Q — Ret Vy: R* = R. L’hamiltonien représente 1’énergie du systéme de
bosons.

L’état fondamental du systéme quantique est la fonction propre ¢y (z1, ..., 2N)
de Hy associée au niveau d’énergie Ey le plus bas. Autrement dit, on a
Hyyn = EntYy, (1.2)

ou En € R est la premiere valeur propre de Hy.

Si le systéme se trouve dans ’état fondamental, cela signifie!® que pour tout
ensemble mesurable S C QF, si I'on effectue une mesure des positions, alors la
probabilité que les N bosons soient tels que le vecteur des positions (xy,...,zy)
appartienne a S vaut

/SWN(JEl, oo rn)Pdey - day.

Lorsque le nombre N de particules présentes dans le systéme devient grand, la
condensation de Bose-Einstein implique que 1y s’approche d’un état factorisé :

Un(Ty, .. xen) = p(r) - p(zy). (1.3)

D’une certaine facon, cela signifie que le systéeme se comporte comme une unique
particule quantique occupant I'état .

16A titre de comparaison, la température de l'espace intersidéral est d’environ 2.7 kelvins
(sous Peffet du fond diffus cosmologique, voir [123, Page 3, Figure 1.2], [156]).

17Cette section et la suivante s’inspirent fortement de [20, Sections 1.1 and 1.2], que nous
recommandons au lecteur intéressé par les aspects liés a la physique quantique.

18Voir [171, Section 1.2] pour plus d’explications quant & I'interprétation statistique (ou « régle
de Born ») des états d’un systéme quantique (aussi appelés fonctions d’onde, « wave functions »).
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Emergence d’un modele quantique non-linéaire ?

Il s’avere (voir [20, Section 1.1]) que I’état quantique commun ¢ apparaissant dans
(I.3) appartient & H'(Q) et est tel que le produit Ny minimise la fonctionnelle de
Gross-Pitaevskii

Egp(u) == ;/Q|Vu(x)|2dx—i-87roz/Q Ju(z)|* do (1.4)

sous la contrainte
/ u(z)|? dz = N. (L5)
Q

La constante o apparaissant dans (1.4) dépend de 'intensité de I'interaction entre
les particules!. Nous nous intéresserons uniquement au cas?’ o < 0, dit focalisant.
On peut montrer que si u € H'(G;R) est un point critique de Fgp sous la
contrainte [[u[72q = N, alors u est une solution de I'équation de Schrodinger

non-linéaire?!
—Au+ M = —32nalul*u (1.6)

pour un certain A € R. Ainsi, on cherche a déterminer des solutions normalisées
(pour la norme L?) d’équations de Schrédinger non-linéaires. Nous reviendrons sur
cette notion dans la section 1.5 de cette introduction.

La présence du terme de degré quatre dans la fonctionnelle (I.4) rend le modele
de Gross-Pitaevskii non-linéaire, comme on peut le voir dans ’équation (I1.6). Cela
a de quoi surprendre. En effet, la mécanique quantique?* se formule en termes
d’équations linéaires (voir [171, Sections 2.1 et 3.1]). Ainsi, nous avons décrit dans
la section précédente le systéme quantique par une fonction d’onde vy, fonction
propre de 1'opérateur linéaire Hy (voir 1’équation (1.2)).

Néanmoins, on observe une non-linéarité dans 1’écriture (I1.3), ou 1)y n’est pas
linéaire en . L’apparition de la fonctionnelle (1.4) et de la non-linéarité cubique
dans I'équation (1.6) résulte de plusieurs approximations réalisées sur le systeme
quantique a N corps, notamment un passage a la limite de champ moyen (dans le
régime asymptotique N — o0). Nous n’en présenterons pas les détails techniques
ici et renvoyons vers [114, 279, 293] pour des références du point de vue physique et,
entre autres, vers® (2, 3, 15, 141, 220, 221, 222, 223, 270, 295| pour des références
concernant les preuves de convergence (voir aussi [20, Section 1.2]).

19Geules les interactions entre paires de particules sont prises en compte dans I’analyse.

200n peut s’attendre a ce que le parametre « soit positif dans les expériences, ce qui correspond
a une interaction répulsive. C’est par exemple le cas pour le rubidium utilisé par Wieman et
Cornell. Néanmoins, la valeur de la constante a peut étre modulée expérimentalement grice a
un champ magnétique externe (phénomene de « résonance de Feshbach »). Ainsi, il est possible
de réaliser des expériences correspondant au régime a < 0. (voir par exemple [182]).

21 Au moins en ce qui concerne les minima de Egp, on peut remplacer u par |u| sans changer
la valeur de la fonctionnelle et ainsi supposer que u est a valeurs réelles.

22Du moins au sens de I’équation de Schrédinger. Nous n’évoquerons pas ici les théories
quantiques plus modernes, notamment celles de mécanique quantique relativiste.

23Un grand merci au Pr. Adami d’avoir transmis la référence |[3].
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Structures ramifiées et atomtronique

Dans ce qui précede, nous avons décrit la condensation de Bose-Einstein dans un
domaine () arbitraire. Il est pertinent de considérer le cas d’'un domaine €2 « quasi
unidimensionnel », formé de « cables quantiques » (dans 'esprit de [208]).

De tels dispositifs peuvent étre réalisés expérimentalement, notamment grace
a des jonctions de Josephson (voir®* par exemple |94, 204, 228, 328]). Cela nous
amene a 1’atomtronique, récent domaine de recherche dédié a 1’étude des circuits
guidant la propagation d’atomes ultra-froids (voir [29]). L’idée générale est de
produire des composants tels que ceux qu’on trouve dans les circuits électroniques
en utilisant des circuits de matiére (froide) et, si possible, de réaliser des effets
« purement quantiques » dans ces circuits.

Ainsi, la perspective de 'atomtronique amene a étudier I’équation (NLSg) sur
les graphes métriques. En particulier, il sera important de comprendre le role joué
par les propriétés topologiques et métriques des graphes, ce qui a attiré I’attention
de plusieurs chercheurs ces dernieres années. Pour plus d’informations sur le rdle
de (NLSg) en physique, on peut consulter les articles d’exposition [20, 255].

1.3.3 Genese de I’équation de Schrodinger non-linéaire sur
les graphes

Mentionnons tout d’abord les travaux pionniers de F. Ali Mehmeti (par exemple
son livre [25]) et de J. von Below (voir par exemple®® [58]), dans lesquels ces auteurs
étudient des équations d’évolution semi-linéaires sur des graphes.

Concernant (NLSg), bien qu’il s’agisse d’un sujet assez récent, la littérature est
vaste. On pourra consulter avec intérét les articles d’exposition [20, 199, 255].

Comme vu dans la section précédente, le cas p = 4 (pour lequel la non-linéarité
dans (NLSg) est cubique) est particuliérement important du point de vue de la

physique. Les premiers travaux ont donc naturellement étudié ce cas?®.

Un des premiers articles a s’intéresser a I’équation de Schrodinger non-linéaire
(d’évolution) sur des graphes métriques est [56], ot sont étudiés plus généralement
des « champs quantiques » sur les graphes en étoile. La modélisation des « cables
quantiques » est une raison de se pencher sur la question (voir la discussion sur
I'atomtronique). Par la suite, les trois travaux [92], [305] et [7] sont publiés. Ils
portent sur I’équation de Schrédinger (d’évolution) cubique sur des graphes en
étoile?”. Les auteurs y étudient notamment la dynamique des solitons.

2 Nous avons découvert les références [204, 328] grace a Iintroduction de [19], qui contient
également des éléments de discussion sur la physique des condensats.

25Un grand merci au Pr. Serge Nicaise de nous avoir transmis cet article.

26Signalons que le cas p = 4 est commode en dimension 1 grace aux propriétés d’intégrabilité
de I’équation d’évolution (voir la section F.8).

2TEt quelques autres graphes, voir [305, Section IV].



1.3. NLS SUR LES GRAPHES METRIQUES 19

Les articles précédents mettent en évidence une richesse de phénomenes ainsi
que l'importance des conditions de transmission en le neeud. Notons que dans [7],
une « condition de type 0 » (ou simplement d-condition) est employée en le sommet.
Cette condition est plus générale que la condition de Kirchhoff et s’écrit

2; C(li;i(v) = au(v), (1.7)

oll v est un parametre?®. Dans le langage des équations aux dérivées partielles, il
s'agit essentiellement d’une condition de Robin en le sommet.

Remarque. La présence d'un terme a # 0 dans (I.7) correspond & un terme
d’interaction ponctuelle (ou défaut ponctuel) en le sommet, autrement dit & un
d de Dirac.? C’est la raison pour laquelle la « d-condition » porte ce nom.

Signalons que la d-condition se généralise a d’autres graphes que ceux en étoile,
auquel cas le coefficient o peut varier d’un sommet a 1’autre (voir par exemple [199,
Equation (1.5)] et [255, Section 1 (a)]).

I.3.4 FEtude de (NLSg) sur des graphes spécifiques

Dans cette section, on s’intéresse a ’étude de (NLSg) sur des graphes spécifiques.
Les résultats présentés ci-dessous se basent, pour la plupart, sur la théorie des
équations différentielles ordinaires (EDOs).

Les intervalles, la demi-droite et le cercle

Si on considere des graphes contenant une seule aréte, on retrouve les intervalles
bornés de R, la demi-droite, ou encore le cercle. Ainsi, les probléemes au bord
couplant 'EDO —u” + AMu = |u|P~2u avec des conditions au bord de Neumann ou
des conditions périodiques® sont des instances (simples) de (NLSg).

Graphes compacts?!

Citons [292], un des premiers travaux qui étudie le probléme elliptique (NLSg)
(et non I'équation d’évolution). Dans cet article, les graphes considérés sont des
« étoiles compactes », formées d’un nceud central joint a plusieurs nocuds de degré
un, en lesquels la condition de Dirichlet est imposée et pas celle de Kirchhoff*2.

Passons a présent a I’étude d’exemples de graphes non-compacts. Nous en avons
déja rencontré dans la section 1.3.1 ot nous avons déterminé les solutions de (NLSg)
sur les graphes en étoile.

28Notons qu’on retrouve la condition de Kirchhoff si on prend a = 0.

29Le terme « traduit alors I'intensité de cette interaction. Signalons que les défauts ponctuels
peuvent étre modélisés également sur la droite réelle. C’est le cas dans |179], article ayant servi
de source d’inspiration aux auteurs de [7].

300u encore la condition de Dirichlet, comme nous le ferons dans le chapitre 2.

31Rappelons qu’il s’agit des graphes formés d’un nombre fini d’arétes de longueurs finies.

32 Autrement dit, la solution s’annule en ces noeuds et non sa dérivée.
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Le « graphe tétard » et les graphes en fleur

Le3? « graphe tétard » (tadpole graph) posséde un unique sommet auquel sont reliées
une boucle de longueur ¢ et une demi-droite. Il est représenté par la figure 1.14.

FiGURE 1.14 : Le tétard

Le tétard est I’exemple le plus simple de graphe non-compact qui a une boucle.

Néanmoins, il peut réserver quelques surprises. Par exemple, considérons une
solution®* vy : R — R de période ¢ de 'EDO

—vg = |vo|" vy

telle que vy(0) = 0. Définissons une fonction u sur le graphe tétard, égale a vy
sur la boucle de longueur ¢ (dont on identifie le sommet avec 0) et nulle sur la
demi-droite. Alors, par construction, u est une solution a support compact dans le
graphe de I"équation (NLSg).

Ceci anéantit de facon spectaculaire tout espoir de principe de continuation
unique pour les solutions de (NLSg). Nous y reviendrons dans la section 1.9.

Quitte a considérer des solutions suffisamment oscillantes, on peut effectuer la
méme construction pour tout A € R (y compris pour A < 0). On en déduit que,
contrairement a la droite réelle pour laquelle 'EDO —u” + Au = |u|P~?u n’admet
aucune solution telle que u(x) —= 0 lorsque A < 0 (voir la proposition C.2), le

probleme (NLSg) admet des solutions pour tout A € R. Signalons néanmoins que
ces solutions sont nécessairement nulles sur la demi-droite lorsque A < 0.

Le graphe tétard a été utilisé afin de montrer que les solutions de (NLSg)
peuvent s’annuler sur des arétes. Des études détaillées du probleme (NLSg) sur
ce graphe existent. Par exemple, C. Cacciapuoti, D. Finco et D. Noja classifient
toutes les solutions lorsque p = 4 dans [90]. De plus, D. Noja, D.E. Pelinovsky et
G. Shaikhova déterminent des branches de solutions et étudient leur stabilité dans
[256]. Le cas p = 6 a, quant a lui, été étudié par Noja et Pelinovsky dans [257].

33Nous utiliserons le singulier pour désigner le tétard car, du point de vue topologique, c’est
le seul graphe formé d’un unique sommet auquel sont reliées une boucle et une demi-droite.
Néanmoins, rappelons que nos graphes sont métriques et qu’il existe une infinité de « tétards
métriques » selon la longueur de la boucle. En pratique, aucune confusion ne devrait survenir.
3411 est standard de montrer que de telles solutions existent, voir le lemme 4.21.
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Plus généralement, intéressons-nous aux « graphes en fleur » (flower graphs) a
N > 2 pétales®, constitués d'un unique sommet duquel partent une demi-droite
ainsi que N boucles de méme longueur, comme on peut le voir dans la figure 1.15.

©¢)

FIGURE 1.15 : Une fleur & huit pétales

Dans [198], A. Kairzhan, R. Marangell, D.E. Pelinovsky et K. Xiao analysent
sur ces graphes des phénomeénes de bifurcation (lorsque p = 4), notamment grace
a des arguments de la théorie des EDO (analyse de la fonction période). On peut
également se référer a [199, Section 6.3] pour une présentation de leurs résultats.

Le double-pont

Le « double-pont » (double-bridge) est représenté par la figure 1.16.

b
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F1GURE 1.16 : Le double-pont

Dans [258], D. Noja, S. Rolando et S. Secchi étudient les solutions de (NLSg)
sur le double-pont pour une non-linéarité cubique. Dans ce cas, les solutions des
équations différentielles sur les arétes s’expriment grace aux fonctions elliptiques
de Jacobi®®, ce qui est utilisé de facon importante dans les raisonnements.

35Dans le cas N = 1, on retrouve le graphe tétard.

36Le cours du Pr. Diego Noja lors de I’école d’été Nonlinear Quantum Graphs & Valenciennes
nous a beaucoup appris sur les travaux concernant (NLSg) dans le cas p = 4. C’est en particulier
a cette occasion que nous avons découvert les fonctions elliptiques de Jacobi. Plusieurs références
présentées dans cette introduction proviennent de ce cours. Pour en savoir plus sur I’emploi des
fonctions elliptiques de Jacobi, on pourra par exemple se référer & [209] et & [199, Section 5].
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L’étude se révele étre tres riche. Il s’avere que la description de 1’ensemble des
solutions dépend de fagon importante du rapport r := % entre les longueurs des
arétes bornées. En particulier, le fait que r soit rationnel ou non a son importance.

Méme si ce n’est pas flagrant « visuellement », il y a une grande différence entre

I’étude de (NLSg) sur la droite réelle et sur le double-pont !

Le T-graphe

Le T-graphe est représenté par la figure 1.17.

o ® (0. 9]

F1cURE 1.17 : Le T-graphe

Dans [22], les auteurs classifient completement les solutions de (NLSg) sur le
T-graphe et y donnent des informations sur leur stabilité et leurs caractérisations
variationnelles. Nous y reviendrons dans la section 1.6.4, ou le T-graphe est un
exemple emblématique de graphe non-compact admettant des ground states.

I.3.5 Une formulation variationnelle de (NLSg)

Dans la section 1.3.1, nous avons montré qu’on peut déterminer toutes les solutions
de I’équation de Schrédinger non-linéaire sur les graphes en étoile. Pour ce faire, il
faut combiner I'analyse de ’EDO sur les arétes et un argument de « recollement »
en le sommet.

Nous venons de voir qu’une telle analyse est parfois possible sur des graphes
spécifiques®’. Néanmoins, elle devient rapidement trés complexe deés que le nombre
de sommets augmente ou que des arétes bornées sont présentes.

Afin d’étudier le probleme (NLSg) de fagon plus générale, il convient d’adopter
une formulation plus adaptée et moins sensible aux spécificités du graphe ou a la
valeur de I’exposant.

C’est ainsi que nous adopterons une approche variationnelle, comme celle déja
rencontrée dans la section 1.3.2 consacrée aux condensats de Bose-Einstein ot nous
avons vu qu’il est important de minimiser la fonctionnelle de Gross-Pitaveskii sur
la contrainte de norme L2

A présent, introduisons un espace de Hilbert et une fonctionnelle utilisés dans
I’approche variationnelle.

37Quitte & supposer que p = 4, voir la section 1.3.4.
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L’espace H'(G) et la fonctionnelle d’action J,

Sur I'espace de Sobolev®®
HY(G) = {u : G — R | u est continue, u, u’ € L2(g)},

on définit la fonctionnelle d’action Jy : H'(G) — R par

1 A 1
I (u ::f/ u’zdx+f/u2dx—f/ ulP dz.
=g [Pdes s [upde = [

Remarquons que les dérivées directionnelles de Jy sont données par
T (w)o] = / o (@) () dz + A / u(@)o(z) de — / () P~ 2u(z)o(z) de
g g g

pour tout couple de fonctions u et v dans H*(G).

A présent, montrons que les points critiques de Jy sur H 1(G) sont des solutions®

de (NLSg). Le raisonnement est classique et analogue a celui reliant une équation
aux dérivées partielles a sa formulation faible. Nous en présentons néanmoins les
détails pour mettre en évidence I’apparition naturelle de la condition de Kirchhoff.

L’équation différentielle aréte par aréte

Si ¢ est une fonction C* a support compact a I'intérieur d’une aréte e reliant les
sommets a et b (voir la figure 1.18), on a®

0=Jy(uw)[]
:/eu’(x) "(x)dz + A eu(z) (x) dx—/e|u(x)|p_2u($) (x)dx
du du
- GO0 0

Des lors, on a

J (= @) + M) = Ju()Pu(z)) () do = 0

pour toute fonction test » de classe C* a support compact dans e. On en déduit
que léquation —u” + Au = |ulP~2u est satisfaite a 'intérieur de laréte e.

38Voir la section A.4 pour davantage de détails sur la structure de I'espace H'(G). Puisque
nous travaillons en dimension un, toutes les fonctions de H'(G) sont continues, comme prouvé
dans la proposition A.7.

39La réciproque de cette affirmation est vraie et se prouve de facon semblable.

40T¢i, on suppose que u est assez réguliére que pour justifier les intégrations par parties. Plus
rigoureusement, il faut comprendre I’équation comme étant satisfaite au sens faible et prouver
un résultat de régularité elliptique. Les détails sont classiques et nous les omettons.
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b

FiGUuRrE 1.18 : Fonction test dont le support compact est inclus dans l'intérieur
d’une aréte.

La condition de Kirchhoff

Soit @ un sommet de degré D de G et soient by,...,bp les sommets adjacents a a.

On définit une fonction o, affine sur les arétes de G et telle que (a) = 1 et

(v) = 0 pour tout sommet v # a (voir la figure .19). En notant e; ’aréte joignant
a et b;, on obtient

0= Sl
:1<‘<D(/eiu’ 'dx+)\/eiu dx—/6i|u|p—2u d:v)
" (diru (b)&_ddt(a)@>
%155/1 “**“—WV2)<>

donc 3 <;<p d‘i (a;) = 0, ce qui est la condition de Kirchhoff.

b3 b]

F1GURE 1.19 : Fonction affine utilisée pour retrouver la condition de Kirchhoff.

Et maintenant ?

Nous venons de voir que les solutions de (NLSg) correspondent aux points critiques
de la fonctionnelle d’action Jy : H'(G) — R, définie par
1 A 1
I 1= 5 g + 5l = 5l

ou
HY(G) = {u :G—R ‘ u est continue et u,u’ € LQ(Q)}.
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Remarquons que la fonctionnelle d’action J, n’est pas bornée inférieurement
sur HY(G). En effet, si u # 0, alors

A2 P

t2 2 2
Ja(tu) = §||Ul||L2(g) + 7||U||L2(g) - E”U”ip(g) m —00.

Une stratégie possible pour trouver des points critiques de Jy consiste a étudier
des problémes de minimisation avec contraintes afin d’obtenir des solutions de
(NLSg) qui sont des minima de Jy sous la contrainte. Nous allons présenter une
fagon de mener a bien cette démarche dans la section 1.4 suivante.

1.3.6 Quelques mots sur les simulations numériques

Lorsqu’on veut étudier en détail un exemple spécifique de graphe, les calculs
peuvent s’avérer tres complexes. Des lors, les simulations numériques sont un outil
précieux.

A ce sujet, citons la librairie Python « GraFiDi*' » développée par C. Besse,
R. Duboscq et S. Le Coz (voir |71, 72]) ainsi que le package MATLAB « QGLAB** »
développé par R. Goodman**, G. Conte et J. Marzuola (voir [169]).

Nous emploierons aussi l'outil numérique dans le chapitre 5 dans lequel nous
développerons une preuve assistée par ordinateur (voir la section 1.11.5).

I.4 (Nodal) action ground states
I.4.1 Variété de Nehari et action ground states
Définitions et premieres propriétés
Considérons la variété de Nehari associée a (NLSg) et définie par
NA(G) :={u € H'(G) \ {0} | J}(u)u = 0}
— {ue HNG)\ {0} | I Bagg) + Alulliagy = g b

La variété** de Nehari contient tous les points critiques non nuls de J et on peut
montrer qu’'un point critique de Jy sous la contrainte d’appartenance a Ny (G) est
une solution de (NLSg) (voir par exemple 35, Remark 2.3.13]).

“IDisponible & I’adresse https://plmlab.math.cnrs.fr/cbesse/grafidi.

42Disponible & I'adresse https://github.com/manroygood/Quantum-Graphs/tree/master.

43Qu’on remercie encore pour son cours donné lors de ’école d’été Nonlinear Quantum Graphs.
Le lecteur pourra consulter le support utilisé durant les lecons a ’adresse
https://roygoodman.net/course/nqg_valenciennes/.

4411 est possible de montrer que la variété de Nehari est une variété hilbertienne C? modelée sur
H'(G). Nous n’aurons en général pas besoin d’utiliser de telles considérations. Nous renvoyons
vers |28, Chapitre 6] pour en savoir plus sur le point de vue des contraintes en tant que variétés.


https://plmlab.math.cnrs.fr/cbesse/grafidi
https://github.com/manroygood/Quantum-Graphs/tree/master
https://roygoodman.net/course/nqg_valenciennes/
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D’apres la définition de N, (G), on remarque que

weM(©G) = A= (- )lulle-

En particulier, Jy est strictement positive sur Ny, donc bornée inférieurement. On
définit
Jg(A) == inf  Jy(u).
g(A) = dnf Ji(u)

Un action ground state pour (NLSg) est une fonction u € N, (G) telle que
() = Jg(A).

Si un action ground state existe, on peut montrer qu’il s’agit d’une solution de signe
constant de (NLSg), voir par exemple [35, Remark 2.3.13] ou [318, Corollary 10,
(¢)] pour une preuve. Remarquons que lorsque G n’est pas compact, Iexistence
d’action ground states n’est en général pas garantie.

Bien que nous venons d’introduire la variété de Nehari et la notion d’action
ground state sur les graphes, on peut suivre la méme démarche dans de nombreuses
situations : équations différentielles, équations elliptiques sur des ouverts de RY,
systemes d’équations elliptiques, etc. L’article fondateur de Z. Nehari [250] est
dédié a un probleme d’EDO. Le lecteur désireux de s’introduire au sujet pourra
notamment consulter [35, Section 2.3] ou l'article d’exposition [318].

Quelques travaux concernant les action ground states sur les graphes

Jusqu’a présent, les action ground states pour (NLSg) ont été assez peu étudiés.
En effet, la plupart des travaux s’intéressent aux solutions normalisées (voir la
section 1.5). Néanmoins, citons [10, 11, 126, 211, 218, 263, 302, qui considérent la
fonctionnelle d’action et la variété de Nehari sur les graphes.

Dans [10, 11], considérer des action ground states (sur des graphes en étoile,
avec la d-condition) permet d’employer la méthode d’étude de la stabilité orbitale
des solutions développée par M.I. Weinstein et M. Grillakis—J. Shatah—W. Strauss
(voir [172, 173, 330, 331] et la section F.7).

L’article [218] montre que quelques arguments développés pour les solutions
normalisées sur les graphes (voir la section 1.5) s’adaptent au cas de la variété de
Nehari.

Le phénomene de concentration des action ground states est étudié dans les
travaux [211, 302]. Nous y reviendrons dans la section 1.7.

L’article [263] étudie (NLSg) sur des graphes périodiques grace a des techniques
basées sur les action ground states. Nous considérerons des problemes similaires
dans la section 2.5.1.
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Finalement, dans [126], S. Dovetta étudie le comportement asymptotique des
action ground states sur une grille entiére (voir la figure 1.4 de la page 4) dont les
longueurs convergent vers 0. L’auteur prouve des résultats de convergence entre
l’action ground state sur les grilles (qui sont des graphes métriques) et le soliton
de 'équation aux dérivées partielles (NLS). Il s’agit donc d’une manifestation du
phénomene de « réduction dimensionnelle » par lequel nous avons introduit le
modele (NLSg) dans la section I.3.

Les chapitres 1 et 2 de cette theése étudieront en détail la notion d’action ground
state sur les graphes (compacts et non-compacts), en fournissant notamment des
théoremes d’existence et de non-existence. Dans le chapitre 3, nous étudierons la
masse L? des action ground states sur des domaines bornés de RV afin d’y obtenir
des solutions normalisées.

1.4.2 Ensemble de Nehari nodal et nodal ground states

Les action ground states présentés dans la section précédente sont des solutions de
signe constant de (NLSg). A présent, intéressons-nous aux solutions changeant de
signe, également appelées solutions nodales.

Etant donné une fonction u a valeurs réelles, on pose

u’ = max(u,0) et wu” :=min(u,0).
Une solution nodale est, par définition, une solution u de (NLSg) telle que u™ # 0

et u~ # 0. Toutes les solutions nodales de (NLSg) appartiennent & [’ensemble* de
Nehari nodal

N (G) = {ue H'(G) |ut e Mi(G)} = {u e H'(G) | u* #0, J{(upu* =0},
Une fonction u € N7°4(G) est un nodal ground state de (NLSg) si

Ja(u) = ue/\i/?fd(g) JA(v).

Lorsqu’ils existent, les nodal ground states sont des solutions changeant de signe
de (NLSg) (voir par exemple [318, Proof of Theorem 18]). Plus précisément, il
s’agit de solutions nodales d’action minimale du probléme.

L’article fondateur qui étudie la méthode de minimisation sur I’ensemble de
Nehari nodal est celui de A. Castro, J. Cossio et J.M. Neuberger [93|. Pour un
apergu plus détaillé, nous renvoyons vers [53, 318| ainsi que vers les chapitres 2
et 3.

45Contrairement & la variété de Nehari, ’ensemble de Nehari nodal . )’\wd n’est en général pas
muni d’une structure de variété. Voir [53, Introduction et Lemma 3.2] pour une discussion et la
présentation dune stratégie pour y remédier, en utilisant la norme H? et non la norme H'.
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A notre connaissance, les nodal ground states n’avaient jamais été étudiés sur
les graphes avant les travaux présentés dans cette these.

Les nodal ground states joueront un grand role dans le chapitre 2 (ou l'on
étudiera leur existence sur des graphes non-compacts) ainsi que dans le chapitre 3
(ott 'on étudiera leurs masses L2 sur des domaines ouverts de RY afin d’obtenir des
solutions nodales normalisées). Ils seront également considérés dans le chapitre 5
ou l'on déterminera leurs propriétés qualitatives dans le cas des graphes compacts.

I.5 Solutions normalisées?t

I.5.1 Que sont les solutions normalisées ?

Une solution normalisée de (NLSg) est une solution dont la norme L? est imposée
mais ol la valeur du parametre A ne 1’est pas. Cette notion est importante lorsqu’on
étudie certains modeles physiques (voir la section 1.3.2). Par exemple, lorsqu’on
modélise un condensat de Bose-Einstein, nous avons vu dans la section 1.3.2 que
la norme L? correspond au nombre de particules dans le systéme décrit (voir la
contrainte (I.5)).

Rechercher des solutions normalisées est également utile lorsqu’on étudie des

équations d’évolution (voir 'annexe F et en particulier la section F.7).

Du point de vue variationnel, les solutions normalisées correspondent a des
points critiques de la fonctionnelle d’énergiet”

1 1
E(u) := §\|U/H%2(g) - ];Hu\l’ip(g),
sur la contrainte de masse ||u||3: = p, p étant la masse*®. Dans ce cas, le parametre

A apparailt en tant que multiplicateur de Lagrange provenant de la contrainte.

Sur un graphe métrique G, étant donné p > 0, on peut montrer que I'infimum

inf E(u)
ueH (G)
||u||2L2:N

est fini lorsque 2 < p < 6 et vaut —oo lorsque p > 6 (voir par exemple |20,
Section 2.1))*. Apparait ici I’exposant masse-critique du probléme : il vaut p = 6.

46Un grand merci au Pr. Louis Jeanjean pour la discussion & propos de I'historique de I’étude
des solutions normalisées.

47Déja rencontrée dans le cas p = 4 de la section 1.3.2 sous le nom de fonctionnelle de Gross-
Pitaevskii Egp définie par (1.4). Rappelons que le parameétre o dans (I1.4) est strictement négatif.

48Nous utiliserons parfois d’autres conventions de normalisation « & constante multiplicative
pres », par exemple dans la section 1.10.3 ainsi que dans le chapitre 3.

OLorsque p = 6, la fonctionnelle E est bornée inférieurement sur la contrainte de masse si et
seulement si p est suffisamment petit.
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Plus généralement, si € est un ouvert borné de RV, Iinégalité de Gagliardo—
Nirenberg (voir par exemple [332])

p—N(E-1 N(Z-1
laly < K a2 E w5 e mURY),

valable pour tout® p € (2,2*), implique que la fonctionnelle d’énergie

1 1
E(u) := Q/Q\Vu\Qd:U—p/Q\u]pdx

est bornée inférieurement sur la contrainte de masse lorsque p < 2 + %. Ce n’est
pas le cas lorsque p > 2 + % (voir [183]). Ainsi, la valeur 2 + % est 1'exposant
masse-critique en dimension N. Notons qu’on retrouve p = 6 en dimension N = 1.

L’exposant masse-critique joue aussi un grand role dans ’étude de 1’équation
d’évolution de Schrodinger non-linéaire (voir les sections F.3 a F.5).

Lorsque I'énergie est bornée inférieurement sur la contrainte, on appelle energy
ground state un minimum de I’énergie sous la contrainte de masse. On montre alors
qu’il s’agit nécessairement d’une solution de signe constant de (NLS). Dans tous
les cas, on dispose également de la notion de solution d’énergie minimale, c’est-
a-dire d'une solution minimisant la fonctionnelle d’énergie parmi ’ensemble des
solutions de masse p de (NLS) (pour un certain A pouvant différer d’une solution
a l'autre). Nous reviendrons sur ces notions dans la section I.10.

1.5.2 Geneése des solutions normalisées®!

Bifurcation depuis le spectre essentiel

Dans [316], C.A. Stuart étudie des phénomenes de bifurcation. Illustrons ce concept
sur un exemple, en considérant 1’équation différentielle

—u"(z) — W = \u(x) (L.8)

ouz € (0,4+00), p € (2,400) et A € R. Définissons 1’espace de Hilbert
H = H*(0,400) N H}(0, +00),
muni de la norme H? ainsi que ’ensemble

E = {(u, \) € HxR ‘ u est une solution de (I.8),u # O}.

Suivant Stuart, on dit que A € R est un point de bifurcation si (0, \) appartient a
I’adhérence de F dans H X R.

50Rappelons que 2* est 'exposant critique de Sobolev, qui vaut 4+oo lorsque la dimension N
vaut 1 ou 2 et vaut 2N/(N — 2) lorsque N > 3.

51Un grand merci au Pr. Charles A. Stuart d’avoir transmis ses travaux sur le sujet et d’en
avoir clarifié la chronologie. La lecture de |185, Section 4, Solutions de normes prescrites| nous a
également été utile pour écrire cette section.
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Lors de la publication de [316] dans les Comptes Rendus de I’Académie des
Sciences de Paris en 1977, de tels phénomenes de bifurcation sont étudiés dans la
littérature, mais uniquement & partir de valeurs propres (voir notamment [285] et
les références dans [316] pour plus d’informations).

Celles-ci n’existent pas toujours, notamment sur les domaines non-compacts.
Par exemple, sur [0, +0o0), Popérateur v — —v” avec la condition de Dirichlet en
I'origine admet [0, +00) comme spectre mais ne possede aucune valeur propre.

Ainsi, l'originalité de la démarche de Stuart consiste a étudier le phénomene
de bifurcation depuis le spectre essentiel. Les premiers résultats obtenus de la sorte
sont présentés dans l'article [104| de R. Chiappinelli et C.A. Stuart.

A présent, voyons quel est le lien entre le phénomene de bifurcation depuis le
spectre essentiel et la recherche de solutions normalisées.

Des problemes de bifurcation aux solutions normalisées

Les travaux [311, 312, 313, 314, 315| de Stuart mettent en évidence un lien entre le
phénomene de bifurcation et les solutions normalisées : si un probléme admet des
enerqy ground states d’énergie négative pour toute masse L? suffisamment petite,
alors 0 est un point de bifurcation. Le lecteur pourra se référer aux références
mentionnées ci-avant (voir notamment [313, Theorem 2.1] et (312, Theorem 3.3]).

Dans ces articles, des techniques pour prouver l’existence d’energy ground
states sont développées.

P.L. Lions obtiendra ensuite dans [224, 226, 227] ses résultats de concentration-
compacité, particulierement bien adaptés pour étudier le probléme de minimisation
de I'énergie sous la contrainte de masse.

I.5.3 Solutions normalisées sur les graphes en étoile dans
le régime masse-sous-critique (2 < p < 6)

Apreés leurs premiers travaux |7, 10], R. Adami, C. Cacciapuoti, D. Finco et D. Noja
poursuivent leur étude des solutions sur les graphes en étoile.

La caractérisation variationnelle de la solution stationnaire (voir la figure .12
a la page 13) sur I'étoile a trois branches, avec la condition de Kirchhoff et une
non-linéarité cubique, est clarifiée dans [8]. Il apparait que la solution est un point
de selle de 1’énergie sur la contrainte de masse et non un minimum.

Mentionnons [6], dédié a lexistence de solutions normalisées et a 1’étude de
leur stabilité orbitale sur des graphes en étoile. Ce travail améliore les résultats
de [10] et ameéne Adami, Cacciapuoti, Finco et Noja a adapter les méthodes de
concentration-compacité de Lions [224, 226, 227| au cas des graphes en étoile.
Signalons que par la suite, A. Kairzhan a décrit précisément la stabilité de ces
solutions dans [197] en utilisant des techniques basées sur la théorie de Sturm.
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Pour conclure, soulignons que dans [9], les auteurs prouvent que les solutions
stationnaires sur les graphes en étoile, en présence d’une d-interaction attractive
en le sommet, sont toujours des minima locauz®® de I’énergie sur la contrainte de
masse. Ce résultat remarquable implique la stabilité orbitale de ces solutions.

Les travaux mentionnés précédemment mettent en évidence une profondeur
mathématique peut-étre insoupgonnée. Et ce, rien que sur les graphes en étoile!

Des questions se posent naturellement. Que se passe-t-il sur des graphes dont la
structure est plus complexe que ceux en étoile ? 'Y a-t-il une richesse de phénomeénes
dans ce cas, méme en l’absence de la d-interaction en les sommets ?

Nous avons déja partiellement répondu a ces questions lors de nos études de
(NLSg) sur des graphes spécifiques dans la section 1.3.4. Nous y reviendrons dans
la section 1.6 dédiée aux domaines non-compacts.

Il existe aussi des questions pertinentes sur des graphes compacts, comme nous
allons le voir dans la section suivante.

I.5.4 Solutions normalisées sur les graphes compacts

Si G est un graphe compact de longueur totale |G| et si p est un réel positif, alors

la fonction constante v : G — R valant ¢ := \/g en tout point du graphe est telle

que ||ul|3: = p et est une solution de (NLSg) si on prend A = ¢?~2. Au signe pres,
il s’agit de I'unique solution constante du probleme.

Deux questions se posent. Y a-t-il d’autres solutions que la solution constante ?
La solution constante est-elle un energy ground state ¢

La premiere question admet une réponse positive dans tous les cas. En effet,
il existe toujours une infinité de solutions lorsque 2 < p < 6, comme prouvé dans
[124] (lauteur y étudie également le cas critique p = 6).

La réponse a la deuxieme question dépend en général des parametres. Une
analyse des propriétés variationnelles de la solution constante et de sa stabilité
orbitale est réalisée dans [89] pour les cas p < 6 et p = 6. Une étude plus précise
de cette seconde question a été réalisée par J.L. Marzuola et D.E. Pelinovsky dans
[231] sur « 'haltére » (dumbbell graph) représenté ci-dessous par la figure 1.20.

FIGURE 1.20 : L’haltere

52Rappelons qu’il n’existe pas d’energy ground states sur les étoiles & N > 3 branches, c’est-
a-dire que I’énergie n’admet pas de minima globaux sous la contrainte de masse.
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Ces deux auteurs considerent des phénomeénes de bifurcation pour les solutions
sur I'haltere grace a des méthodes plus proches des travaux mentionnés dans la
section 1.3.4. Cela permet de déterminer dans quels cas la solution constante de
(NLSg) est un ground state. Cette démarche sur I'haltere a été poursuivie par
R. Goodman dans [168]. Le lecteur pourra se référer a [199, Section 6.3] pour une
présentation des résultats obtenus dans les travaux mentionnés précédemment.

Remarque. 1l n’est pas étonnant qu’une forme d’haltere soit considérée pour étudier
la brisure de symétrie des ground states. En effet, des versions « épaissies » (comme
dans la figure 1.8 de la page 7) du graphe en haltére sont des exemples classiques de
domaines ouverts de R illustrant ce phénomeéne pour des équations aux dérivées
partielles superlinéaires, voir par exemple [118] et [175, Page 18, Figure 3].
Remarque. Sur les graphes compacts, la solution constante est présente dans les
trois régimes p < 6, p = 6 et p > 6. Si 'on développe un résultat d’existence de
solutions, il faudra donc prendre soin de trouver des solutions non-constantes, sous
peine d’avoir prouvé un théoreme sans intérét.

Pour conclure, signalons que les graphes compacts sont des cadres commodes
dans lesquels on peut étudier les propriétés qualitatives ou ['unicité de certains
types de solutions de (NLSg). On peut aussi y voir le role joué par les sommets de
Dirichlet, ou encore le phénomene des solutions s’annulant identiquement sur des
arétes (voir la section 1.9). Ces questions seront au coeur du chapitre 5.

I.5.5 Quelques concepts importants

Dans la suite de la section 1.5, nous allons considérer le régime masse-supercritique,
pour lequel ’énergie n’est plus bornée inférieurement sur la contrainte de masse.”?
Nous présenterons les travaux sur RV et plusieurs méthodes « abstraites ». Nous
reviendrons ensuite sur le cas des domaines bornés et des graphes métriques, qui
seront étudiés dans les chapitres 3 et 4.

Avant de poursuivre, il convient d’introduire plusieurs concepts classiques dans
la théorie des équations aux dérivées partielles elliptiques semi-linéaires. Nous
avons suivi [136, Chapter 1] et [115] pour les présenter.

Stabilité, indices de Morse, non-dégénérescence

Etant donné une solution® u € H} () de (NLS), ¢’est-a-dire un point critique de
Jy sur H} (), on considére la forme quadratique @, définie par

Qulp) = RWle.g] = [ [Veldo+ A [ gPde—(p—1) [ juf 2 do.

53Dans ce cas, on ne peut plus étudier un probléme de minimisation sous contraintes pour
trouver des solutions normalisées.

54 Nous avons choisi de présenter les concepts pour le probléme posé sur un domaine Q C RV
avec la condition au bord de Dirichlet. Les définitions s’adaptent, mutatis mutandis, aux autres
cadres : problémes posés sur RN, sur des graphes métriques, etc.
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On dit alors que la solution u est :
o stable si Q,(p) > 0 pour tout® ¢ € C1(Q) ([136, Definition 1.1.2]);

o stable en dehors du compact K C Q si Qu(¢) > 0 pour tout ¢ € CH(Q\ K)
([136, Definition 1.5.1]);

o d’indice de Morse k si k est la dimension maximale d’un sous-espace vectoriel
V de C1() tel que Q,(p) < 0 pour tout ¢ € V' \ {0} (|136, Definition 1.5.2]);

o non-dégénérée si 0 n’est pas une valeur propre de l'opérateur linéarisé autour
de u. Cet opérateur® L, : H}(Q) — H () est associé a la forme quadratique
()., au sens ou

(Lule) |4) = 2QU(R)Y]

pour toute fonction ¢ € H} (). Plus concrétement, cela signifie que

Lule] = =Ap+ Ao — (p = Dul %o,
voir par exemple [115, (3.21), page 94].

Les notions de stabilité et d’indice de Morse (ainsi que celle d’indice de Morse
approché) joueront un grand réle dans le chapitre 4. Celle de solution non-dégénérée
sera tres importante dans le chapitre 5.

Pour en savoir plus sur le réle joué par la stabilité et I'indice de Morse dans
I’étude des équations elliptiques semi-linéaires, on pourra par exemple consulter
[41, 115, 136, 147].

Suites et condition de Palais-Smale

En dimension infinie, la compacité fait souvent défaut. Ainsi, avant d’obtenir des
points critiques des fonctionnelles, on devra souvent considérer des suites de points
critiques approchés.

Ainsi, on dit°"qu’une suite (u,), € Hg(2) est une suite de Palais-Smale au
niveau ¢ € R pour la fonctionnelle J, si

-1
HO,

n—o0

!
J)\(un)mc et Jy(uy)

e plus, on di ue J, vérifie la condition de Palais-Smale au niveau c si toutes
De plus, on dit"® N fiel dition de Palais-Smal tout
les suites de Palais-Smale au niveau ¢ admettent une sous-suite convergente.
Cette notion s’est avérée tres fructueuse en analyse non-linéaire. Elle admet
plusieurs généralisations, nous renvoyons vers [234] pour plus d’informations.

5511 y a une certaine latitude dans le choix de la régularité & imposer aux fonctions ¢, qu’on
pourrait par exemple supposer C2°.

%De méme que dans [85, page 291], nous noterons H () le dual de H}(2). Méme si Hg ()
est un espace de Hilbert, on ne I'identifiera pas & son dual, voir |85, Chapter 5, Remark 3].
Nous noterons (T | ¥) := T[¢)] le crochet de dualité entre ces espaces (voir |85, Notation, page 3]).

STDéfinition issue de [335, Introduction].

58 A nouveau, définition extraite de |335, Introduction).
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Géométrie de col

Dans la section 1.4, nous avons vu que la fonctionnelle d’action J, n’est pas bornée
inférieurement sur H'. Nous avons également présenté une facon de traiter cette
difficulté en introduisant la variété de Nehari Ny et en considérant le probléme de
minimisation de J, sur N.

[llustrons ici une méthode alternative. Celle-ci montrera comment exploiter la
géométrie de col de la fonctionnelle. Une démarche similaire aura un réle important
dans les sections suivantes ou nous étudierons le régime masse-supercritique.

Revenons un instant sur la géométrie de la fonctionnelle d’action. Tout d’abord,
regardons « direction par direction ». Si u € H'\ {0}, alors il existe un unique
t. > 0 tel que t,u appartient a Ny. Le nombre ¢, est caractérisé par

Ia(tyu) = max J(tu).

Ainsi, la situation ressemble a celle illustrée par la figure 1.21. Dans celle-ci, ’espace
H?' correspond au plan horizontal et les niveaux d’action correspondent & 1'axe
vertical.

m T e
Ny U -

FIGURE 1.21 : Représentation géométrique de la variété de Nehari®

Sur cette figure, on peut observer que minimiser la fonctionnelle J, sur la
variété de Nehari NV, revient & chercher le « col » de la « montagne » N,.

%9Un grand merci au Pr. Christophe Troestler qui m’a fourni cette figure.
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De maniere intuitive, rechercher le col revient a comprendre comment joindre
l'origine a « l'autre c6té de la montagne » (ce qu'on caractérisera comme étant
la région ou l'action est strictement négative), tout en « montant aussi peu que
possible dans les niveaux d’action ».

Cela nous amene a considérer la classe des chemins

Ie= {7 €c(0.1, H') | 7(0) = 0,a((1)) < 0}
ainsi que le niveau d’action du col

:= inf t)).
¢ := inf max I(v())

La présence d'une géométrie de col se traduit par l'inégalité ¢ > 0 : « pour
traverser la montagne, il faut nécessairement monter dans les niveaux d’action ».
Elle implique l'existence d’une suite de Palais-Smale au niveau ¢ pour Jy (qui
correspond intuitivement au point de selle a hauteur du col). Nous renvoyons vers
[214, Section 3], [35, Chapter 4] et [335, Section 1.3] pour plus d’informations.

Pour la fonctionnelle d’action Jy, cette approche équivaut a la minimisation
sur la variété de Nehari (voir [214, Proposition 3.12]).

L’utilisation de la géométrie de col peut s’adapter a de nombreuses situations
dans lesquelles on ne dispose pas forcément d’'un équivalent de la variété de Nehari.
Nous allons le constater dans les sections suivantes.

1.5.6 Régime L’-supercritique sur R

Existence d’une solution normalisée de (NLS)

Le premier article consacré aux solutions normalisées de (NLS) dans le régime
masse-supercritique (p > 2 + %) est celui de L. Jeanjean [183].

La situation y est tres différente du régime masse-sous-critique. En effet, dans
ce cas, I’énergie n’est plus bornée inférieurement sur la contrainte de masse L?. Il
faut alors chercher le point critique en exploitant la géométrie de col que possede
I’énergie sur la contrainte de masse.

Comme nous 'avons vu dans la section précédente, la présence d’une géométrie
de col permet d’obtenir l'existence d’une suite de Palais-Smale. Néanmoins, un
probleéme se pose® : il n'est pas clair qu’une telle suite soit bornée dans H'(RYN).
Dés lors que la suite est bornée, on peut supposer qu’elle converge faiblement®! et
essayer de montrer que la limite faible est une solution normalisée.

60Ce probléme n’apparait pas lorsqu’on recherche des points critiques sur la variété de Nehari
ou des energy ground states dans le régime masse-sous-critique.
61En passant & une sous-suite.
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La stratégie employée pour montrer que la suite de Palais-Smale est bornée se
base sur 1identité de PohoZaev%? que satisfont les solutions de (NLS) sur RY :

2N
(N = 2)[Vullz + AN|Jullz = ?IIUHZ- (L.9)

On peut par exemple se référer a [183, Section 2.2] qui détaille comment utiliser
I'identité de Pohozaev afin de prouver que les suites de Palais-Smale sont bornées.

Apres avoir résolu cette difficulté technique, Jeanjean prouve que I’équation
(NLS) admet une solution normalisée de masse u sur RY pour toute masse p > 0,
dans le régime masse-supercritique.

Une infinité de solutions normalisées a (NLS)

Dans [51], T. Bartsch et S. de Valeriola montrent I'existence d’une infinité de
solutions radiales normalisées dans le cas L2-supercritique®.

A cette fin, ils utilisent le lemme du col (Mountain pass theorem) dans une
version assez générale pour des problemes variationnels invariants par ’application
u — —u. Notons que dans [51], la preuve que les suites de Palais-Smale sont bornées
utilise 'identité de Pohozaev de la méme fagon que dans [183, Section 2.2].

Extensions : équations autonomes plus générales, systémes, problemes
avec potentiel

L’article [183] traite d’équations autonomes® plus générales que (NLS)%. Cela est
possible car I'identité de Pohozaev se préte bien & ces cas sur RV.

On pourra se référer a [189, 191, 192] pour des travaux ultérieurs et a |27, 187,
188] pour des extensions ou I’exposant critique de Sobolev 2* intervient.

D’autres approches que celle de [183] sont possibles pour prouver I’existence de
solutions normalisées. Citons par exemple 'article [194], ou les auteurs montrent
I'existence et étudient les masses L? de branches de solutions dans ’espace des
fonctions H*' radiales.

62Prouvée originellement par S. Pohozaev dans [280|. Pour une preuve dans le cas de RV, se
référer par exemple a [335, Theorem B.3].

63Lorsque A > 0 est fixé, la multiplicité infinie des solutions radiales est prouvée dans [66].

64Cest-a-dire de la forme —Au = f(u) et non pas —Au = f(z,u).

65Sur RV, si on utilise une non-linéarité « de type puissance » comme dans (NLS), on peut
exprimer explicitement la masse L? des action ground states en fonction de A et obtenir les
mémes résultats d’existence de solutions normalisées. Dans 'annexe C, nous présenterons des
calculs semblables pour le soliton sur la droite réelle, voir la proposition C.4. Si la non-linéarité
est modifiée ou si le domaine change, cet argument n’est plus applicable et la méthode de Jeanjean
est nécessaire.
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Il est également possible d’étudier les solutions L2-normalisées de systémes
d’équations elliptiques avec des techniques variationnelles, voir par exemple [42,
43, 44, 48, 49, 50, 170, 195]. Tous ces travaux utilisent de fagon importante des
identités de Pohozaev.

Dans [46, 245], les auteurs étudient des généralisations de (NLS) ou est ajouté
un terme de potentiel V(zx), ce qui rend 'équation

—Au+ V(z)u+ Mu = |[ulP"*u
non-autonome. L’identité de Pohozaev associée est%®
(N — 2)/ |Vu]2dx+)\N/ lu? d
RN RN
9N
p

Afin de pouvoir montrer I'existence de solutions normalisées, il faut imposer des
hypotheses sur le potentiel, dont suffisamment d’intégrabilité de V' (z) et de z-V (z)
afin de traiter le dernier terme dans (1.10).

[ul? dz + 2 / (- V)V (z)ude. (1.10)
RN RN

Les travaux mentionnés jusqu’a présent utilisent une identité de Pohozaev afin
d’établir le caractere borné des suites de Palais-Smale ainsi que leur convergence.
Cela peut s’avérer parfois contraignant et impose, par exemple, des restrictions sur
le potentiel dans [46, 245].

Afin de poursuivre I’étude des solutions normalisées dans le régime p > 2 + %,
nous sommes amenés a rechercher des méthodes qui ne se basent pas sur une
identité de Pohozaev. Dans la section suivante, nous allons présenter de telles
méthodes consacrées a l'existence de suites de Palais-Smale bornées.

1.5.7 « Monotonicity trick », existence de suites de Palais-
Smale bornées et indices de Morse

Le monotonicity trick®”

Dans [308, 309], M. Struwe se retrouve aussi confronté au probleme d’existence de
suites de Palais-Smale bornées, dans des problémes relevant de la géométrie et de
I’étude des systemes hamiltoniens. Il y développe un argument désormais connu
sous le nom de « monotonicity trick » (voir aussi [310, Chapter II, Section 9]).

56Du moins formellement : se référer & [155, Lemma 1.1] ot I'on trouvera I'expression que
prend l'identité de Pohozaev d’une équation non-autonome sur un domaine borné et & (335,
Appendix B, Section 3] pour passer du cas des domaines bornés & R™. Nous ne tenterons pas
de justifier rigoureusement l'identité (1.10) et renvoyons vers [46, 245] ou I'on explique comment
des identités telles que (I.10) interviennent dans les preuves.

67La lecture de [185, Section 5, Suites de Palais-Smale bornées] nous a été trés utile pour
écrire cette section. Nous la recommandons au lecteur souhaitant approfondir ses connaissances
sur la problématique du caractére borné des suites de Palais-Smale.
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Dans [186], Jeanjean prouve que les techniques développées auparavant par
Struwe peuvent étre généralisées en une version « abstraite ». Citons son résultat.

Théoréme ([186, Theorem 1.1]). Soit (X, || - ||) un espace de Banach.
Considérons un intervalle I C (0,+00) et une famille ®,: X — R de
fonctionnelles Ct de la forme

Q,(u) == A(u) — pB(u) oupel.
On suppose que B(u) > 0 pour tout u € X et que

A(u) — 400 ou  B(u)

[lul|—+oc0 llull—=+o0
Etant donné vy, v, € X, on définit

I o= {y € ([0, 1], X) | 4(0) = vy, 7(1) = v }.
Supposons que, pour tout p € I, le nombre

;= inf d
Cp = Inf max p(v(1)),

satisfait Uinégalité ¢, > max{®,(vy), ®,(v1)}.

Alors, pour presque tout p € I, il existe une suite (u,)n,>1 € X de Palais-
Smale bornée au niveau c, pour ®,. Autrement dit :

(1) (un)n est bornée ;
(it) ®,(u,) — ¢, lorsque n — oo ;

(iii) ®(u,) — 0 dans le dual de X lorsque n — oc.

La preuve de ce résultat utilise le « monotonicity trick » : puisque I C (0, +00)
et que B(u) > 0 pour tout u € X, I'application I — R : p — ¢, est croissante. Elle
est donc dérivable presque partout. Jeanjean montre alors que, lorsque c;, existe,
alors la fonctionnelle ®, possede une suite de Palais-Smale bornée au niveau c,
(voir [186, Section 2]).

Dans [193], L. Jeanjean et J.F. Toland généralisent ce résultat a des situations
ou l'application p + ¢, n’est pas monotone.

Le résultat d’existence de suites de Palais-Smale bornées est particulierement
utile et a trouvé beaucoup d’applications : existence de solutions a un probléeme
« du type Landesman-Lazer » dans [186], extension pour le régime L*-supercritique
des résultats de bifurcation étudiés par Stuart dans® [160, 184], etc.

68Voir aussi [185, Section 5, Retour sur les problémes de bifurcation).
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Plusieurs questions s’offrent a nous.

Etant donné une suite de Palais-Smale bornée, comment démontrer qu’elle
converge ? Peut-on trouver des suites de Palais-Smale bornées pour des problémes
avec contraintes®® ¢ Peut-on démontrer Uexistence de telles suites a des niveauz
différents afin d’obtenir des résultats de multiplicité ?

Comme nous allons le constater, posséder une information de type « indice de
Morse » sur des éléments d'une suite de Palais-Smale est un outil précieux pour
montrer la convergence de celle-ci.

Informations sur les indices de Morse (approchés)

Une suite de Palais-Smale est constituée de points critiques approchés qui ne
sont a priori pas associés a une notion d’indice de Morse. Néanmoins, G. Fang
et N. Ghoussoub ont montré dans [145, 146] qu’il est possible de définir une notion
d’indice de Morse approché et prouver I'existence de suites de Palais-Smale avec
informations sur les indices de Morse approchés des éléments.

Ceci s’avere utile pour étudier les questions de convergence, comme cela avait
été observé dans [39, 41, 225| par A. Bahri et P.L. Lions. Dans ces articles, les
auteurs mettent en évidence le role que peuvent jouer des informations sur les
indices de Morse dans des équations elliptiques non-linéaires, notamment lorsqu’il
manque de la compacité.

Notons que les travaux de Fang et Ghoussoub concernent des suites de Palais-
Smale pour des problemes variationnels sans contraintes.

Dans [81], J. Borthwick, X. Chang, L. Jeanjean et N. Soave ont montré qu’il
existe des suites de Palais-Smale bornées, avec informations sur l’indice de Morse
approché, dans le cas de fonctionnelles perturbées contraintes sur une sphére (voir
[81, Theorem 1.5]) possédant une géométrie de col. Ainsi, les auteurs affinent le
monotonicity trick afin d’obtenir également des informations sur les indices de
Morse approchés des éléments de la suite de Palais-Smale, comme le font Fang et
Ghoussoub.

Dans [81, Theorem 1.12], les auteurs prouvent aussi un théoreme « généralisé »
permettant d’obtenir des résultats de multiplicité pour des fonctionnelles paires™
(dans I'esprit de la méthode employée sur RY par Bartsch et de Valeriola [51]). Ce
théoreme sera crucial dans le chapitre 4.

Nous renvoyons vers l'introduction de [81] et également vers [139] pour en
apprendre davantage sur l'existence de suites de Palais-Smale avec informations
sur les indices de Morse des éléments et l'utilisation de tels résultats.

69Le théoréme présenté ci-dessus porte sur des problémes variationnels libres, ce qui signifie
que les chemins dans I" sont a valeurs dans X et ne sont pas contraints a une sous-variété de X.
70C’est le cas de la fonctionnelle d’énergie.
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1.5.8 Solutions normalisées sur les graphes lorsque 6 < p

Comme nous l'avons vu, on ne dispose pas sur les graphes d'un équivalent des
arguments utilisés sur RY qui se basent sur identité de PohoZaev. Il en sera
généralement de méme dans la section suivante, dans laquelle nous étudierons des
solutions normalisées sur des domaines bornés.

Remarque. Néanmoins, signalons que I'identité de Pohozaev est commode a utiliser
sur les domaines étoilés (nous le verrons dans le chapitre 3). Par exemple, en
dimension N > 3, elle implique qu’il n’existe aucune solution non-nulle de (NLS)
lorsque p est supérieur ou égal a 2* := -ZX sur des domaines étoilés (voir par

N—2
exemple [310, Chapter III, Section 1]).

Des lors, les résultats sur l'existence de suites de Palais-Smale bornées avec
informations sur les indices de Morse approchés prennent tout leur intérét sur les
graphes et les domaines bornés. C’est d’ailleurs 1’étude des solutions normalisées
sur les graphes qui a mené Borthwick, Chang, Jeanjean et Soave a développer [81].

Lorsque p > 6, ces résultats permettent d’obtenir une solution normalisée non-
constante lorsque la masse est suffisamment petite sur les graphes compacts, voir
[102]. Pour le probléme a non-linéarité localisée, on obtient une solution normalisée
pour toutes les masses, voir [82].

Dans [82, 102], apres avoir démontré I'existence d’une suite de Palais-Smale
bornée, il faut également montrer que la suite de « presque multiplicateurs de
Lagrange » (almost Lagrange multipliers) associée converge vers un réel strictement
positif. Cela nécessite d’exclure”™ la convergence des presque multiplicateurs vers
I'infini ainsi que leur convergence vers zéro’.

Comme annoncé dans la section précédente, nous étendrons le résultat de [82]
en démontrant que le probléeme a non-linéarité localisée possede une infinité de
solutions normalisées. A cette fin, nous devrons développer un argument excluant
le cas A = 0. Celui-ci est plus délicat a traiter lorsque les solutions peuvent changer
de signe a cause de la présence possible de solutions s’annulant identiquement sur
des arétes du graphe (voir la section 1.9). Cet argument est 'objet de la section 4.3
(voir en particulier la proposition 4.23).

Concernant les solutions normalisées sur les graphes dans le régime p > 6,
mentionnons également [31]. Dans cet article, A.H. Ardila étudie des solutions
normalisées sur des graphes dans le régime masse-supercritique, mais ou la présence
d’un potentiel modifie la géométrie de la fonctionnelle d’énergie, ce qui permet a
I’auteur de trouver des solutions par minimisation sous la contrainte de masse.

A notre connaissance, il n’existe & ce jour quun seul article traitant du cas
masse-supercritique sur les graphes non-compacts : celui de S. Dovetta, L. Jeanjean
et E. Serra [128]. Nous y reviendrons dans la section I.6.

"IGrace a une analyse de blow-up utilisant les informations sur les indices de Morse.
"2(e qui est plutdt aisé lorsqu’on cherche des solutions positives comme dans [82, 102].
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1.5.9 Solutions normalisées sur des domaines bornés dans
le régime masse-supercritique

Dans [259], B. Noris, H. Tavares et G. Verzini étudient l'existence de solutions
normalisées et la stabilité orbitale de celles-ci pour les solutions de (NLS) sur la
boule unité avec la condition de Dirichlet. L’'unicité de la solution positive de (NLS)
(pour un A\ donné) y joue un grand role, ce qui complique la généralisation des
résultats a d’autres domaines ou I'unicité n’est que rarement connue.

L’étude des solutions normalisées sur des domaines bornés est poursuivie dans™
les articles [273, 274].

Citons aussi [269], qui prouve des résultats d’existence de solutions normalisées
concentrées. Nous y reviendrons dans la section 1.7.

Signalons des a présent que dans la section 1.10, nous présenterons une nouvelle
méthode permettant d’étudier les solutions normalisées sur des domaines bornés,
y compris dans le régime masse-supercritique. Celle-ci fait 'objet du chapitre 3.

I.6 Role des propriétés topologiques et métriques
des domaines

Les deux cadres les plus classiques dans lesquels on peut étudier une équation
elliptique telle que (NLS) sont les domaines bornés et RY tout entier.

Sur un domaine borné régulier © C R¥, on dispose de compacité dans les
espaces fonctionnels. Ainsi, I'injection de H'(Q) dans L*(Q) est compacte d’apres
le théoreme de Rellich-Kondrachov (voir par exemple [85, Theorem 9.16]).

Au contraire, nous nous intéresserons dans ce qui suit au cas des domaines non-
bornés et a I’étude de I'équation (NLSg) sur des graphes métriques non-compacts.
Dans ces cas, le manque de compacité sera un des challenges a surmonter.

Ci-dessous, nous mentionnerons également d’autres sources de non-compacité
que celle du domaine. Ainsi, si Q@ C RY est un domaine en dimension N > 3,
injection de H'(Q) dans L* () n’est pas compacte, méme si  est borné (voir
[85, Corollary 9.14 et page 286, Remark 14]).

Comme nous 'avons vu au début de la section précédente, I’exposant 2* n’a pas
qu’un réle « technique » et I’équation (NLS) ne possede pas de solutions non-nulles
lorsque p > 2* sur des domaines étoilés.

"3Signalons que la preuve du résultat d’existence présenté dans [273] ne montre pas comment
vérifier que les suites de Palais-Smale obtenues sont bornées. Ceci a été commenté par les auteurs,
voir [274, haut de la page 3] ol cette étape est détaillée.
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A présent, formulons quelques remarques.

e Sur les graphes, on ne rencontre pas de problemes de compacité liés a un
exposant critique de Sobolev car les graphes sont de dimension un.

» L’exposant critique de Sobolev apparailt naturellement dans certaines questions
de géométrie riemannienne, par exemple dans le probléme de Yamabe [336] ou
I’on se demande si toute variété peut étre munie d’une métrique riemannienne
dont la courbure scalaire est constante. L’article d’exposition [216] contient
plus d’informations sur ce probléme, son histoire et sa résolution.

o Le lecteur intéressé par une présentation plus exhaustive des diverses sources
de non-compacité pouvant apparaitre dans les problemes variationnels pourra
se référer a [310, Chapter I11].

Tout d’abord, considérons le domaine non-compact le plus naturel : I'espace
euclidien tout entier.

I.6.1 Solutions entieres sur RY

On dit parfois que les solutions définies sur RY sont entiéres. La littérature est trés
vaste (voir par exemple l'ouvrage [212]).

Si on étudie une équation autonome sur RV, c’est-a-dire de la forme
—Au = f(u),

alors le probleme est invariant par translations, ce qui permet de retrouver de la
compacité comme l'illustre le lemme [219, Lemma 6] et son application™ dans [86].

Nous utiliserons également l'invariance par translations lors de notre étude des
graphes périodiques, qui sera présentée dans la section 1.6.5.

Le role des actions de groupes non-compacts dans les pertes de compacité a été
grandement clarifié par les travaux de P.L. Lions sur le principe de concentration-
compacité 224, 226, 227]. Pour une introduction au sujet et a ses développements
plus récents, nous renvoyons vers [217].

Pour les équations autonomes sur R, on peut également chercher des solutions
radiales, ce qui apporte aussi de la compacité, voir par exemple [65, 299, 307].

Les deux techniques mentionnées précédemment (usage des translations ou
recherche de solutions radiales) ne s’appliquent pas a des équations non-autonomes
de la forme —Au = f(z,u).

C’est par exemple le cas lorsqu’'un potentiel est présent dans ’équation, comme
pour les équations du type —Au + V(x)u + Au = |u|P~2u.

Bien que la présence du potentiel V' (x) rende I’équation non-autonome, il peut
parfois cependant y amener de la compacité, voir par exemple [47].

"Voir aussi [157, Section 3], dans lequel nous avons trouvé la référence [219).
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Dans cette thése, nous mettrons surtout 1'accent sur le roéle du domaine (et de
ses conditions au bord) et non sur I’équation.

A présent, considérons les cas « les plus simples » de domaines non-compacts
autres que RY : les demi-espaces.

1.6.2 La demi-droite et les demi-espaces

En dimension un, un demi-espace est simplement une demi-droite, par exemple
[0, +00). Sur celle-ci, on étudie les solutions de 'EDO —u” + Au = |ulP~u qui
convergent vers 0 en l'infini.

Si 'on impose la condition de Neumann en z = 0 (c’est-a-dire «/(0) = 0), nous
avons vu dans la section 1.3.1 que 'EDO admet deux solutions non-nulles, qui sont
opposées et données par des demi-solitons @, (x)r+-

Si I'on impose la condition de Dirichlet en z = 0 (c’est-a-dire u(0) = 0), le
probleme n’admet aucune solution non-nulle (voir la proposition C.2).

Ceci montre que la condition au bord du domaine peut jouer un réle crucial.

Comme nous le verrons dans le chapitre 2, la présence ou non de sommets de
Dirichlet sera importante dans les résultats d’existence de (nodal) action ground
states sur les graphes métriques.

Plus généralement, on peut considérer un demi-espace en dimension N, par
exemple H := [0, +00) x RV~L.

Si 'on impose la condition de Dirichlet au bord de H, alors le théoréeme [143,
Theorem I.1] implique que (NLS) n’admet aucune solution dans Hg(H).

La situation est tres différente si I’'on impose une condition de Dirichlet non-
homogéne u = ¢ sur le bord de H. Dans ce cas, le nombre de solutions dépend de
fagon cruciale de la valeur de la constante ¢, voir [150].

1.6.3 Domaines possédant une géométrie plus riche

La géométrie du domaine joue un role dans les questions de compacité comme
nous pourrons le constater dans les situations suivantes.

o Les travaux fondateurs de J.M. Coron et d’A. Bahri [36, 37, 111] montrent
que, sur certains domaines dont la topologie est non-triviale (ceux qui, d’une
maniere intuitive, possedent des « trous », voir la figure 1.22), I’équation (NLS)
peut admettre des solutions méme lorsque p est égal & I'exposant critique™ de
Sobolev 2*. Notons que dans le cas Sobolev-supercritique, la présence d’une
topologie non-triviale ne suffit pas toujours a obtenir I'existence de solutions,
comme prouvé par D. Passaseo [265].

7 Aucun de ces domaines n’est étoilé suite & la présence des trous. Ceci explique pourquoi
Iobstruction a l'existence de solutions de (NLS) obtenue par Pohozaev ne s’applique pas.
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FIGURE 1.22 : Le « tore triple”® », un domaine & la topologie non-triviale dans R?

o L’étude de Bahri et Coron a mené a plusieurs développements ultérieurs pour
des domaines possédant des « petits trous » (voir une illustration en dimension
deux dans la figure 1.23). Ainsi :

» V. Benci et G. Cerami [61, 63] montrent des liens entre la topologie du
domaine (en particulier, des notions liées au « nombre de trous ») et la
multiplicité des solutions positives de (NLS) ;

= O. Rey [287, 288] obtient des résultats de multiplicité en fonction du nombre
de trous lorsque p = 2*;

= A. Bahri, Y. Li et O. Rey [38] étudient les points de concentration des
solutions dans un régime presque Sobolev-critique;

» M. del Pino et J. Wei [276] prouvent I’existence de solutions pour certains
p > 2% dans de tels domaines;

= O. Rey et A. Pistoia [278] construisent des solutions développant plusieurs
pics dans le régime p > 2*;

= etc.

FIGURE 1.23 : Un domaine borné avec des petits trous dans R?

"6Image provenant de https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_
torus_illustration.png, domaine public.


https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_torus_illustration.png
https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_torus_illustration.png
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 Plusieurs auteurs ont étudié les solutions de (NLS) sur les domaines extérieurs
(les ouverts de R dont le complémentaire est compact). Citons, entre autres,
A. Bahri, V. Benci, G. Cerami, M. Clapp, P.L. Lions, R. Molle, D. Passaseo,
etc. Leurs travaux révelent que des équations du type (NLS) :

» peuvent admettre des solutions si le « trou » est suffisamment petit (|62,
Theorem BJ) ou en présence de certains termes de potentiel ([40]);

» admettent des solutions nodales en présence d’assez de symétries ([100]);

» admettent de multiples solutions en fonction du nombre de « trous » ([101]) ;

= cte.

FiGURE 1.24 : Un domaine extérieur’’

 Dans [275], M.A. del Pino et P.L. Felmer considérent des domaines de R? de la
forme

{(t,2) eR | —f(t) <z < f(1)},
ou f est une fonction strictement positive, de classe C* sur R et convergeant
vers 0 a l'infini.

Bien que de tels domaines soient non-compacts, les auteurs montrent qu’il
existe des solutions strictement positives de (NLS) sur ces domaines et sur des
généralisations de ceux-ci, y compris en dimension N > 3.

« R. Molle a étudié dans [243, 244] des domaines 2 C RY tels que ni 2 ni RV \ Q
ne sont bornés.

« M.J. Esteban et P.L. Lions obtiennent, dans [143], des résultats de non-existence
de solutions non-nulles pour certains domaines non-compacts.

e ctc.

""Dessin réalisé grace a la libraitrie TikZ decorations.fractals, & partir d’explications se
trouvant sur https://latex.org/forum/viewtopic.php?t=17902.


https://latex.org/forum/viewtopic.php?t=17902
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Comme l'illustrent les travaux ci-dessus, certaines propriétés géométriques des
domaines peuvent, ou non, amener de la compacité. Nous allons voir qu’il en est
de méme sur les graphes métriques, qui forment un excellent cadre pour étudier
plus en détail ce phénomene.

1.6.4 (Non-)existence de ground states sur des graphes avec
un nombre fini d’arétes lorsque 2 < p < 6

Premieére étude sur les graphes en pont

Tout d’abord, présentons 'article [16] dans lequel R. Adami, E. Serra et P. Tilli
prouvent qu’il n’existe pas d’energy ground states lorsque 2 < p < 6 sur des
graphes en pont (bridge-type graphs), tels que celui représenté par la figure 1.25
(un autre exemple étant le double-pont représenté par la figure .16 de la page 21).

. R .
N

Ficure 1.25 : Le triple-pont

Dans le cas d'un nombre impair de « ponts » entre les deux sommets, le résultat
de non-existence se base sur une technique consistant a « déplier » les fonctions
définies sur les graphes afin d’obtenir des fonctions sur la droite réelle. Le cas
général s’ensuit par comparaisons de niveaux entre le N-pont et le (N — 1)-pont
(voir la preuve de [16, Theorem 1.2]).

Ceci montre qu’ajouter des arétes bornées a la droite réelle peut completement
changer la situation. En effet, sur R, les energy ground states existent pour toute
masse alors que sur les graphes en pont, ils n’existent jamais!

Les considérations mentionnées ci-dessus sont considérablement clarifiées et
généralisées dans l'important article [19], « NLS ground states on graphs », des
trois auteurs précités.

Dans cet article, le focus est mis sur le graphe sur lequel I’équation est posée et
Adami, Serra et Tilli cherchent & dégager des arguments s’appliquant a de larges
classes de graphes.

Présentons maintenant plusieurs résultats de P'article [19] et observons le lien
entre ceux-ci et les travaux de cette these.
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Réarrangement décroissant, nombre de préimages et hypothése (H)

La droite réelle et la demi-droite sont deux cas « extrémes », pour lesquels le niveau
de l'energy ground state sur la contrainte de masse est maximisé ou minimisé,
comme l'affirme le théoréme ci-dessous (obtenu dans [19, Theorem 2.2] pour des
graphes avec un nombre fini d’arétes, mais vrai en toute généralité).

Théoréme 1.1 ([19, Theorem 2.2]). Soient deuz nombres réels p € (2,6) et
> 0. Si un graphe métrique G contient au moins une demi-droite, alors

inf  Eg(u) < inf Er(u) = Er(d,). (1.11)

ueHL(G) T ueHL(R)

ot QASM est le soliton de masse p (voir la définition C.6). De plus®, on a

1 ~
1 > i = — . .
1L6%f(g) Eg(u) > ueH’}LT(lOf+m) Elo 100y (1) QER(QbQu) (I.12)

%Notons qu’un energy ground state de masse p sur [0, +00) s’obtient en “coupant qAﬁgu
en deux en son point de maximum” (voir la proposition C.9).

Vu I'importance, dans les deux premiers chapitres, des arguments utilisés dans
la preuve de ce théoreme, nous avons décidé d’en présenter les idées essentielles.

Eléments de la preuve du théoréme I.1. L’inégalité (I.11) se prouve facilement. En
effet, sur tout graphe possédant au moins une demi-droite, on peut considérer des
« presque solitons ¢, ». Plus précisément, pour tout € > 0, il existe v. € H ;(Q) tel

que ||<$# —v||g < € et tel que v. a un support compact inclus dans une demi-droite
de G (voir la figure 1.26).

g

©.9)

F1GURE 1.26 : Un soliton tronqué sur une demi-droite

L’inégalité (I.12) est basée sur un argument de réarrangement décroissant.
Etant donné u € H)(G), on veut montrer que

Ew)> inf B o).
W)z ) Bloteo )

Quitte a remplacer u par |u|, nous pouvons supposer que u est a valeurs positives.
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Considérons u* : [0,4+00) — R, le réarrangement décroissant de u. De maniére
intuitive™, cela revient a « découper I'image de u en tranches verticales » et a
les replacer sur une demi-droite, par ordre décroissant de hauteur. Ce procédé est
représenté dans la figure ci-dessous.

N

FIGURE 1.27 : Une fonction u : G — [0, 4+00) et son réarrangement décroissant u*.

—
>

Dés lors, pour tout ¢ > 0, on a™

Ao({z € G u(z) > t}) = Xes ({2 € (0,1G]), w" () > 1}). (1.13)
D’apres (I.13), on a |[u*||r2(0400) = |[ullr2(g) €t [|[u*]|Lr(0,400) = |||l zr(g)- De plus,
Iinégalité de Pdilya-Szegd (Lemme B.25) affirme que
1) z2(0,400) < U]l z2()- (1.14)
Ainsi, on obtient
1 1
E(u) = Sl l72g) - ];HuH’Ep(g)

1, . 1
@) 220 400) = ];IIUHZP(g)

Y

> inf E 0 )
- vEHi]&),Jroo) [0+ )(/U)

ce qui conclut la preuve de 'inégalité (1.12). O

En dimension un, il s’avére que 1’on peut (sous conditions) affiner I'inégalité de
Pélya-Szeg (1.14). Plus précisément, si une fonction u : G — [0, +00) est telle que

#u ' ({t}) > N (I1.15)

pour presque tout ¢ dans son image (ot N > 1 est entier), alors son réarrangement
décroissant u* vérifie

. 1
1) | z20,400) < 5 10l 22(0)- (L.16)
Ainsi, on a amélioré l’inégalité de Polya-Szegd d’un facteur N grice a I’hypothése
(1.15) sur le nombre de préimages !

Certains graphes sont tels que toutes les fonctions continues positives vérifient
la condition (1.15) avec N = 2. Cela nous mene a la définition suivante.

"8(Ces explications heuristiques se basent sur |20, Section 5.1]. Nous renvoyons vers I'annexe B
pour les définitions rigoureuses et les preuves des propriétés annoncées.
01 Ag et Ar désignent respectivement les mesures de Lebesgue sur G et R, voir la section A.3.
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Définition. Un graphe métrique G satisfait I’hypothése® (H) si, pour tout
point zy € G, il existe deux courbes injectives v1,7, : [0, +00) — G qui sont
paramétrisées par longueur d’arc, qui ont des images disjointes sauf pour un
nombre au plus dénombrable de points et telles que v,(0) = 12(0) = .

Ezemple. Les graphes en pont satisfont 'hypothese (H). Par exemple, si z se
trouve sur 'aréte « du haut » du graphe, on peut considérer les deux courbes v,
et 7, représentées dans la figure ci-dessous :
Lo
71 /‘\ Y2
00 <) 00

De méme, si x( se trouve sur la demi-droite « de gauche », on considere les courbes
Y1 et o comme suit :

gt o N\ V2
o0 ® \_/ o0
Les graphes qui satisfont 'hypothese (H) ne possedent en général pas d’energy
ground states, comme 'affirme I’énoncé suivant (voir [19, Theorems 2.2, 2.3, 2.5]).

Théoréme 1.2. Soient deuz réels p € (2,6) et u > 0. Si un graphe métrique
G satisfait (H), alors

uehn;f(g) Eg(u) = uelz*%f(R) Er(u) = Er(¢,). (L.17)
De plus, l'infimum
inf F,
uegl& @ g(u)

n’est pas atteint, c’est-a-dire qu’il n’existe pas d’energy ground states de masse L,
sauf si G est isométrique a la droite réelle ou a un des graphes en « tour de
boucles », voir les figures 1.28, 1.29 et 1.30.

o L 4 o0

FiGURE 1.28 : Une tour a une boucle

80 Appelée (H’) dans [19]. 1l s’avére que I'hypothese (H’) est équivalente a I'hypothese (H),
voir [19, Lemma 5.1] (qui prouve une des implications de I’équivalence).
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o @ (0. @]

FiGURE 1.29 : Une tour a deux boucles

FIGURE 1.30 : Une tour de boucles (cas général)

Puisque les graphes en pont vérifient ’hypothese (H), le théoréme précédent
permet de retrouver les résultats de non-existence mentionnés auparavant.

Pour conclure la présentation de [19], signalons également qu’Adami, Serra et
Tilli y étudient le T-graphe (voir I'exemple (a) de la figure 1.31 a la page suivante)
et montrent que celui-ci admet des energy ground states pour toutes les valeurs de
la masse (voir [19, Theorems 2.6 and 2.7]). Ce résultat découle de I'inégalité

inf E < Er(d
e 7(u) R(Pu),

prouvée a l'aide de constructions basées sur des techniques de réarrangement et
adaptées a la structure du 7-graphe (voir [19, Lemma 6.1]). Remarquons que le
T-graphe ne satisfait pas I’hypothese (H).

L’étude se poursuit dans l'article [21], ou 'on trouve notamment le résultat
suivant (voir |21, Theorem 3.3]).

Théoreme 1.3. Soit G un graphe métrique formé d’un nombre fini d’arétes
dont au moins une demi-droite. Soient deux nombres réels p € (2,6) et pn > 0.
Si linégalité R

inf Eg(u) < Er(dp),

ueHL(G)

est satisfaite, alors il existe un energy ground state sur G.
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Les auteurs prouvent également, grace a des constructions basées entre autres
sur le procédé de réarrangement décroissant, que certains exemples de graphes
satisfont ’hypothese du théoreme 1.3 précédent (voir la figure 1.31).

FicUre 1.31 : Exemples de graphes qui possedent des energy ground states.
(a) le T-graphe; (b) le panneau de signalisation; (c) le tétard; (d) la 3-fourche

Pour une présentation des travaux d’Adami, Serra et Tilli, nous recommandons
la lecture des articles d’exposition |1, 20].

Les différents thémes rencontrés jusqu’ici (comparaisons avec la droite et la
demi-droite, arguments de réarrangement, existence vs non-existence de ground
states, etc.) seront également au centre des chapitres 1 et 2.

1.6.5 Graphes périodiques

Parmi les exemples les plus simples de graphes périodiques, on trouve les grilles
infinies comme celle représentée par la figure 1.4 de la page 4. De telles grilles (et
certaines de leurs généralisations) ont été étudiées dans [12, 13, 14].

Ces travaux ont mis en évidence le phénomene de « dimensional crossover ».
Celui-ci se traduit par la coexistence de phénomeénes uni-dimensionnels liés a la
structure locale des graphes et de phénomenes typiques de la dimension supérieure
liés a la structure globale des graphes.

Par exemple, la grille dans la figure 1.4 est, en un certain sens, de dimension 2.
Lorsqu’on étudie I'existence d’energy ground states sur celle-ci, 'exposant critique

4
Perit, N=1 = 2+ I =6
joue un role comme on peut s’y attendre. De fagon remarquable, il apparalt un
second exposant particulier, donné par
4
Derit, N=2 ‘= 2 + 5= 4.
Pour un énoncé précis a propos du dimensional crossover, on se référera par
exemple a |14, Theorem 1.2]. La persistance de ce phénomene lors de perturbations

de la grille (c’est-a-dire la suppression de certaines arétes) est étudiée dans [134].
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S. Dovetta a apporté plusieurs contributions remarquables a I’étude des graphes
périodiques®. Ainsi, dans [125, Theorem 1.1], il prouve que tous les graphes
Z-périodiques® possédent un energy ground state lorsque 2 < p < 6. Le cas
critique est plus complexe et nous renvoyons a [125, Theorems 1.2 and 1.3] pour
plus d’informations a son sujet.

Remarque. L’invariance d'un graphe périodique sous l'action de son groupe de
« translations » joue un grand role dans ses propriétés de compacité, comme nous
le verrons dans la section 2.5.1. Nous y prouverons que tous les graphes périodiques
possedent un action ground state pour tout p > 2 et tout A > 0, ce qui montre que
les action ground states ne sont pas sujets au phénomene de dimensional crossover.

1.6.6 Autres travaux

De nombreux travaux étudient le probleme (NLSg) et ses variantes (pour un apergu
récent de la littérature, voir [199]). Ils portent sur :

o l'unicité et la multiplicité des ground states ([131]);

o des arbres infinis ([130]);

o des problemes avec plusieurs sources de non-linéarité (|4, 77, 78, 271]);
« le cas masse-critique p = 6 (|18, 272|);

e ctc.

1.6.7 Contributions au sujet développées dans cette these

Comme nous 'avons déja signalé, les deux premiers chapitres s’inscrivent dans
Iesprit des travaux d’Adami, Serra et Tilli. Bien que nous étudierons les notions
d’action ground state et de nodal ground state et non d’energy ground state, de
nombreux arguments s’inspireront des résultats mentionnés ci-avant. Ainsi,

o le théoréme 2.3 adapte le théoréme 1.3 a 'étude des action ground states (et
leurs équivalents nodaux), sous une forme « abstraite » permettant d’étudier
de fagon unifiée diverses familles de graphes. Nous appliquons cette méthode
a plusieurs classes de graphes et obtenons en particulier 'existence d’action
ground states pour les graphes représentés dans la figure 1.31. A propos des
graphes périodiques et des arbres infinis, les théoremes 2.7 et 2.8 caractérisent
completement les cas ou les ground states et les nodal ground states existent ;

« nous introduisons des conditions topologiques généralisant 1'’hypothese (H) et

nous montrons que celles-ci impliquent la non-existence des action ground states
et des nodal ground states (théoreme 2.6).

81Pour une présentation plus détaillée des graphes périodiques, voir le début de la section
2.5.1 dans le chapitre 2. On pourra se référer & |68, Definition 4.1.1] pour une définition précise.

82(Cest a dire ceux formés de copies d'un graphe compact « disposées en ligne » (voir [125] pour
plus de détails). Ainsi, ces graphes sont a la fois localement et globalement uni-dimensionnels,
ce qui explique pourquoi on n’y observe pas de phénomeéne de dimensional crossover.
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1.6.8 Solutions normalisées sur les graphes non-compacts
dans le cas p > 6

A notre connaissance, le seul® travail qui étudie les solutions normalisées de
(NLSg) sur les graphes non-compacts dans le régime masse-supercritique est celui
de Dovetta, Jeanjean et Serra [128].

Les auteurs y prouvent 'existence de solutions positives, d’énergie positive pour
les graphes ayant un nombre fini d’arétes et auxquels sont attachés au moins une
aréte se terminant en un nceud de degré un (comme pour le T-graphe, voir la
figure 1.31 (a)) ou un « panneau de signalisation » (voir la figure 1.31 (b)), en
supposant que la masse est assez petite.

Ils prouvent également l’existence de solutions d’énergie positive sur les graphes
périodiques, en supposant que la masse est assez grande.

Ces preuves utilisent a la fois des constructions basées sur le lemme du col et
le monotonicity trick (voir les sections 1.5.6 et 1.5.7), mais aussi des arguments
spécifiques aux graphes métriques non-compacts.

Ainsi, pour les graphes ayant un nombre fini d’arétes, les auteurs comparent les
niveaux d’énergie des fonctions définies sur le graphe avec les niveaux d’énergie du
soliton et du demi-soliton de méme masse (voir [128, Section 3]), étendant d’une
certaine fagon la démarche du cas 2 < p < 6. Néanmoins, le cas p > 6 est bien
plus délicat.

1.7 Solutions concentrées

1.7.1 Concentration dans le régime A\ — +o0

L’unique solution H' non-nulle de 1’équation (NLS) sur la droite réelle, au signe
pres et a translations pres, est le soliton

1
Ap\ P2 -2 =
() = <2p> cosh (]92)\51:> , (1.18)
comme prouvé dans ’annexe C.
L’expression ci-dessus implique que :
e la norme L du soliton converge vers 'infini lorsque A — +o0;

 pour tout réel x # 0, on a ¢y ,(x) —— 0.
’ A——+oo

Dans la figure .32 ci-apres, on constate que les solitons ¢y 3 « se concentrent »
lorsque A\ augmente.

83Signalons aussi I'article [31] (voir le bas de la page 40), mais dont les enjeux sont différents
vu la présence d’un terme de potentiel.
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FIGURE 1.32 : Une portion des solitons ¢y /43, ¢13 et @43

Plus généralement, des équations elliptiques superlinéaires telles que (NLS)
peuvent admettre des solutions concentrées au voisinage d’un point du domaine
dans certains régimes asymptotiques.

Il s’agit d’un theme de recherche fort actif. Nous renvoyons le lecteur vers [277|
(voir aussi [321, Section 2.4]) pour un plus large apercu.

Remarque. De nombreux résultats d’existence de solutions concentrées utilisent la
méthode de réduction de Lyapunov-Schmidt. Nous ne la présenterons pas ici et
renvoyons vers U'article d’exposition [277].

Néanmoins, signalons que nous emploierons cette méthode afin d’étudier (NLS)
dans le régime p ~ 2. Nous y reviendrons dans la section I.11.

A présent, présentons des résultats portant sur des solutions localisées sur les
arétes d’un graphe. Ils généraliseront les phénomenes observés sur la droite réelle.

1.7.2 Solutions localisées sur les arétes d’un graphe

Un calcul basé sur (I.18) montre que la masse L? du soliton ¢y, est donnée par

6—p
[oapllze = AT [[ 1,172

Deés lors, dans le régime masse-sous-critique 2 < p < 6, considérer un soliton
associé a une grande valeur de A revient a considérer un soliton de grande masse.
De plus, une aréte bornée « suffisamment longue » peut accueillir des fonctions qui
sont « tres proches » d’un soliton donné.
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Cela mene a trois régimes différents ot on peut trouver des solutions localisées :

(A = +00) étant donné p € (2,400), chercher les solutions (a A fixé) de (NLSg) et
faire tendre A\ vers +oc;

(1 — 400) étant donné p € (2,6), chercher les solutions normalisées de masse p
(ou, cette fois, A n’est pas fixé) de (NLSg) et faire tendre p vers 400

(¢ = +00) étant donné p € (2,+00), chercher les solutions (a A fixé) de (NLSg)
« localisées sur une aréte » de longueur /¢ et faire tendre ¢ vers 4oo0.

Dans la littérature, il existe également trois approches assez différentes pour
prouver 'existence de solutions localisées sur une aréte d’un graphe :

(Var) une méthode variationnelle, consistant a chercher les solutions comme des
minima locaux de la fonctionnelle d’énergie sur la contrainte de masse ou
des minima locaux de la fonctionnelle d’action sur la variété de Nehari ;

(L-S) la méthode de Lyapunov-Schmidt, qui permet de prouver Iexistence de
solutions concentrées pour des équations aux dérivées partielles et qui peut
étre transposée aux graphes, en tenant compte de leur structure locale;

(EDO) une méthode basée sur des techniques d’EDO, en particulier une analyse
de la fonction période (dans le cas p = 4).

Résumons les articles qui étudient les solutions concentrées sur les graphes dans
le tableau suivant (voir aussi [199, Sections 5 et 6]).

Méthode
Régime (Var) (L-S) (EDO)
(A —+oo) | [211,302] [[103, 127] [ |
(s to0) T 117 70, 200] |
| (= +o0) Chapitre 1

Remarque. Dans [211, 302], K. Kurata et M. Shibata considerent la limite ¢ — 0%
pour le probleme

—*u” +u = [ufP .

=2 , .
Néanmoins, le changement de variables v := e7=2u transforme cette équation en
—v" + e = |v|P 2,

pour laquelle la limite ¢ — 0T est du type « A\ — +o00 ».

Dans les articles [103, 127], il est manifeste que la structure locale des graphes
joue un role. Ainsi, les parités des degrés des neuds interviennent dans les résultats
de [103]. C’est logique : si on « zoome » autour d’'un neeud de degré D, on observe
une étoile a D branches. La description des solutions sur une telle étoile dépend
de la parité de D, comme nous 'avons vu dans la section [.3.1.
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Pour conclure notre discussion a propos des solutions localisées sur une aréte
d’un graphe, présentons le résultat prouvé dans le chapitre 1.

Etant donné une aréte bornée e d’un graphe G, on définit I'ensemble
Xe={ue H(G) | l[ullg) = lull =)} -

Pour tout réel A > 0, on considere le niveau

Jg.e(N) := e Ni?gfmxe Ia(u), (I.19)

correspondant & un probléeme de minimisation doublement contraint.
Le résultat obtenu est le suivant (sous une forme légérement simplifiée, voir les
théorémes 1.12 et 1.13 pour des énoncés plus précis).

Théoreme 1.4. Soient deux nombres réels p > 2 et A > 2. Soit G un graphe
métrique possédant un nombre fini d’arétes et satisfaisant I’hypothése (H). Si
e est une aréte bornée de G suffisamment longue (ot le seuil sur la longueur
dépend de X\ et de p), alors le probléme de minimisation (1.19) posséde un
minimum u € Nx(G) N X.. De plus, u est une solution de signe constant de
(NLSg) et on a

|l zoo(e) > (|1l oo (G\e)- (I.20)

Remarque. L’inégalité (1.20) traduit, dans ce cas, le fait que la solution u est
« localisée » sur 'aréte e : la valeur absolue de u atteint son maximum sur e et sur
e uniquement.

Finalement, remarquons qu'un certain nombre de constructions de solutions
localisées (que ce soit sur des graphes ou sur des domaines de dimension supérieure)
s’appliquent y compris quand le domaine n’est pas compact. Il n’est pas surprenant
que ces résultats « supportent plutét bien la non-compacité du domaine » car leurs
constructions sont locales par nature.

Ces considérations nous aideront grandement dans le chapitre 1. En effet, des
constructions de solutions concentrées nous permettront de prouver 'existence de
suites de solutions sur des domaines non-compacts.

1.8 Problemes avec non-linéarité localisée

1.8.1 Définition et motivations

Intéressons-nous aux graphes métriques possédant un nombre fini d’arétes et de
sommets, comprenant au moins une aréte bornée ainsi qu’au moins une demi-
droite. La classe de tels graphes est riche, voir par exemple le graphe illustré dans
la figure 1.2 ou les exemples de graphes non-compacts de la section 1.3.4.
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Si G est un graphe métrique avec un nombre fini d’arétes et de sommets, son
ceeur compact® K est défini comme le sous-ensemble de G formé de toutes les arétes
bornées de G (voir par exemple [21, 297]).

Considérons le probleme suivant.

—u” + Au = k(z)|ulP"2u  sur chaque aréte e du graphe G,

u est continue en chaque sommet v de G, loc
d (NLSg)
du
> —(v) =0 en chaque sommet v de G,
erv d.]?e

ou k est la fonction caractéristique du cceur compact K de G. Autrement dit, x(z)
vaut 1 si x appartient a K, 0 sinon.

La localisation de la non-linéarité est due a la présence de k. Ainsi, sur les
demi-droites du graphe, 1’équation devient simplement

—u"+ A =0 (I.21)

et est linéaire. On observe que lorsque A < 0, aucune des solutions non-nulles de
I'EDO (I1.21) ne converge vers 0 en l'infini. Donc, si une solution v € L*(G) du
probleme (NLSlgOC) existe, elle est nécessairement identiquement nulle sur les demi-
droites, c’est-a-dire que son support est inclus dans le coceur compact.®® Lorsque
A > 0, seuls les multiples de e~V gatisfont I’équation (I1.21) ainsi que la condition
en l'infini.

Pour (NLSIQOC), bien qu’on puisse définir une fonctionnelle d’action et la variété
de Nehari associée, la littérature traite principalement des solutions normalisées.
En procédant comme pour les solutions normalisées « classiques », on montre que

les solutions du probléme de norme L? fixée sont des points critiques de I’énergie
Eloe : HY(G) — R définie par

1 1
Bue(u) =5 [ W/ dz—— [ Jupdz,
2Jg pJK
sous la contrainte de masse
[ uf? dw = .
g
pour un certain g > 0 (voir par exemple [297, Proposition 2.3]). Comme dans la

section 1.5, la valeur de la masse i est prescrite alors que A, qui apparait comme
multiplicateur de Lagrange, est laissé libre.

84Cette définition fait sens et peut étre pertinente pour des graphes ayant un nombre infini
d’arétes. Néanmoins, dans le cas général, cet ensemble n’est pas nécessairement compact et
on l'appellera B pour rappeler qu’il s’agit de I'ensemble des arétes bornées du graphe (voir en
particulier les théorémes 2.27 et 2.29 dans le chapitre 2).

85Si le principe du maximum implique qu’il n’existe pas de solutions positives de ce type,
il peut exister des solutions nodales avec A < 0, voir [298, Theorem 4.2 et Remark 4.6] et la
discussion au niveau de la figure 4.1 dans le chapitre 4.
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L’article [166] (voir aussi les discussions dans [255, page 18] et [322, Section 1,
Introduction]) détaille I'intérét du point de vue physique d’étudier des modeles ot
les équations différentielles s’écrivent comme —u” + Au = ¢, |u|*u, ol la constante
¢, peut dépendre des arétes et peut étre nulle sur certaines d’entre elles (voir [166,
Equation (2)]). On pourra par exemple penser a un réseau formé de fibres optiques
différentes, ne menant pas toutes aux mémes effets non-linéaires, certaines pouvant
méme ne pas en posséder du tout. La richesse du modele réside dans l'interaction
entre la non-linéarité et la diffusion (« scattering »).

Finalement, mentionnons l'article d’exposition [80] dédié a I’étude du probléme
(NLSlgOC) ainsi qu’a des généralisations de ce probleme pour I’équation de Dirac.

1.8.2 Travaux dans les régimes L*-sous critique (2 < p < 6)
et L*-critique (p = 6)

Les questions d’existence et de non-existence d’energy ground states pour (NLSIQOC)
ont été traitées dans [322]. De maniere remarquable, 'exposant p = 4 y joue un
role « d’exposant critique » (voir [322, Theorem 3.3 et Theorem 3.4]), celui-ci
n’ayant aucun équivalent pour les probléemes standards ou la non-linéarité n’est
pas localisée.

Dans [297], un résultat de multiplicité arbitraire de solutions normalisées pour
(NLSlgOC) est obtenu par une méthode basée sur la parité de la fonctionnelle Ej,.
(i.e. sur I'égalité Fioc(u) = Eloc(—u)). Il met en ceuvre des arguments de théorie
du genre (voir par exemple [284, Chapters 7 and 8|) et avait déja été utilisé dans
[124] pour obtenir un résultat de multiplicité sur les graphes compacts.

L’article [298] précise le role joué par 'exposant p = 4 et par les propriétés du
graphe (aussi bien métriques que topologiques) dans les résultats d’existence et de
non-existence d’energy ground states pour (NLSlgoc).

En particulier, les travaux de Serra et Tentarelli impliquent que (voir [298,
Theorem 1.1]) :

e sip € (2,4), alors pour tout u > 0, le probleme (NLS$®) admet un energy
ground state de masse i}

« sip € (2,6), alors pour tout x suffisamment grand, le probleme (NLSlgOC) admet
de nombreuses solutions de masse y ;

e sip € [4,6), alors pour tout p suffisamment grand, le probleme (NLSIQOC) admet
un energy ground state de masse

« sip € [4,6), alors pour tout y suffisamment petit, le probléeme (NLSIQOC) n’admet
pas d’energy ground state de masse pu.

Finalement, signalons que les articles [132, 133] traitent du cas critique (p = 6).
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Il apparait que le probleme avec non-linéarité localisée est une sorte d’hybride
entre le cas compact et le cas non-compact. En particulier, grace a la localisation
de la non-linéarité, Ej,. a des propriétés de compacité que la fonctionnelle

1 1
E(u) = 2/g|u’|2da:—p/g|u|pdx,

ne possede pas. Ainsi, dans [297, Proposition 4.4], les auteurs prouvent que Ej,.
vérifie la condition de Palais-Smale pour les niveaux d’énergie négatifs.

1.8.3 Travaux dans le régime L*-supercritique (6 < p)

Lorsque p > 6, la fonctionnelle Ey,. est non-bornée inférieurement sur la contrainte
de masse, mais possede une géométrie de col sur celle-ci. Cela permet de chercher
une solution comme point de selle de la fonctionnelle sous la contrainte.

Dans [82], les auteurs adaptent leur méthode développée dans [102] au cas d'un
graphe non-compact avec non-linéarité localisée. Ainsi, ils obtiennent ’existence
d’une solution positive normalisée pour toute masse. Pour ce faire, ils utilisent un
résultat d’existence de suites de Palais-Smale bornées avec information sur l'indice
de Morse approché (voir la section 1.5.7) ainsi qu'une analyse de blow-up dédiée a
I’étude du comportement des solutions lorsque A converge vers I'infini.

Dans le chapitre 4 nous montrons que, pour toute masse u > 0, (NLSlgOC)
possede une infinité de solutions normalisées (qui ne sont pas forcément positives).
Pour cela, nous utilisons [81, Theorem 1.12], un résultat d’existence de suites de
Palais-Smale bornées avec information sur I'indice de Morse approché.

1.9 Solutions nulles sur des arétes

Comme observé sur 'exemple du graphe tétard dans la section [.3.4, il n’y a en
général pas de principe de continuation unique®® " sur les graphes métriques. Ce
phénomene se manifeste aussi pour les probléemes spectraux, ou l’on peut rencontrer
des fonctions propres nulles sur les arétes. Nous en reparlerons dans le chapitre 5.

Dans le chapitre 2, nous montrons que les nodal ground states peuvent étre
nuls sur des arétes des graphes et que leurs ensembles nodaux peuvent étre tres
riches.

86Rappelons qu’un principe de continuation unique pour une équation aux dérivées partielles
affirme que, si une solution de I’équation s’annule identiquement sur un sous-domaine alors elle
est identiquement nulle sur le domaine tout entier. Ce principe s’applique a 1’équation elliptique
(NLS), nous renvoyons & [286, Theorem XIII.63] pour un énoncé précis.

87"Nous remercions Matthias Taufer pour son séminaire sur les principes de continuation
uniques quantitatifs donné a P'UPHF et ’envoi de références pour les problemes de controle
sur les graphes.
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La présence possible de solutions a support compact de (NLSg) (qui peuvent
exister méme lorsque A < 0) sur des graphes non-compacts, nous posera quelques
difficultés techniques dans le chapitre 4.

Finalement, mentionnons qu’on dispose d’un principe du mazximum sur les
graphes (voir 'annexe D). Des lors, méme si les problemes sur graphes peuvent
réserver des surprises en ce qui concerne les solutions nodales, on pourra utiliser
le fait qu’'une solution positive non-nulle de (NLSg) est strictement positive.

I[.10 Solutions d’équations versus minimiseurs de
problémes sous contraintes

I.10.1 Différents types de solutions pour (NLS)

Dans les sections précédentes, nous avons rencontré la plupart des notions ci-
dessous, relatives aux solutions de (NLS) (par exemple sur un domaine 2 avec la

condition au bord de Dirichlet). A présent, résumons-les et intéressons-nous aux
relations entre elles.

Etant donné une fonction u € H}(Q) \ {0}, on dit que u est :

1. un action ground state si u appartient a la variété de Nehari Ay et minimise
la fonctionnelle d’action .Jy parmi les fonctions de N, ;

2. une solution d’action minimale si u est une solution de (NLS) qui minimise
la fonctionnelle d’action Jy parmi les solutions non-nulles de (NLS);

3. un nodal ground state si u appartient a 'ensemble de Nehari nodal A% et
minimise la fonctionnelle d’action Jy parmi les fonctions de N7¢;

4. une solution nodale d’action minimale si u est une solution nodale de (NLS)
qui minimise la fonctionnelle d’action J) parmi les solutions nodales de

(NLS);

5. un energy ground state de masse (prescrite) p > 0 si u a une masse pu et
minimise la fonctionnelle d’énergie E parmi les fonctions de masse u;

6. une solution d’énergie minimale de masse p > 0 si u est une solution de
masse p de (NLS) pour un certain A € R et qui minimise la fonctionnelle
d’énergie E parmi les solutions de (NLS) de masse p (ot A € R n’est pas fixé
et peut varier entre deux solutions de méme masse) ;

7. une solution nodale d’énergie minimale de masse p > 0 si u est une solution
nodale de masse p de (NLS) pour un certain A € R et qui minimise la
fonctionnelle d’énergie F parmi les solutions nodales de (NLS) de masse p
(o A € R n’est pas fixé).
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Les problemes de minimisation permettent de trouver des solutions de (NLS).
Ainsi lorsqu’ils existent (par exemple lorsque €2 est borné), les action ground states,
les nodal ground states et les energy ground states de masse p sont respectivement
des solutions d’action minimale, des solutions nodales d’action minimale et des
solutions d’énergie minimale de masse .

Plusieurs questions se posent.

(Q1) Que se passe-t-il lorsqu’on travaille sur des domaines non-compacts, auquel
cas les problémes de minimisation n’ont pas forcément de solutions ?

(Q2) Quel est le lien entre les solutions d’action minimale et les solutions d’énergie
minimale ?

(Q3) Comment prouver I'existence de solutions normalisées dans le régime masse-
supercritique, auquel cas les energy ground states n’existent pas?

(Q4) Comment trouver des solutions nodales normalisées ?

Toutes ces questions seront abordées dans les sections suivantes.

1.10.2 Action ground states vs solutions d’action minimale

Dans cette section, nous allons étudier la question (Q1) en s’intéressant a la relation
entre les action ground states et les solutions d’action minimale. Pour ce faire,
utilisons un graphe métrique G non-compact comme domaine®®.

On définit le niveau d’action

A) = inf .
Jg(N) o Ia(u)

On définit également 1’ensemble
S\(G) = {u c H'(G) \ {0} ‘ u est une solution de (NLSg)}

et le niveau d’action
og(A) = inf Jy(uw).
g(A) = dnf Ji(u)
Remarquons qu’un action ground state est une fonction u € Ny (G) telle que
Ja(u) = Jg(\) et qu'une solution d’action minimale est une fonction u € S,(G)
telle que Jy(u) = og(A).

Les raisons amenant a considérer les notions d’action ground state et de solution
d’action minimale sont différentes.

88La raison pour laquelle il est avantageux de travailler sur des graphes et non sur des ouverts
de RYN sera éclaircie par la suite.
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Dans le premier cas, on s’intéresse au niveau Jg(A) et on essaie de prouver
que l'infimum est atteint en montrant qu’il existe une fonction d’action minimale
parmi toutes les fonctions de Ny(G).

Dans le second cas, on se demande si parmi les solutions de (NLSg), il y en
a une d’action minimale. Remarquons qu’il peut y avoir de nombreuses fonctions
dont l'action est inférieure a og(\) dans N,(G), aucune n’étant une solution du
probleme (NLSg) si Jg(A) n’est pas atteint. Méme si Sy(G) est un ensemble bien
plus petit que Ny (G), il n’existe peut-étre pas de fonction dans 8)(G) qui atteigne
O’g()\).

Quatre situations peuvent se présenter.

= 0g(\) et ces deux niveaux sont atteints;

) Jo(A) = ag(A)

A2) Jg(A\) = og(A) et ils ne sont pas atteints;
) Jg(A) < og(N), og(N) est atteint mais pas Jg(A);
) Jg(A) < ag(A)

< 0g(A) et aucun des deux n’est atteint.

On peut se demander si ces quatre situations sont effectivement possibles. Afin
de le prouver il faut, pour chaque cas parmi A1-B2, produire un exemple de
graphe G ayant le comportement prescrit.

Remarquons que dans les cas A2 et B2, le niveau 0,(G) n’est pas atteint, ce
qui impose au probleme d’admettre une infinité de solutions de niveaux différents.

Dans le chapitre 1, nous construisons des graphes réalisant les quatre cas parmi
A1-B2 pour (NLSg), ce qui montre une richesse dans les comportements possibles.

Travailler sur des graphes s’avere particulierement commode pour étudier les
relations entre les notions d’action ground state et de solution d’action minimale.
En effet, il est possible de construire des solutions localisées sur des arétes (voir
la section 1.7) et de controler leurs niveaux d’action en utilisant des arguments de
réarrangement (voir 'annexe B).

Remarque. D’une certaine fagon, nous faisons de la théorie de la preuve. En effet,
puisqu’il existe des graphes qui réalisent A1-B2, cela montre qu’il n’est pas possible
d’exclure ces phénomeénes & un niveau® « abstrait ».

On s’attend d’ailleurs & ce qu’il existe des domaines de RY réalisant A1-B2
mais, a ce jour, ceci reste un probleme ouvert.

89Un peu comme l'existence de modeéles de géométrie hyperbolique montre qu’il n’est pas
possible de déduire 'axiome des paralléles des quatre autres axiomes d’Euclide, voir le livre [324]
(en particulier le chapitre 7) et le site https://mathshistory.st-andrews.ac.uk/HistTopics/
Non-Euclidean_geometry grace auquel nous avons découvert la référence précédente.


https://mathshistory.st-andrews.ac.uk/HistTopics/Non-Euclidean_geometry
https://mathshistory.st-andrews.ac.uk/HistTopics/Non-Euclidean_geometry
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1.10.3 Action ground states vs energy ground states

Dans [129], Dovetta, Serra et Tilli étudient les liens entre les action ground states
et les energy ground states. Méme si ces deux notions de « ground states » sont
classiques pour trouver des solutions de (NLS), la relation entre elles n’avait jamais
été étudiée sous cet angle avant la parution de leur article.

Les résultats de [129] sont plus généraux mais nous allons ici les énoncer en
considérant 1'équation (NLS) posée sur un domaine borné 2 C RY avec la condition
de Dirichlet.

Soit p € (2,2 + +). Pour tout A € R, on considere la variété de Nehari
N = {u € HYQ) | 90l + Al = [ule |
et pour tout p > 0, on considere I’ensemble

M= {u € HYQ) | [l = 211}

associé a la contrainte de masse® p.

Les action ground states sont les fonctions u € N, telles que Jy(u) = J()), ot
TN = vlel}\ff’A Jr(v).

Similairement, les energy ground states de masse p sont les fonctions u € M,
telles que E(u) = £(u), ou

E(p) = vg/\l/flu E(v).

Dans [129, Theorem 1.2], les auteurs montrent que —&(u) est la transformée
de Legendre-Fenchel de J (), c’est-a-dire que pour tout > 0, on a

£(r) = (T (V) = ). (122)

Un autre résultat frappant de l'article affirme que, si v € M, est un energy
ground state de masse p et de multiplicateur de Lagrange A, alors w est aussi
un action ground state dans N, (voir [129, Theorem 1.3] pour un énoncé plus
complet).

L’article |[129] n’a pas pour but d’obtenir de nouveaux résultats d’existence de
solutions. D’ailleurs, les auteurs y supposent a priori que les action ground states
et les energy ground states existent (voir [129, Assumption Al]).

Nous allons montrer que ce n’est pas nécessaire : pour obtenir des solutions
normalisées, il suffit de supposer que les action ground states existent et d’utiliser
le « pont » (1.22) qui relie les niveaux d’action et d’énergie. Cette démarche, qui
sera menée a bien dans le chapitre 3, est précisée dans la section suivante.

9Signalons que p vérifie ici 'égalité [jul|?. ) = 2 et non I'égalité HUH%Z(Q) = p comme c’est
le cas dans la section I.5. L’utilisation de différentes conventions de normalisation a pour but
d’éviter 'apparition de constantes dans les résultats de dualité.



64 I. INTRODUCTION (EN FRANCAIS)

1.10.4 La méthode du chapitre 3

La philosophie de la méthode est la suivante.

Trouver des solutions (nodales) normalisées de (NLS)
en étudiant les masses des (nodal) action ground states.

Sur un domaine 2 C RY borné, les action ground states existent pour tout
A > —71(Q) et pour tout p € (2,2%) ou 71(f2) est la premiere valeur propre du
laplacien sur €2 avec la condition de Dirichlet (voir par exemple |35, Section 2.3.2]).

Similairement, les nodal ground states existent pour tout A > —75(2) et pour
tout p € (2,2), 12(Q) étant la seconde valeur propre du laplacien sur H}(Q).
Dans ce cas, les résultats d’existence sont plus délicats que ceux des action ground
states. Lorsque A > —~v1(2), l'existence des nodal ground states peut se prouver
par la méthode directe du calcul des variations (voir par exemple [93] ou [318,
Theorem 18]). Le cas A € (—72(£2), =1 (Q)] a, quant a lui, été traité par T. Bartsch
et T. Weth dans [53] en supposant que le bord de €2 est C*. Nous verrons dans le
chapitre 3 que nous pourrons nous passer des hypothéses de régularité sur €).

Considérons les niveaux d’action”

J() = inf Jy(v) et J™N) = inf Jy(v).

d
’UEN;\LO

On montre alors (sous certaines hypotheses) que, u, € (0, +00) étant donné,
la fonction réelle f,, : R — R définie par

fue(A) = T (A) = pad

admet un minimum (local). Il s’avere que 'action ground state correspondant est
une solution normalisée de masse fi,.

De plus, dans le régime masse sous-critique, ou en supposant que 2 est étoilé,
on peut montrer que la solution obtenue est d’énergie minimale.

De maniére analogue, on montre que la fonction f;]fd : R — R définie par

nod R nod
admet un minimum, qui correspond a une solution nodale normalisée de masse ..

La grande différence entre cette méthode et les résultats présentés dans 1.10.3
est d’utiliser le lien entre 1’énergie et ’action comme point de départ et non comme
conséquence. En un certain sens, on obtient les solutions normalisées par dualité®?.

910n montre que J(A) = 0 lorsque A < —v1(2) et que J™°¢(\) = 0 lorsque A < —v2(£2) (voir
la proposition 3.11). Ainsi, J et J"°¢ sont des fonctions continues définies sur R.

92Cela rappelle le lien entre les approches lagrangiennes et hamiltoniennes en mécanique
classique, voir par exemple [33, Sections 14 et 15] ou [306, Section 3.2].



I.10. SOLUTIONS VS MINIMISEURS 65

L’approche que nous venons de présenter nous permet de donner des éléments
de réponse aux questions (Q2), (Q3) et (Q4) de la section 1.10.1, a savoir :

e é&claircir le lien entre les solutions d’action minimale et les solutions normalisées
d’énergie minimale ;
« trouver des solutions normalisées dans le régime masse-supercritique, y compris

si le domaine €2 n’est pas étoilé. Dans le cas étoilé, on montre de plus que les
solutions normalisées obtenues sont d’énergie minimale ;

 trouver des solutions nodales normalisées ayant deux zones nodales”?.

A notre connaissance, il n’existe aucun probleme de minimisation correspondant
aux solutions nodales normalisées d’énergie minimale”®. La méthode du chapitre 3
est ainsi la premiere méthode variationnelle qui permet de les trouver.

Dans cette these, nous appliquons cette démarche a I’étude de I’équation (NLS)
avec la condition de Dirichlet sur les domaines bornés de RY.

1.10.5 Suites minimisantes, suites de Palais-Smale
ou suites de solutions ?

Dans nos preuves, nous utiliserons différents types de suites afin d’obtenir des
solutions en passant a la limite faible. Ainsi, nous considérerons :

o des suites minimisantes, par exemple dans la preuve du résultat d’existence de
solutions concentrées (théoreme 1.12);

o des suites de solutions sur des domaines tronqués, par exemple dans la preuve
du théoreme « abstrait » du chapitre 2 (théoreme 2.3);

o des suites de Palais-Smale apres utilisation du « monotonicity trick », voir la
section 4.5 ;

o des suites de solutions pour des problemes perturbés lorsque nous ferons tendre
le parametre « p » du monotonicity trick vers 1, voir la section 4.6.

En pratique, le type de suite a considérer dépend grandement des situations,
les différentes notions ayant leurs avantages et leurs inconvénients.

A titre d’exemple, si (uy), C N est une suite minimisante pour inf,en, Ja(v),
il en est de méme de la suite des valeurs absolues (|u,|), C N, (car |u,| appartient
a Ny et on a Jy(Jun|) = Ja(uy,)). Autrement dit, on peut supposer sans perte de
généralité qu’on travaille avec une suite de fonctions positives.

Il en va autrement pour une suite de solutions : si u est une solution nodale,
alors on a toujours 'égalité Jy(|u|) = Jx(u), mais |u| n’est en général pas une
solution du probléme.

93Une zone nodale étant une composante connexe de I'ensemble {z € Q | u(x) # 0}.
94 Autrement dit, il n’y a pas de notion de « nodal energy ground state ».
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[.11 Régime faiblement superlinéaire (p =~ 2)
I.11.1 Présentation

Lorsque p > 2 est proche de 2, I’équation différentielle dans (NLSg) devient
« presque linéaire ». Par conséquent, on s’attend a pouvoir relier ses solutions
aux fonctions propres du probleme spectral (Spec;) :

—u” + Mu = ~yu sur chaque aréte e du graphe G,

u est continue  en chaque sommet v de G,

Zdu

e>v da:@

(v) =0 en chaque sommet v de G.

L’étude de ce régime « faiblement superlinéaire » sera réalisée dans le chapitre 5.

Une des motivations principales pour étudier le régime faiblement superlinéaire
est 'obtention de résultats d’unicité pour certaines classes de solutions (telles que
les solutions positives, les action ground states, les nodal ground states). Afin de
mettre en perspective les résultats que nous allons obtenir sur les graphes, il nous
semble utile de présenter les travaux consacrés a I’étude de 'unicité des solutions
de (NLS).

I.11.2 Unicité des solutions de (NLS) sur R" et les boules

Présentons les travaux existants sur RY et les boules B(0, R) avec la condition au
bord de Dirichlet.

Solutions positives sur les domaines a symétrie radiale

La stratégie typique pour prouver I'unicité de la solution positive de (NLS) sur
une boule ou sur RY consiste en deux étapes.

1. Montrer que la solution est d symétrie radiale®, autrement dit qu’il existe
une fonction réelle U telle que, pour tout x, u(x) = U(|z|). De nos jours,
cette étape est plutot bien comprise grace a 'argument dit du moving plane,
voir larticle fondateur [161] de B. Gidas, W.M. Ni et L. Nirenberg.

2. Montrer que |’équation différentielle
-0, U — X=L9,U + XU = [UP2U (EDOy)

obtenue en écrivant (NLS) en coordonnées polaires” posséde une unique
solution positive (vérifiant les conditions aux limites appropriées, par exemple

U'(0) =0 et U(R) = 0 si le domaine est la boule B(0, R)).

9%Dans le cas de RY, on montre que la solution est radiale & translation prés. La solution
positive ne sera unique qu’a translation pres également.
96 (est-a-dire en posant r := |z|.
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En résumé, voici la démarche a effectuer.

Solution positive | Moving | Solution radiale | Analyse | Unique solution
de (NLS) plane ‘| positive de (NLS) | ppo | positive de (EDOy)

F1GURE 1.33 : Démarche pour prouver 'unicité de la solution positive de (NLS)
sur un domaine a symétrie radiale.

Concernant 'analyse de (EDOy/), mentionnons :

o le travail pionner de C.V. Coffman [106];

o le célebre article de M.K. Kwong [213] prouvant I'unicité de la solution positive
en toutes dimensions et pour toutes les valeurs de 'exposant p;

 larticle [236| de K. McLeod qui généralise et simplifie la preuve de Kwong;

o les références [319, Appendix B| et [157, Section 5] ot 'on pourra apprendre
les techniques de preuves utilisées dans les travaux susmentionnés ;

« larticle [105] de C.B. Clemons et de C.K.R.T. Jones pour une démarche plus
géométrique ainsi que les travaux plus récents de B.L. Maultsby [232].

Signalons que le fait de savoir que les solutions sont radiales est un point de
départ essentiel de toutes ces méthodes.

Solutions nodales radiales

En ce qui concerne les solutions nodales, I'argument du moving plane ne s’applique
plus et certaines solutions peuvent étre non-radiales””.

Néanmoins, concentrons-nous sur les solutions radiales dont la classification est
donnée par la conjecture suivante (voir [177, Sections 19.3 et 19.6]).

Conjecture. Pour tout naturel k, il existe une unique solution U de (EDOy)
telle que U(0) > 0 et telle que U a exactement k racines et converge vers 0
lorsque r — 400.

Concernant 'existence de ces solutions, il est connu que pour tout naturel £,
il existe au moins une solution de (EDOy) ayant k racines et convergeant vers 0
lorsque r — +o00 (voir |237] pour une preuve utilisant les équations différentielles
et [54] pour une preuve variationnelle).

Concernant leur unicité, la conjecture est ouverte pour la plupart des valeurs
de p et de N (y compris lorsque k = 1). Une preuve assistée par ordinateur® a été
effectuée par A. Cohen, Z. Li et W. Schlag [107] lorsque p =4, N = 3 et k < 20.
Celle-ci nécessite d’effectuer des calculs de solutions d’équations différentielles en
utilisant I'arithmétique d’intervalles, pour p, N et k fixés.

9711 existe méme des solutions de (NLS) n’ayant aucune symétrie, voir par exemple [30] pour
une telle construction sur R
98Nous reparlerons des preuves assistées par ordinateur dans la section I.11.5.
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Ainsi, les résultats d’unicité pour des problemes non-linéaires sont généralement
assez délicats a obtenir. De plus, contrairement aux résultats d’existence, ceux
d’unicité n’emploient typiquement pas de méthodes variationnelles."

I.11.3 Unicité et symétries dans le régime p ~ 2

Un des objectifs du chapitre 5 est le suivant.

Etudier Uunicité et les symétries des solutions de (NLSg) lorsque p =~ 2.

Nous meénerons a bien cette démarche sur des graphes compacts.

A cette fin, nous emploierons une méthode de réduction de Lyapunov-Schmidt
adaptée au régime asymptotique p — 2.

Nous obtiendrons notamment ["unicité de la solution positive de (NLSg) lorsque
p est suffisamment proche de 2 (théoréme 5.9). Signalons que ce résultat n’est pas
spécifique aux graphes. Ainsi, il est démontré sur des domaines quelconques!®’
Q2 C RY bornés et a bord C* (voir [117, Lemma 1]).

A propos des solutions nodales, nous étudierons le comportement asymptotique
des nodal ground states lorsque p — 2. Une étude analogue sur les domaines
bornés de RV a été réalisée par D. Bonheure, V. Bouchez, C. Grumiau et J. Van
Schaftingen dans [74]. Elle s’applique également sur les graphes. Elle montre que les
fonctions propres qui correspondent a des points limites de suites de nodal ground
states lorsque p — 2 appartiennent au second espace propre Es et minimisent une
fonctionnelle réduite sur une variété de Nehari réduite. Comme pour 'unicité de
la solution positive lorsque p ~ 2, nous n’observerons pas de différence entre les
domaines et les graphes au niveau de la théorie « abstraite ».

Un phénomene propre aux graphes va cependant se manifester au cours de notre
étude : la présence possible de solutions s’annulant identiquement sur des arétes,
présentées dans la section 1.9. Ceci va nous poser des problémes « techniques » (&
cause d'un manque de régularité) et nous ne pourrons pas étudier ces solutions
grace a la méthode de Lyapunov-Schmidt.

Nous sommes donc amenés a nous pencher davantage sur ce phénomene.

Ainsi, pour les graphes compacts en étoile, nous présenterons des conditions
sur les longueurs des arétes pour lesquelles les nodal ground states s’annulent
identiquement sur des arétes.

9911 est néanmoins naturel de tenter d’obtenir des résultats dunicité en conservant le point
de vue variationnel. Un travail s’inscrivant dans cette philosophie est |75].

100Notons que I'unicité des solutions positives n’est pas forcément vérifiée pour tout p € (2,2*)
sur un domaine ) quelconque, voir par exemple |118].
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1.11.4 Le graphe tétraedre, un exemple riche

La derniere section du chapitre 5 est dédiée a ’étude du « graphe tétraedre ».

U3

) 1}2
Vo

U1

FI1GURE 1.34 : Le graphe tétraedre, un graphe formé de quatre sommets et de six
arétes de méme longueur.

Cet exemple est intéressant a plusieurs égards. Ainsi, bien qu’il ne possede que
quatre sommets, son groupe de symétries est particulierement riche. Ceci fournira
des espaces propres de dimension plus grande que 1 ainsi que la présence de points
critiques associés aux symétries (& travers le principe de criticité symétrique'®t).

De plus, nous verrons que, bien qu’il existe des fonctions propres s’annulant
identiquement sur certaines arétes dans ’espace propre Fs, les nodal ground states
ne s’annulent identiquement sur aucune aréte lorsque p est suffisamment proche
de 2. Afin de le prouver, nous devrons étudier le probléeme de minimisation de la
fonctionnelle réduite sur la variété de Nehari réduite (voir la section 5.2.5 pour des
définitions). Ce probléeme s’avere assez difficile a traiter'’ « a la main ». Dés lors,
NoOus avons eu recours a une preuve assistée par ordinateur.

1.11.5 Preuves assistées par ordinateur

Erreurs numériques

Les calculs numériques faisant intervenir des nombres & virgule flottante!®® ménent

a des erreurs (« d’arrondis ») dues au fait que les machines ne peuvent manipuler
qu’un nombre fini de chiffres.

Ainsi, dans le langage Python3, le résultat retourné par math.sin(math.pi)
est 1.2246467991473532e-16 et non 0. Ces erreurs peuvent engendrer de sérieux
problémes, parfois spectaculaires (voir [248, Section 1.3]).

WL« Principle of symmetric criticality », voir larticle [261] de R.S. Palais.

102(Cest aussi le cas pour les problémes équivalents sur des domaines de RY | voir [294] pour
I’étude de la fonctionnelle réduite associée a la limite p — 2 sur le carré (0,1)2.

103T ’implémentation la plus couramment utilisée afin de représenter informatiquement des
grandeurs « continues », voir [248, Section 2.1] pour des définitions précises.
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Des lors, une question se pose naturellement : comment obtenir des preuves
rigoureuses qui se basent sur des calculs numériques réalisés par ordinateur ¢

Arithmétique d’intervalles!®

L’idée de base de I'arithmétique d’intervalles est tres simple : remplacer les nombres
par des intervalles de sorte que le résultat d’une opération appartienne a l’intervalle
retourné.

[lustrons ceci en revenant au calcul de sin(m).
Si on utilise la librairie!*® « mpmath » en Python3, le résultat de iv.pi est

mpi('3.1415926535897931 "', '3.1415926535897936"')
ce qui signifie que
3.1415926535897931 < 7 < 3.1415926535897936.
De plus, le résultat de iv.sin(iv.pi) est
mpi('-3.2162452993532732e-16",'1.2246467991473532e-16")
ce qui signifie que
—3.2162452993532732 - 107 '° < sin(7) < 1.2246467991473532 - 1071,

De tels encadrements rigoureux sur les grandeurs peuvent étre obtenus par des
calculs impliquant uniquement « un nombre fini de chiffres », donc implémentables
sur ordinateur. Néanmoins, I’arithmétique d’intervalles a ses limites.

o Elle peut permettre de prouver que des valeurs sont non-nulles, mais elle ne
peut pas prouver que des valeurs sont nulles. Par exemple, I’évaluation de
iv.sin(1.) renvoie mpi('0.8414709848078965','0.84147098480789662"'),
ce qui implique que sin(1) # 0. Par contre, les calculs donnent |sin(7)| < 1071°
mais on ne peut pas garantir que sin(7) = 0.

e Si un intervalle retourné est « trop grand », il est valide mais sans intérét.
Ainsi, iv.sin(x) pourrait retourner [-1, 1] peu importe la valeur de x, mais
cet encadrement est inutile. En pratique, on cherchera a obtenir des intervalles
« suffisamment petits ».

Parmi les applications de I'arithmétique d’intervalles en analyse, citons I’étude
de I’état fondamental d’un systeme quantique comprenant un potentiel de Thomas-
Fermi par C.L. Fefferman et L.A. Seco (voir [148, 149]) ou celle de l'attracteur
étrange de Lorenz par W. Tucker [107]. On peut également se référer au livre [249]
consacré aux preuves assistées par ordinateur en analyse.

104Un grand merci au Pr. Christophe Troestler pour son cours d’arithmétique d’intervalles
donné a 'UPHF et pour son application a ’étude du graphe tétraedre.

105Voir en particulier le module iv, dédié a l'arithmétique d’intervalles, dans https://www.
mpmath.org/doc/1.0.0/contexts.html.
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I.12 Reésultats principaux des chapitres

Le but de cette section est double. Dune part, nous allons souligner 1’intérét
d’étudier des problémes sur les graphes métriques, que nous pourrions résumer de
la maniere suivante.

Les graphes métriques permettent d’étudier des problemes en dimension un
dans une classe de domaines bien plus riche que celle des intervalles réels.

D’autre part, nous mettrons en évidence les résultats principaux des chapitres,
du point de vue de 'auteur.

Le chapitre 1 correspond a un article qui a été publié dans la revue « Calculus
of Variations and Partial Differential Equations » écrit conjointement avec Colette
De Coster, Simone Dovetta et Enrico Serra (voir [120]).

Nous y prouvons un résultat d’ezistence de solutions concentrées de (NLSg)
(voir les théoremes 1.12 et 1.13). Gréce a celui-ci, nous sommes a méme de répondre
aux questions posées dans la section 1.10.2.

Ainsi, nous comparons les deux niveaux d’action Jg(A) et og(A) définis par

NAES ue}\%f( )J,\( u) et og(A) = uelinf(g) Jx(u)

ot S\(G) est 'ensemble des solutions non-nulles de (NLSg) et N, (G) est la variété
de Nehari. On dit qu'un de ces niveaux est atteint si 'infimum correspondant est
un minimum. Si Jg(A) est atteint, il existe des action ground states. Si og(\) est
atteint, il existe des solutions d’action minimale.

Le résultat suivant montre que de nombreuses relations peuvent exister entre
les deux niveaux (voir le théoreme 1.3).

Théoréme. Etant donné deuz réels p > 2 et A > 0, il existe quatre graphes
métriques Gy, Go, Gs et Gy (dépendant de p et de \) tels que :

AI) \791<>‘) - 091( )

A2) Jg,(N) (A)

B1) Jg,(N) < ag,(N), 0g,(N) est atteint mais pas Jg,(N) ;
(A) (A)

B2) Jg,(A\) < 0g,(\) et aucun de ces deuz niveaux n’est atteint.

et ces deuxr niveaux sont atteints;

= 0g,(\) et ils ne sont pas atteints;

La version précisée de l'inégalité de Polyd-Szegé6'®, propre a la dimension un,
permet de prouver le résultat d’existence des solutions localisées et de controler
les niveaux d’action des différentes solutions.

106Voir le théoreme B.23.
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Le chapitre 2 correspond a une prépublication en commun avec Colette De
Coster, Simone Dovetta, Enrico Serra et Christophe Troestler (voir [121]). Nous y :

o prouvons des résultats « abstraits » d’existence d’action ground states et de
nodal ground states, en fonction d'un « niveau a I'infini » (théoréeme 2.3);

e introduisons des conditions topologiques généralisant « 'hypothese (H) » et
nous montrons que celles-ci impliquent la non-existence des action ground states
et des nodal ground states (théoréme 2.6) ;

» caractérisons les cas ou les ground states et les nodal ground states existent
sur les graphes périodiques et les arbres infinis (théorémes 2.7 et 2.8) ;

« montrons une grande richesse dans les zones nodales des nodal ground states
sur les graphes (théoréme 2.9).

Précisons le dernier point grace a 1’énoncé suivant.

Théoreme. Pour tous les entiers k > 0, m > 2 et n > 0, il existe un graphe
métrique G et un nodal ground state u sur G tel que l’ensemble nodal u='({0})
est l'union de k points isolés, m demi-droites et n arétes bornées.

Lors de notre étude, les graphes métriques nous ont permis d’expérimenter avec
différentes sources de non-compacité (graphes avec un nombre fini d’arétes et de
demi-droites, graphes périodiques, arbres infinis, etc.). Comme dans le chapitre 1,
I"inégalité de Polyd-Szegd précisée joue un grand role, notamment dans 'utilisation
des hypotheses topologiques sur le domaine. L’existence de nodal ground states
pour (NLSg) qui s’annulent identiquement sur des arétes est un phénomene propre
au cadre des graphes.

Les résultats du chapitre 3 proviennent, eux aussi, d'une collaboration avec
Colette De Coster, Simone Dovetta et Enrico Serra.

Nous développons une nouvelle méthode d’étude des solutions normalisées de
(NLS) sur des domaines bornés de RY, avec la condition au bord de Dirichlet.
Cette technique permet de montrer 'existence de solutions nodales normalisées
et de traiter le régime L2-supercritique. Voici le fruit de nos recherches (voir les
théoremes 3.1 et 3.4, ou 'on trouvera des énoncés plus précis).

Théoréme. Si Q) est un domaine borné de RN et sip € (2,2%), alors l'équation
(NLS) posséde une solution positive de masse p et une solution avec deux zones
nodales de masse |1 pour toute valeur suffisamment petite de la masse pu.

Si de plus €2 est a bord C* et étoilé, alors si la masse p > 0 est suffisamment
petite, il existe des solutions (nodales) normalisées d’énergie minimale parmi
les solutions du probleme.

Notre méthode est « abstraite » et ne nécessite pas de travailler seulement en
dimension un. Nous I’avons donc présentée dans le cadre des ouverts bornés de RY.
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Le chapitre 4 correspond a une prépublication commune avec Pablo Carrillo,
Louis Jeanjean et Christophe Troestler (voir [91]), dédiée a la preuve du résultat
suivant.

Théoreme. Soit G un graphe métrique avec un nombre fini d’arétes dont au
moins une aréte bornée et au moins une demi-droite. Etant donné deux réels
p>6etu>0,leprobleme (NLSlgoc) posséde une suite de solutions normalisées
de masse p dont les niveaur d’énergie convergent vers +o0.

Dans la preuve de ce théoreme (théoreme 4.2), nous utilisons lors de certains
passages des méthodes basées sur la théorie des équations différentielles ordinaires.
De plus, la localisation de la non-linéarité, essentielle dans les résultats, se formule
de fagon particulierement commode sur les graphes ayant un nombre fini d’arétes,
ou l'on pourra distinguer le coeur compact et les demi-droites.

Quant au chapitre 5, il a été développé en collaboration avec mes directeurs de
these Colette De Coster et Christophe Troestler et ne correspond pas encore a une
prépublication. Il contient davantage de détails dans les preuves que les chapitres
précédents.

Nous y étudions le comportement de (NLSg) sur des graphes compacts dans le
régime p ~ 2 et étudions les branches de solutions émanant des valeurs propres.
Pour cela, nous utilisons une réduction de Lyapunov-Schmidt. Nous verrons que la
dimension un sera utilisée de facon essentielle afin de prouver la régularité’®” de
certaines applications entre espaces fonctionnels.

Une conséquence générale de la théorie est le théoreme suivant (théoreme 5.9).

Théoreme. Si G est un graphe compact et si le réel p > 2 est suffisamment
proche de 2, alors le probléme (NLSg) posséde une unique solution positive.

Nous étudions aussi le comportement des nodal ground states lorsque p =~ 2.

Les fonctions propres s’annulant identiquement sur des arétes ont un statut
particulier lorsqu’on étudie le régime p &~ 2. Cela nous a amené a étudier I'existence
de solutions de (NLSg) s’annulant identiquement sur des arétes sur des graphes
compacts en étoile, complétant ainsi des résultats du chapitre 2.

Finalement, nous appliquons la méthode basée sur la réduction de Lyapunov-
Schmidt & un exemple riche en symétries : le graphe tétraedre. Grace a une preuve
assistée par ordinateur, nous obtenons l'unicité, aux symétries pres, des nodal
ground states pour ce graphe dans le régime p ~ 2.

107 Ay niveau technique, nous utiliserons le fait que les racines des fonctions propres qui ne
s’annulent identiquement sur aucune aréte sont nécessairement de multiplicité un. Cet argument
est basé sur le théoréme d’existence et d’unicité pour le probléeme de Cauchy associé a une EDO.
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1.13 Présentation des annexes

Six annexes succedent a I'introduction et aux chapitres.

L’annexe A présente la notion de graphe métrique et détaille les structures
d’espaces métriques et d’espaces mesurés dont les graphes sont munis. Nous y
présentons également la notion de dérivée faible, 1'espace de Sobolev H'(G) et
quelques résultats de plongement. Finalement, nous y prouvons une formule de la
co-aire, utilisée dans 'annexe B. Son contenu est extrait de documents rédigés avec
I’aide de Colette De Coster.

L’annexe B est dédiée a 1’étude du procédé de réarrangement décroissant, en
particulier a une preuve « auto-contenue » de 1'inégalité de Polyd-Szegd précisée
grace au nombre de préimages des fonctions (théoreme B.23). Nous y référerons
de fagon systématique lors de I'usage de ces arguments dans le document. Si ces
résultats ne sont pas nouveaux, ’approche suivie y est originale. Les preuves ont
été détaillées avec 'aide de Colette De Coster lors de notre étude des équations
posées sur les graphes.

L’annexe C centralise diverses informations a propos de |’ équation différentielle
—u” 4+ Au = |u|P"?u. Son contenu sera régulierement utilisé dans le manuscrit et a
été influencé par des discussions avec mes directeurs de these.

L’annexe D présente un résultat de principe du maximum pour les graphes
métriques, issu de la collaboration avec Pablo Carillo, Colette De Coster, Louis
Jeanjean et Christophe Troestler.

L’annexe E présente deux énoncés de théoremes des fonctions implicites (I'un
au niveau « topologique », 'autre au niveau « différentiable » ), sous des hypotheses
assez faibles de régularité. Il se base sur des notes écrites par Christophe Troestler
et retravaillées en collaboration avec Colette De Coster.

[’annexe F commente quelques résultats concernant 1’équation d’évolution de
Schrodinger non-linéaire sur RY. Cela nous permet de poursuivre des discussions
entamées dans cette introduction. Son contenu est en grande partie basé sur mon
mémoire de M2, dirigé par Christophe Troestler et ayant bénéficié de nombreux
échanges avec Colette De Coster lors de sa rédaction.

Dernieres remarques

« Nous avons voulu rendre les chapitres aussi « auto-contenus » que possible.
Ainsi, nous n’hésiterons pas a y réintroduire quelques concepts déja rencontrés
dans les chapitres précédents.

o Les chapitres 1, 2 et 4 contiennent des hypotheses différentes sur les graphes
étudiés. Nous avons décidé d’appeler G1, Gy et Gy les classes de graphes
considérées, en référence a la numérotation des chapitres, de fagon a supprimer
toute ambiguité potentielle.



II. Introduction (in English)

Before tackling the precise questions studied in this thesis and the results we
obtained, it is appropriate to present some notions and historical elements.

This introduction tries to be, when possible, more accessible than the following
chapters. Pictures, examples and intuitions will be used, and we will in general
find neither precise statements nor proofs.

The table hereunder indicates which themes from the following sections are
present in the different chapters.

Chapters
Subjects (sections)
Nonlinear Schrédinger equation (II.1)
Metric graphs (I11.2 and 11.3)
(Nodal) action ground states (I1.4)
Nodal solutions (II.4)
Normalized solutions (I1.5)
Noncompact domains (I1.6)
Role of the domain
geometry and topology (I1.6)
Concentrated solutions (I1.7) v
Problems with localized nonlinearity (11.8) v
Solutions vanishing on edges (I1.9) v V)| v
Solutions versus minimizers (I1.10) v v
p — 2 regime (IT1.11) v
Uniqueness, symmetries and
computer-assisted proofs (I1.11)
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II.1 The nonlinear Schrodinger equation

The aim of this thesis is to study nonlinear elliptic partial differential equations,
essentially the nonlinear Schrodinger equation?

—Au+ M = |ufP?u, (NLS)

where A = }7,.,cn 0; denotes the laplacian operator, p > 2 and A are real
parameters, v : Q — R and  C RY is an open domain, bounded or not.

“nonlinear

In the sequel, the equation (NLS) will systematically be referred to as the
Schrédinger equation”. In the literature, this expression also refers to the evolution equation
10,V (t,x) + AU (t,x) + [V(¢,2)[P~2W(t,x) = 0. The stationary wave ansatz U(t,x) = e Mu(z)

relates the evolution equation and the elliptic equation (see Appendix F).
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It then remains to specify boundary conditions, like the Dirichlet one (imposing
that u vanishes on the boundary of Q) or the Neumann one (imposing that the
normal derivative of u vanishes on the boundary of Q).

If the domain 2 is unbounded, for instance if = R, then the conditions at
infinity also play a role. In this case, we will be interested in the solutions which
are “sufficiently small” at infinity, such as the square-integrable ones.

An important property of equation (NLS) is to admit a variational formulation.
Indeed, if we define the action functiona’

1 A 1
Ty(u) = 2/Q|]VuH2dx+2/Qlu|2da:—p/ﬂlu\pdx,

then critical points of Jy on the Sobolev space H'(2) correspond to solutions of
the equation satisfying the Neumann condition, and critical points of J\ on Hj(£2)
correspond to solutions of the equation satisfying the Dirichlet condition. The
variational viewpoint will play a big role in most chapters.

The literature on the subject is vast and it would be vain to try to present it
exhaustively. Nevertheless, let us mention the fundamental articles [65, 66, 213,
307, 332] which study the properties of equation (NLS) on RY.

The reader willing to be introduced to the subject can, for instance, consult
the overview articles [52, 214] and the book [35].

The treatises [284, 310, 335] are precious references about the variational point
of view.

Let us also cite the reference works [98, 152, 317] which study the nonlinear
Schrodinger equation in a broad sense, including the theory of associated nonlinear
evolution problems.

Let us summarize the object of our works (except those of chapter 3) in one
sentence.

This thesis is devoted to the study of equivalents of equation (NLS)
on metric graphs.

As for Chapter 3, it is dedicated to the study of (L?-normalized, a notion we will
specify in section I1.5) solutions of the equation (NLS) on bounded domains €.

Before going any further, let us specify what metric graphs are.

In the text, we will call functional a function defined on a function space.



I1.2. WHY ON GRAPHS? 77

I1.2 Why use metric graphs as domains?
I1.2.1 What are metric graphs?

A metric graph is a one-dimensional domain made of vertices (or nodes) and edges
joining the vertices between them or joining a vertex and infinity.

Ci Cy Cs Cy Cs Cs Cr Cs

€p V1 €1 Vg €9 V3 €3 Vg €4 Vs €5 Vg € Uy €7 Vg €3

Figure I1.1: A first example of metric graph with 8 vertices vy, ..., vg; 7 edges
e1,...,er with finite length joining distinct vertices; 8 loops (edges) Ci,...,Cs
joining a vertex to itself; two half-lines ey and eg.

00
Figure I1.2: Second example of metric graph
A formal definition of the notion of metric graph is available in Appendix A.
Let us already remark that:

o the graphs under study are metric: the lengths of edges are important and will
sometimes play a role in the results;

« the edges of graphs going to infinity are half-lines and have an infinite length;

o in this thesis, we will say that a graph is compact if it is made of a finite number
of edges of finite lengths (indeed, in this case, the graph is compact as a metric
space, see Proposition A.1).
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Using only some half-lines, we can form the family of star graphs, examples of
noncompact graphs having a single vertex.

° 00 00 . %9
The half-line The real line
00
%9) 00
%9
00
00 00
%9
%9 %9 00
The 5-star graph The 6-star graph

Figure I1.3: Constructions based on half-lines

The class of metric graphs is very rich. One can for instance consider periodic
graphs (see Figures I1.4 and IL.5).

Figure 11.4: The infinite grid in the plane
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1.2

in space

: The infinite grid

Figure 1.5

We will also consider infinite trees (see Figure 11.6).

: Infinite trees

Figure I1.6
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In this thesis, metric graphs will play the role of domains on which the nonlinear
problems will be studied. Our main objects of study will thus be functions defined
on metric graphs.

€1

v

h

Figure I1.7: A metric graph G with three edges eq (of length 5), e; (of length 4),
ey (of length 3) and with the three associated real functions
fos f1s f2. Let us remark that fo(0) = f1(0) = f2(0) = [(v).



I1.2. WHY ON GRAPHS? 81

The classical operations of analysis can be defined naturally on graphs working
edge by edge. For instance, in Figure 1.7, we have

/gfdx = /05f0(x)dx—|—/04f1(x)dx—|—/03f2(x)dx,

Having a theory of integration at our disposal allows us to define Lebesgue
spaces in the usual way, that we will note LP(G). We can also endow G with a
metric space structure by saying that the distance between two points of the graph
is given by the smallest length of a continuous path joining those two points. Thus,
metric graphs form a class of metric measured spaces (see sections A.2 and A.3 for
precise definitions of the structures defined on graphs).

Now, let us see some “pragmatic” reasons to study problems on graphs.

I1.2.2 Dimension reduction

Metric graphs are relevant to the study of problems for which only one spatial
direction is important.

Figure I1.8: A “fat graph” and the underlying metric graph

It is the case in the example depicted by Figure I1.8 where a domain in R?
(a “fat graph”) is shown. The situation is analogous for cables in R® (optical
fibers, electric cables, etc.). Common sense tells us that, when the thickness of
the domain is small and that transverse directions to the cable do not play any
important role, the problem “becomes one-dimensional”.

In this way, in physics courses which study electric circuits, one may introduce
more or less heuristically reduced models of circuits by starting from fundamental
principles of electromagnetism. In such models, the precise geometric form of the
cables in R? does not play any role (see for instance [151, Volume II, Chapter 22]).

On this topic, let us recall Kirchhoff’s junction rule, stipulating that the sum of
electric intensities at each node of the circuit vanishes, using a good sign convention
(see e.g. [64, Chapter 7]).
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11.2.3 Genesis of quantum graphs

A dimension reduction such as the one presented in the examples of Section 11.2.2 is
also relevant to quantum models. Let us present a few historical cases illustrating
our point. They are based® on the article [113, Section 8], in which the reader will
find more details on the early days of the quantum graph theory.

As early as 1930, E. Hiickel [180] has shown that the quantum description of
hydrocarbons could be reduced to the study of a model set on the graph associated
to the structure of the molecule.

In the 1950s, K. Ruedenberg and C.W. Scherr [290] used the same method to
study the dynamics of valence electrons in naphthalene CioHg (see Figure I1.9).
In the same spirit, we can also cite works of C.A. Coulson [112] and later works of
Ruedenberg (see e.g. [289)).

LI
J

Figure I1.9: Representation® of a molecule of naphthalene C;oHg and the associated
metric graph.

The aforementioned quantum chemistry works show that the eigenvalues of
hamiltonian operators® associated with a molecule are related to the spectrum of
the metric graph corresponding to the molecule.

Let us specify what this notion means.

3Many thanks to Prof. Delio Mugnolo for presenting the history of the theory during his
course given during the Nonlinear Quantum Graphs summer school in Valenciennes in June 2024
(see https://nqg.sciencesconf.org/), in particular for highlighting the reference [113].

“Image from https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-3D-
balls.png, public domain.

°Which correspond to energy levels, according to the quantum theory.


https://nqg.sciencesconf.org/
https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-3D-balls.png
https://commons.wikimedia.org/wiki/File:Naphthalene-from-xtal-3D-balls.png
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11.2.4 The spectral problem and Kirchhoff’s condition

If G is a metric graph, the spectral problem on G reduces to finding couples (u, )
for which the eigenfunction u : G — R and the eigenvalue v € R lead to a solution
of the differential system

—u" =~u on every edge e of the graph G,

u is continuous at every vertex v of G,

Zdu

ev dl‘e

(Specg)

(v) =0 at every vertex v of G.

The notation e > v means that the sum ranges over all edges of vertex v and
;7“(1)) is the outgoing derivative of u at v. If we parametrize e by a coordinate
ze € [0, ]e|] (where |e| denotes the length of e), we thus have

du u'(v)  if v corresponds to z. = 0,
a(“) =

—u/(v) if v corresponds to z. = |e|.

By analogy with Kirchhoft’s junction rule, the condition

>

e dze

(v)=0

is known as Kirchhoff’s condition.

The observation hereunder will follow us all along our study of problems set
on graphs.

A differential problem set on a graph consists in:
1) a differential equation edge by edge;
2) compatibility conditions at the vertices.

In the case of (Specg), the continuity condition and Kirchhoff’s condition are
the conditions at the vertices.

In Section II.3, we will encounter the same conditions during the study of the
nonlinear Schrodinger equation on graphs.

Now, let us see what Kirchhoft’s condition means by illustrating it through a
few simple examples. In the sequel, we will call degree of v the number of edges
adjacent to a given vertex v.
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Case of a node of degree one

Let us consider a node v of degree one and . Locally, the
situation is the following:

—
The condition becomes

u(v+t) — u(v)
t——0 t

= 0.

Put another way, Kirchhoff’s condition requires that the derivative of u vanishes
at the vertex v: we recover the usual Neumann condition.

Case of a node of degree two

This time, the situation is (locally) illustrated as follows:

<+ —

l?

Let us recall that we consider functions which are continuous at the nodes.
Thus, we may consider the function v defined on the graph as a function defined
on a real interval containing v in its interior.

In this case, Kirchhoff’s condition imposes that the left and right derivatives
of u at v are equal, which means that u (still considered as a function defined
on a real interval) is differentiable at v. This differentiability property is satisfied
by solutions of second order differential equations 2, which explains why we will
generally identify two graphs which only differ by the presence of nodes having
degree two.

Illustration of the general case

Let us consider a situation where the graph possesses a node v of degree four:

In this case, four derivatives are evaluated at the vertex v and Kirchhoft’s condition
claims that the sum of those four derivatives vanishes.
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I1.2.5 Quantum graphs®

Two founding articles about analysis problems on metric graphs are those of
B.S. Pavlov—M.D. Faddeev [266] and S. Nicaise [254]”. In those works, the authors
show that the laplacian operator on graphs is self-adjoint in L? when coupled with
continuity and Kirchhoff’s conditions at vertices. The reader wanting to learn
more about the study of differential operators on graphs can consult the book
[68] by G. Berkolaiko and P. Kuchment. One can, in particular, find therein the
definition of a quantum graph (|68, Definition 1.4.1]), notion adapted to the study
of the physicochemical problems mentioned before:

A quantum graph is a metric graph equipped with a differential
operator H (Hamiltonian), accompanied by “appropriate” vertex
conditions. That is, a quantum graph I" is a triple

{metric graph I', Hamiltonian #, vertex conditions}.

In particular, if we couple the second derivative operator with the continuity
and Kirchhoft’s conditions on a graph, the spectral problem of the corresponding
quantum graph takes the form (Specg).

Aside from [68], several treatises aiming to study differential problems on metric
graphs exist, see e.g. [246] of D. Mugnolo, [108] of Y. Colin de Verdiere or [210] of
P. Kurasov.

Among questions related to the domain of quantum graphs, let us cite the
study of the spectrum of quantum graphs (Weyl formulas, Cheeger and Faber-
Krahn inequalities, etc.) in [24, 158, 254], isospectral problems (“Can one hear the
shape of a network?”) in [59], the obtention of spectral estimates using “surgery”
techniques in [67], “quantum chaos” in [165], etc. A more detailed overview of the
subject can be found in the lecture notes [202].

Remark. We will only consider one-dimensional models, where the quantities of
interest are defined on the edges of the graph, which are identified to intervals.
Some “zero-dimensional” models, where the quantities of interest are defined on
the wertices, also exist, see e.g. [246, Section 2.1.4] for a definition of the discrete
Laplacian. If all edges of a graph have the same length, there exists a profound
link between the one-dimensional model and the discrete model, as shown by
J. von Below [57] and S. Nicaise [253| in the mid-1980s (see also [264] and |68,
Section 3.6]). We will use those considerations during our study of the “tetrahedron
graph” in Chapter 5.

50nce again, we thank Prof. Mugnolo, thanks to whom we gained a better understanding of
the ad hoc literature.

"Let us also mention the note [229] of G. Lumer in the “Comptes Rendus de 1’Académie des
Sciences de Paris”. Therein, the author considers graphs (that he calls “topological networks”)
as examples of ramified spaces, spaces obtained by gluing more elementary structures together,
namely real intervals in the case of graphs. We refer the interested reader to |26, 60, 251, 252]
and to the references therein for more information.
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II.3 The nonlinear Schrodinger equation
on metric graphs

The procedure of dimensional reduction can be applied as well to situations
described by the nonlinear Schrédinger equation (NLS).

Given a metric graph G and two real numbers p > 2 and A, we couple the
nonlinear Schrodinger equation

—u" + M = |ulP*u

on each edge with the continuity and Kirchhoff’s conditions.

The problem is then given by

—u” + M = |[u[P"2u  on every edge e of the graph G,

u is continuous at every vertex v of G, (NLSg)
du

> (v) =0 at every vertex v of G.

o= dze

The problem (NLSg) (and its variants) is the main topic under study in this thesis.
It possesses applications in physics that we will describe in section 11.3.2.

First, let us consider some examples.

I1.3.1 Examples: the (half-)line, star graphs

In this section, let us study the nonlinear Schrédinger equation on simple graphs:
the real line, the half-line and star graphs. Those examples will serve as important
reference points in the sequel. Hereunder, we take A > 0.

The affirmations stated in this section are proved in [10, Section 2], see also
Section 1.4.3. The arguments are elementary and are based on the fact that
nonzero solutions converging to 0 of the differential equation

—u" + Au = |uP?u (I1.1)

are (up to sign) translated portions of the soliton® ¢, (see Proposition C.2 and
Figure I11.10) which explicit expression is

1 _2
p—2 — 92 p—2
ox(z) = <)\2p> cosh (p 5 )\ém) °

8The term soliton comes from the term “solitary wave” and is used in the study of several
dispersive equations (see [320, Section 2]). Here, we will only use it to refer to ¢,.
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The real line: G =R

The set of nonzero solutions of (NLSg) on the real line is {:I:@(:v +a)|ac€ R},
where ¢, is the soliton. In this case, the set of solutions of the problem is invariant
by? the map u — —u and invariant by spatial translations.

2

(0. 9] ® (0. 9]

0
Figure I1.10: Three solutions of (NLSg) on the real line

The half-line: G = R* := [0, +00)

On R, there are only two opposed solutions, given by half-solitons. In particular,
there is no continuous family of solutions.

® (0. ¢]

Figure I1.11: The positive solution of (NLSg) on the half-line

Star graphs with an odd number of half-lines

One can show that, on a star graph with an odd number of half-lines, (NLSg)
only has two nonzero solutions. Those solutions are opposed, one of them is
positive and is obtained by pasting together half-solitons in their maximum point,

as Figure I1.12 shows.
Let us remark that Kirchhoff’s condition is satisfied for those solutions because

all derivatives at the node vanish.

B

Figure I1.12: Positive solutions on the 3-star and the 5-star graphs

9Which means that if v is a solution, so is —u.
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Star graphs with an even number of half-lines

When the number of half-lines is even, it is possible to group them two by two and
to put an entire soliton on them, as Figure I1.13 shows. Thus, we observe again
the presence of continuous families of solutions.

Kirchhoff’s condition is satisfied for those solutions since the derivatives at the
node cancel each other two by two.

Figure I1.13: A continuous family of solutions on the 4-star graph

I1.3.2 From Bose-Einstein condensates to atomtronics!’

Two physical situations, a priori quite different, are described by the nonlinear
Schrodinger equation on graphs: the transmission of signals in optical fibers and
the study of Bose-Einstein condensates. Let us cite Y.S. Kivshar and G.P. Agrawal
in [207, Preface, page xvl:

In particular, the remarkable similarities between the matter-wave
solitons and optical solitons emphasize the intimate connection
between classical nonlinear optics and coherent atom optics and may
lead to many discoveries in other, seemingly different fields.

One can show that the propagation of signals in some optical fibers leads to
consider a focusing nonlinear Schrodinger equation (see [207, Section 1.2.2]). The
cubic term therein comes from the Kerr effect, referring to a nonlinear change in the
refraction index of an optical material. The focusing nonlinearity can compensate
the dispersive effects. This leads to various notions of solitons (spatial, temporal,
bright, dark!!, etc.).

OFor an introduction to physical aspects of the nonlinear Schrédinger equation on metric
graphs, one may watch the course of Prof. Riccardo Adami given for the “Expository Quantum
Lecture Series 8” at the Institute for Mathematical Research (INSPEM) from the University
Putra Malaysia (UPM), see https://einspem.upm.edu.my/equals8/. The first video of this
series of lectures is available at the address https://www.youtube.com/watch?v=4ZsIV7iOwgl.

HThose “dark” solitons converge to nonzero constants at infinity and thus are not square
integrable. We refer to |73, 325] for more information and thank André de Laire for presenting
this subject from the mathematical point of view during a seminar at Valenciennes and for
highlighting the two aforementioned references.


https://einspem.upm.edu.my/equals8/
https://www.youtube.com/watch?v=4ZsIV7i0wgI
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To know more about the role played by the nonlinear Schrodinger equation in
optics, let us cite the books of D.E. Pelinovsky [268], G. Fibich [152] and C. Sulem—
P.L. Sulem [317], at the interface between mathematics and their applications.
Let us also cite the papers [166, 291] which explain how the nonlinear Schrodinger
equation on graphs can model networks of fibers.

Now, let us consider Bose-Einstein condensates.

When several identical bosons'® are cooled down at a temperature very close
to absolute zero, they occupy a unique lowest energy quantum state.

In 1925, A. Einstein published [138] in which he predicted this phenomenon
(now known under the name of Bose-Einstein condensation), relying on works of
S.N. Bose [83].1

A macroscopic quantum phenomenon?

Bose-Einstein condensation is a macroscopic phenomenon which can even arise
in the presence of many particles, more than 1000 during the first experimental
realizations described below.

This seems to contradict the decoherence principle, claiming that a “sufficiently
large” system loses its quantum properties. This is illustrated by the famous
example of Schradinger’s cat. Like the authors of [171, Section 12.5]', we suggest
reading [296, Chapter 1, “Introducing Decoherence”] to know more about those
aspects.

Regarding Bose-Einstein condensates, let us highlight that this phenomenon
arises in a very low energy regime, which explains at least partially why we can
expect to observe quantum effects even for a relatively large number of particles
(see also [296, Section 6.4.1]).

Experimental aspects

Despite the predictions in the 1920s, it is only during the later 1990s that the teams
of C. Wieman, E. Cornell and W. Ketterle succeeded in producing Bose-Einstein
condensates experimentally. Those three researchers will obtain the Nobel prize
in physics 2001 for those works!®.

12A boson is an integer spin particle. Concerning Bose-Einstein condensation, we will mostly
be interested in composite bosons, such as atoms. Particles which are not bosons have an
half-integer spin and are fermions. These follow Pauli’s exclusion principle, which claims that
two identical fermions cannot occupy the same quantum state. Thus, there does not exist any
equivalent of Bose-Einstein condensation for fermions. To know more about bosons, fermions
and the exclusion principle, one can for instance consult [171, Section 5.1.1].

13Let us signal that a pedagogical video presentation can be consulted at the address https://
toutestquantique.fr/en/bose-einstein-condensate/ (produced by the research group “La
Physique Autrement”, https://vulgarisation.fr/).

4Where a discussion about Schrédinger’s cat can be found.

15See the press release [282] and the presentation [281] from which most of the information
presented in the section about experimental aspects comes.


https://toutestquantique.fr/en/bose-einstein-condensate/
https://toutestquantique.fr/en/bose-einstein-condensate/
https://vulgarisation.fr/
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From an experimental standpoint, one of the major challenges is to cool down
matter to extremely low temperatures. To this end, Wieman, Cornell and Ketterle
notably used advances made in the laser cooling of atoms.

In this way, Wiemann and Cornell realized condensation in a gas consisting
of rubidium atoms cooled down to approximately 20 nanokelvins!®. Soon after,
Ketterle produced a condensate in a gas of rubidium atoms.

To learn more about the experimental aspects of the realization of condensates,
one can refer to the overview article [137] and to the “Nobel Conferences” [110,
203, 333].

Bose-Einstein condensates, N-body quantum systems'”

Let us denote by Q the region of R? in which the Bose-Einstein condensate is
confined and by N the number of bosons. To each boson corresponds a position
T1,..., oy € S

The quantum Hamiltonian operator associated with the system writes as

Hy=-A+ > W)+ > Vn(z — 1),

1<j<N 1<i<j<N

where W : Q — R and Vy : R®> —+ R. The Hamiltonian represents the energy of
the boson system.

The ground state of the quantum system is the eigenfunction ¥y (z1,...,2N)
of Hy associated with the lowest energy level Ey. In other words, we have
HyYny = Entn, (11.2)

where Ey € R is the first eigenvalue of Hy.

If the system is in the ground state, it means'® that for every measurable set
S C OV, if we perform a measure of positions, then the probability that the N
bosons are such that the vector of positions (x1,...,zy) belongs to S is equal to

/S|77Z)N(I1,...,{L‘N)|2d;p1 de‘

When the number N of particles present in the system becomes large, Bose-
Einstein condensation implies that ¥y gets close to a factorized state:

Un(T, ... on) = () p(zy). (1I1.3)

In a certain way, it means that the system behaves like a unique quantum particle
occupying state ¢.

6By way of comparison, the temperature in outer space is approximately 2.7 kelvins (under
the effect of the cosmic microwave background, see [123, Page 3, Figure 1.2], [156]).

17This section and the following are strongly inspired by |20, Sections 1.1 and 1.2], that we
recommend to the reader interested in aspects related to quantum physics.

18See |171, Section 1.2] for more explanations of the statistical interpretation (or “Born’s
rule”) of states of a quantum system (also called wave functions).
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Emergence of a nonlinear quantum model?

It turns out (see |20, Section 1.1]) that the common quantum state ¢ appearing
in (I1.3) belongs to H'(Q) and is such that the product N¢ minimizes the Gross-
Pitaevskii functional

Fap(u) = ; [ IVu@)? de + sma [ Ju(e)lda (11.4)

under the constraint
/ u(z)|?dz = N. (IL.5)
Q

The constant « appearing in (I1.4) depends on the intensity of the interaction
between particles’®. We will only be interested in the case® a < 0, said focusing.

One can show that if u € H'(G;R) is a critical point of Fgp under the constraint
llul|2. () = IV, then u is a solution of the nonlinear Schrodinger equation®"

—Au + \u = —327alul’u (I1.6)

for a certain A € R. Thus, we aim to determine normalized solutions (for the
L? norm) of nonlinear Schrodinger equations. We will get back to this notion in
section II.5 of this introduction.

The presence of the term of degree four in the functional (I1.4) makes the
Gross-Pitaevskii model nonlinear, as can be seen in the equation (I1.6). This is
quite surprising. Indeed, quantum mechanics*? is formulated in terms of linear
equations (see [171, Sections 2.1 and 3.1]). As such, we described in the preceding
section the quantum system by a wave function ¢y, eigenfunction of the linear
operator Hy (see Equation (I1.2)).

Nevertheless, we observe a nonlinearity in the expression (I1.3), where ¥y is
not linear in ¢. The apparition of the functional (II.4) and the cubic nonlinearity
in equation (I[.6) results from several approximations performed on the N-body
quantum system, notably a passage to the mean field limit (in the asymptotic
regime N — 00). We will not present its technical details here and refer to [114,
279, 293| for references from the point of view of physics and to* [2, 3, 15, 141,
220, 221, 222, 223, 270, 295|, among others, for references concerning convergence
proofs (see also [20, Section 1.2]).

90nly pairwise interactions between particles are taken into account in the analysis.

200ne may expect the parameter o to be positive in the experiences, which corresponds to
a repulsive interaction. This is for instance the case for the rubidium used by Wieman and
Cornell. Nevertheless, the value of the constant o can be modulated experimentally thanks to
an external magnetic field (phenomenon of “Feshbach resonance”). Thus, it is possible to perform
experiments corresponding to the o < 0 regime (see e.g. [182]).

21 At least as far as minima of Egp are concerned, one may replace u with |u| without changing
the value of the functional and thus assume that u is real-valued.

22 At least in the sense of the Schrodinger equation. We will not mention here more modern
quantum theories, for instance those of relativistic quantum mechanics.

ZMany thanks to Prof. Adami for having provided the reference [3].
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Ramified structures and atomtronics

In the above, we have described Bose-Einstein condensation in an arbitrary domain
Q. It is relevant to consider the case of a “quasi one-dimensional” domain €2, made
of “quantum wires” (in the spirit of [208]).

Those can be realized experimentally, notably thanks to Josephson junctions
(see** for instance (94, 204, 228, 328|). This leads us to atomtronics, a recent
research domain aiming to study circuits guiding the propagation of ultracold
atoms (see [29]). The general idea is to produce components such as those found
in electronic circuits by using (cold) matter circuits and, if possible, to realize
“purely quantum” effects in those circuits.

Thus, the perspective of atomtronics leads to the study of equation (NLSg) on
metric graphs. Notably, it will be important to understand the role played by the
topological and metrical properties of the graphs, which has drawn the attention of
several researchers in recent years. For more information about the role of (NLSg)
in physics, one may consult the overview articles [20, 255].

I1.3.3 Genesis of (NLSg)

Let us first mention the pioneering works by F. Ali Mehmeti (for instance his book
[25]) and by J. von Below (see e.g.?® [58]), in which those authors study semilinear
evolution equations on graphs.

Regarding (NLSg), even though it is a quite recent subject, the literature is
vast. One may for instance consult with interest the overview articles [20, 199,
255].

As seen in the preceding section, the case p = 4 (for which the nonlinearity
in (NLSg) is cubic) is particularly important from the physics point of view. The
first works about (NLSg) have thus naturally studied this case®.

One of the first articles which considered the nonlinear Schrédinger (evolution)
equation on metric graphs is [56], where there are more generally studied “quantum
fields” on star graphs. The modeling of “quantum wires” is a reason to consider
the question (see the discussion about atomtronics).

Later, the three works [92], [305] and [7] were published. They study the
Schrodinger cubic (evolution) equation on star graphs®’, notably the dynamics of
solitons.

24We discovered the references [204, 328] thanks to the introduction of [19], which also contains
elements of discussion about the physics of condensates.

2> Many thanks to Prof. Serge Nicaise for having provided this reference.

26Let us signal that the case p = 4 is convenient in dimension 1 thanks to the integrability
properties of the evolution equation (see section F.8).

2TAnd a few other graphs, see |305, Section IV].
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The previous articles highlight a richness in the phenomena as well as the
importance of transmission conditions at the node. Let us remark that in [7], a
“O-type condition” (or simply d-condition) is used at the vertex. This condition is
more general than Kirchhoff’s condition and is written as

Zdu

e=v dl’e

(v) = au(v), (IL.7)

where « is a parameter®®. In the language of partial differential equations, this is
essentially a Robin condition at the vertex.

Remark. The presence of a term a # 0 in (I1.7) corresponds to a term of pointwise
interaction (or pointwise defect) at the vertex, in other words® to a Dirac 0. This
is the reason why the “d-condition ” is named as such.

Let us signal that the d-condition generalizes to other graphs than the star
graphs, in which case the coefficient @ may vary from one vertex to another (see
e.g. [199, Equation (1.5)] and [255, Section 1 (a)]).

I1.3.4 Study of (NLSg) on specific graphs

In this section, we are interested in the study of (NLSg) on specific graphs.
The results presented hereunder are based, for the most part, on the theory of
ordinary differential equations (ODEs).

The intervals, the half-line and the circle

If we consider graphs made of a single edge, we recover the bounded intervals of R,
the half-line or even the circle. Thus, the boundary problems coupling the ODE
—u” + Au = |u|P~?u with Neumann boundary conditions®’ or periodic conditions
are (simple) instances of (NLSg).

Compact graphs®!

Let us cite [292], one of the first works that studies the elliptic problem (NLSg)
(and not the evolution equation). In this article, the graphs under study are
“compact stars”, made of a central node linked to several nodes of degree one, at
which the Dirichlet condition is imposed and not Kirchhoff’s one??.

Let us now move to the study of examples of noncompact graphs. We have
already encountered some of them in section II.3.1, in which we determined the
solutions of (NLSg) on star graphs.

28Let us note that we recover Kirchhoff’s condition if we take a = 0.

29The o term then corresponds to the intensity of this interaction. Let us signal that pointwise
defects may be modeled also on the real line. This is the case in [179], an article which served
as a source of inspiration for the authors of |7].

300r even the Dirichlet condition, as we will do in Chapter 2.

31Let us recall that those are the graphs made of a finite number of edges of finite length.

32Tn other words, the solution vanishes in those nodes and not its derivative.
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The “tadpole graph” and flower graphs

The? “tadpole graph” possesses a single vertex to which are linked a loop of length
¢ and a half-line. It is depicted in Figure I1.14.

Figure I1.14: The tadpole

The tadpole is the simplest example of noncompact graph having a loop.

Nevertheless, it can offer a few surprises. For instance, let us consider’* a
solution vy : R — R of period ¢ to the ODE

—vg = |vol??vo

such that vy(0) = 0. Let us define a function u on the tadpole graph, equal to vy
on the loop of length ¢ (whose vertex is identified with 0) and vanishing on the
half-line. Then, by construction, u is a solution to equation (NLSg) whose support
in G is compact.

In a spectacular way, this shatters all hope of uniqueness continuation principle
for solutions of (NLSg). We will come back to this issue in section I1.9.

Up to considering sufficiently oscillating solutions, we can perform the same
construction for every A € R (even when A < 0). We deduce that, unlike the
real line for which the ODE —u” + Au = |u[P™?u does not have any nontrivial
solution with u(x) — 0 when A < 0 (see Proposition C.2), problem (NLSg)

admits solutions for every A € R. Nevertheless, let us signal that those solutions
necessarily vanish on the half-line when \ < 0.

The tadpole graph was used in order to show that solutions of (NLSg) can
vanish on some edges. Detailed studies of problem (NLSg) on this graph exist.
For instance, C. Cacciapuoti, D. Finco and D. Noja classify all solutions when
p = 4 in [90]. Moreover, D. Noja, D.E. Pelinovsky and G. Shaikhova determine
branches of solutions and study their stability in [256]. As for the case p = 6, it
was studied by Noja and Pelinovsky in [257].

33We will use the singular to refer to the tadpole because, from the topological point of
view, this is the only graph made of a single vertex to which are linked a loop and a half-line.
Nevertheless, let us recall that our graphs are metric and that there exist infinitely many “metric
tadpoles” depending on the length of the loop. In practice, no confusion should arise.

341t is standard to show that such solutions exist, see Lemma 4.21.
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More generally, let us consider “flower graphs” having N > 2 petals®®, made
of a single vertex from which emanate a half-line as well as N loops having same
length, as can be seen in Figure I1.15.

©¢)

Figure I1.15: A flower with eight petals

In [198], A. Kairzhan, R. Marangell, D.E. Pelinovsky and K. Xiao analyze
bifurcation phenomena on those graphs (when p = 4), notably thanks to arguments
from the ODE theory (analysis of the period function). We can also refer to [199,
Section 6.3] for a presentation of their results.

The double-bridge
The “double-bridge” is depicted in Figure I1.16.

b

- R -
'\_/

l

Figure I1.16: The double-bridge

In [258], D. Noja, S. Rolando and S. Secchi study solutions of (NLSg) on the
double-bridge for a cubic nonlinearity. In this case, the solutions of differential
equations on the edges are expressed through Jacobi elliptic functions®®, which is
used in an important way in the reasoning.

35In the case N = 1, we recover the tadpole graph.

36The course of Prof. Diego Noja during the Nonlinear Quantum Graphs summer school at
Valenciennes taught us a lot about the works about (NLSg) in the case p = 4. In particular, it is
on this occasion that we discovered the Jacobi elliptic functions. Several references presented in
this introduction come from this course. To know more about the use of Jacobi elliptic functions,
we refer to [209] and to [199, Section 5].
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The study happens to be very rich. As it turns out, the description of the set
of solutions depends in an important way on the ratio r := % between the lengths
of the two bounded edges. In particular, whether r is rational or not is important.

Even if it is not obvious “visually”, there is a big difference between the study
of (NLSg) on the real line and on the double-bridge!

The 7-graph

The T-graph is depicted in Figure I1.17.

(0. 9] ® o0

Figure I1.17: The T-graph

In |22], the authors completely classify solutions of (NLSg) on the T-graph and
give information about their stability and their variational characterization. We
will come back to this discussion in section 11.6.4, where the T-graph will be an
emblematic example of a noncompact graph admitting ground states.

I1.3.5 A variational formulation of (NLSg)

In section I1.3.1, we showed that we can determine all solutions to the nonlinear
Schrodinger equation on star graphs. To do so, one should combine the analysis
of the ODE on the edges with a “gluing” argument at the vertex.

We just saw that such an analysis was sometimes possible on specific graphs®”.
Nevertheless, it becomes quickly very complex as soon as the number of vertices
increases or that bounded edges are present.

In order to study problem (NLSg) in a more general way, we should use a
better suited formulation which is less sensitive to the specifics of the graph or to
the value of the exponent.

Thus, we will adopt a variational approach, such as the one already encountered
in section 11.3.2 dedicated to Bose-Einstein condensates where we saw that is was
important to minimize the Gross-Pitaveskii functional on the L?-norm constraint.

Now, let us introduce a Hilbert space and a functional used in the variational
approach.

37Up to assuming that p = 4, see section 11.3.4.
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The H'(G) space and the action functional J,

On the Sobolev space?®
HY(G) = {u : G — R | u is continuous, u,u’ € LQ(Q)},

we define the action functional Jy : H'(G) — R by

1 A 1
Ja(u) == 2/g|u/|2dx+2/g|u\2dx—p/g|u]pdac.

Let us remark that the directional derivatives of J are given by
Jy(u)[v] = / o' (z)v' () dx+)\/ u(z)v(z) dx—/ lu(z) [P~ ?u(z)v(z) do
g g g

for every couple of functions v and v in H'(G).

Now, let us show that the critical points of J, on H!(G) are solutions® to
(NLSg). The reasoning is classical and analogous to the one relating a partial
differential equation and its weak formulation. Nevertheless, we will present the
details in order to highlight the natural appearance of Kirchhoff’s condition.

The differential equation edge by edge

If » is a C* function whose compact support is included inside an edge ¢ joining
vertices a and b (see Figure 11.18), we have®

0= Jy(u)[/]
- / () (@) dz + A / (@) (x) do — / ()P~ 2u(z) o (z) de
du du
=1, V) g @)

0 =0

+ [ (@) + dule) — fu() P u(a)) o) de.
Therefore, we have
A(—u//(x) + Au(z) — ‘u(x)!pﬂu(x)) (2)dz = 0

for every test function © of class C*° with compact support in e. We deduce that
the equation —u” + \u = |u|P~2u is satisfied inside edge e.

38See section A.4 for more details about the structure of the space H(G). Since we are working
in dimension one, all the functions of H'(G) are continuous, as proved in Proposition A.7.

39The converse of this claim is true and is proved similarly.

4OHere, we assume that u is smooth enough in order to justify the integrations by parts. More
rigorously, one has to understand the equation as being satisfied in the weak sense and prove an
elliptic regularity result. The details are classical and we omit them.
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b

Figure I1.18: Test function whose compact support is included inside an edge.

Kirchhoff’s condition

Let a be a vertex of degree D of G and let by, ...,bp be the vertices adjacent to a.

We define a function ¢, affine on the edges of G and such that (a) = 1 and

(v) = 0 for every vertex v # a (see Figure 11.19). Denoting e; the edge joining a
and b;, we obtain

0= J(u)ly]

= (/ u ’da:—i—)\/U dx—/ |ulP~%u dx)

so that > <;<p d—”:(ai) = 0, which is Kirchhoff’s condition.

by

g a
bg b]

Figure 11.19: Affine function used to recover Kirchhoft’s condition.

And now?

We just saw that solutions of (NLSg) correspond to critical points of the action
functional Jy : H'(G) — R, defined by

A

1 1
Ja(u) = §||U/||%2(g) + §||U||%2(g)

- Euunip(gy

where
HY(G) = {u :G—R ‘ u is continuous and u,u’ € Lz(g)}-
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Let us note that the action functional Jy is not bounded from below on H'(G).
Indeed, if u # 0, then

2 A2 .
Ja(tu) = EHU ||L2(g) + 7||U||L2(g) - EHUHLP(g) — —o.

t—o0

A possible strategy to find critical points of .J, consists in studying constrained
minimization problems in order to obtain solutions of (NLSg) which are minima
of Jy under the constraint. We will present a way to carry out this process in the
following section 11.4.

11.3.6 A few words about numerical simulations

When one wants to study in detail a specific example of graph, the computations
can turn out to be very complex. Therefore, numerical simulations are a precious
tool.

On this subject, let us cite the Python library “GraFiDi*'” developed by
C. Besse, R. Duboscq and S. Le Coz (see |71, 72|) as well as the MATLAB
package “QGLAB?* ” developed by R. Goodman®, G. Conte and J. Marzuola
(see [169]).

We will also use numerical tools in Chapter 5 in which we will develop a
computer-assisted proof (see section I1.11.5).

I1.4 (Nodal) action ground states
I1.4.1 Nehari manifold and action ground states

Definitions and first properties

Let us consider the Nehari manifold associated to (NLSg) and defined by
NA(G) :={u € H'(G)\ {0} | J3(wu =0}
= {u e H'G)\ {0} | I1W/[I32g) + AluliFg) = lullfne) }-

The Nehari manifold** contains all nonzero critical points of J, and one can show
that a critical point of J\ constrained to N)(G) is a solution to (NLSg) (see e.g.
[35, Remark 2.3.13]).

41 Available at the address https://plmlab.math.cnrs.fr/cbesse/grafidi.

42 Available at https://github.com/manroygood/Quantum-Graphs/tree/master.

43Whom we thank again for his course given during the Nonlinear Quantum Graphs summer
school. The reader can consult the support used during the lectures at the address
https://roygoodman.net/course/nqg_valenciennes/.

420One can show that the Nehari manifold is a C? Hilbert manifold modeled on H'(G). In
general, we will not need to use such considerations. We refer to |28, Chapter 6] to know more
about the point of view of constraints as manifolds.


https://plmlab.math.cnrs.fr/cbesse/grafidi
https://github.com/manroygood/Quantum-Graphs/tree/master
https://roygoodman.net/course/nqg_valenciennes/
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According to the definition of N,(G), we remark that

ueM(@) = L= (3-1)lulle-
In particular, .J is positive on Ny, thus bounded from below. We define

Jg(A) = ue}\rfle(g) Ja(u).

An action ground state for (NLSg) is a function u € Ny(G) such that
Ja(u) = Jg(A).

If an action ground state exists, one can show that it is a constant sign solution
of (NLSg), see e.g. [35, Remark 2.3.13] or [318, Corollary 10, (c)] for a proof. Let
us remark that if G is not compact, the existence of action ground states is not
guaranteed in general.

Even though we just introduced the Nehari manifold and the notion of action
ground state on graphs, one can follow the same approach in many situations:
differential equations, elliptic equations on open sets of RY, systems of elliptic
equations, etc. The founding article of Z. Nehari [250] studies an ODE problem.
The reader willing to be introduced to the subject can in particular consult [35,
Section 2.3] or the overview article [318].

A few works studying action ground states on graphs

Up to now, the action ground states for (NLSg) have not been thoroughly studied.
Indeed, most works are concerned with normalized solutions (see section I1.5).

Nevertheless, let us mention [10, 11, 126, 211, 218, 263, 302|, which consider
the action functional and the Nehari manifold on graphs.

In [10, 11|, considering action ground states (on star graphs, with the J-
condition) allows us to use the method to study orbital stability of solutions
developed by M.I. Weinstein and M. Grillakis—J. Shatah—-W. Strauss (see [172,
173, 330, 331] and section F.7).

The article [218] shows that some arguments developed for normalized solutions
on graphs (see section I1.5) adapt to the case of the Nehari manifold.

The phenomenon of concentration of action ground states is studied in the
articles [211, 302]. We will return to this in section IL.7.

The article [263] studies (NLSg) on periodic graphs using techniques based on
action ground states. We will consider similar problems in section 2.5.1.
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Finally, in [126], S. Dovetta studies the asymptotic behavior of action ground
states on an entire grid (see Figure 11.4 of page 78) whose lengths converge to 0.
The author proves convergence results between the action ground state on grids
(which are metric graphs) and the soliton of the partial differential equation (NLS).
It is thus a manifestation of the “dimensional reduction” phenomenon by which
we introduced the model (NLSg) in section I1.3.

Chapters 1 and 2 of this thesis study the notion of action ground state on graphs
in detail (both on compact and on noncompact ones), by providing especially
existence and non-existence theorems. In Chapter 3, we will study the L? masses
of action ground states on bounded domains of RY in order to obtained normalized
solutions.

I1.4.2 Nodal Nehari set and nodal ground states

The action ground states that were presented in the previous section are constant
sign solutions of (NLSg). Now, let us consider sign-changing solutions, also called
nodal solutions.

Given a real-valued function u, we define

u" :=max(u,0) and w~ := min(u,0).

A nodal solution is, by definition, a solution u of (NLSg) such that u™ # 0 and
u~ # 0. All nodal solutions of (NLSg) belong to the nodal Nehari set*

N G) = {u e HYG) | ut € M)} = {u e H'(G) | u* # 0, Jy(w)u* = 0}.
A function u € N7°4(G) is a nodal ground state of (NLSg) if

Ja(u) = ue/\i/?fd(g) JA(v).

When they exist, nodal ground states are sign-changing solutions to (NLSg) (see

e.g. [318, Proof of Theorem 18]). More precisely, they are minimal action nodal
solutions of the problem.

The founding article studying the minimization method on the nodal Nehari
set is the one of A. Castro, J. Cossio et J.M. Neuberger [93]. For a more detailed
overview, we refer to [53, 318] and to chapters 2 and 3.

To the best of our knowledge, nodal ground states had never been studied on
graphs before the works presented in this thesis.

451n contrast to the Nehari manifold, the nodal Nehari set AV }\md is in general not endowed with
a manifold structure. See |53, Introduction and Lemma 3.2] for a discussion and the presentation
of a strategy to address this, using the H? norm and not the H' norm.
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Nodal ground states will play a big role in chapter 2 (where we will study their
existence on noncompact graphs) as well as in chapter 3 (where we will study their
L? masses on open sets of RY in order to obtain normalized nodal solutions). They
will also be considered in chapter 5 in which we will determine their qualitative
properties in the case of compact graphs.

II.5 Normalized solutions?t

I1.5.1 What are normalized solutions?

A normalized solution to (NLSg) is a solution whose L?-norm is prescribed but
where the value of the parameter A is not. This notion is important when studying
certain physical models (see section 11.3.2). For instance, when modeling a Bose-
Einstein condensate, we have seen in section 11.3.2 that the L?-norm corresponds
to the number of particles in the described system (see constraint (I1.5)).

Seeking normalized solutions is also useful when studying evolution equations
(see Appendix F and in particular section F.7).

For the variational viewpoint, normalized solutions correspond to critical points
of the energy functional®

1

1
E(u) == 5””’”%2(@)

- ];Hquip(g),
on the mass constraint ||ul|?. = p, p being the mass*®. In this case, the parameter
A shows up as a Lagrange multiplier associated to the constraint.

On a metric graph G, given p > 0, one can show that the infimum

inf FE(u)
weH(G)
Jull? =

is finite when 2 < p < 6 and is equal to —oo when p > 6 (see for example |20,
Section 2.1]).*. The mass-critical exponent of the problem appears here: it is
equal to p = 6.

46Many thanks to Prof. Louis Jeanjean for the discussion about the history of the study of
normalized solutions.

47Already encountered in the case p = 4 of section I1.3.2, where it was called the Gross-
Pitaevskii functional Egp and defined by (I1.4). Let us recall that the parameter « in (11.4) is
negative.

48We will sometimes use other normalization conventions “up to a multiplicative constant”,
for instance in section I1.10.3 as well as in chapter 3.

49When p = 6, the functional E is bounded from below on the mass constraint if and only if
w is small enough.
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More generally, if € is a bounded open set in RY, the Gagliardo-Nirenberg
inequality (see e.g. [332])

p—N(Z-1 N(2-1
laly < K a2 E v S e mURY),

which holds for all®® p € (2,2*), implies that the energy functional
1 1
E(u) := 5 /Q |Vul?dz —p/ﬂ\u|p dz

is bounded from below on the mass constraint when p < 2+ %. This is not the case
when p > 2 4 & (see [183]). Thus, the value 2 + + is the mass-critical exponent
in dimension N. Let us note that we find again p = 6 in dimension N = 1.

The mass-critical exponent also plays an important role in the study of the
nonlinear Schrédinger evolution equation (see sections F.3 to F.5).

When the energy is bounded from below on the constraint, we call energy
ground state a minimum of the energy under the mass constraint. We then show
that this is necessarily a constant sign solution to (NLS). In all cases, the notion
of minimal energy solution, namely a solution minimizing the energy functional
among the set of solutions of (NLS) having mass p (for a certain A that can differ
between solutions), is available. We will return to these notions in section II.10.

I1.5.2 Genesis of normalized solutions®!

Bifurcation from the essential spectrum

In [316], C.A. Stuart studies bifurcation phenomena. Let us illustrate this concept
on an example, by considering the differential equation

iy - Mt

where z € (0,+00), p € (2,+00) and A € R. We define the Hilbert space

= \u(x) (I1.8)

H := H*(0,4+00) N H}(0, +00),

endowed with the H? norm, and the set
E = {(u, \) € HxR ‘ w is a solution of (I1.8), u # 0}.

Following Stuart, we say that A € R is a bifurcation point if (0, \) belongs to the
adherence of F in H x R.

50Let us recall that 2* is the critical Sobolev exponent, equal to +00 when the dimension N
is equal to 1 or 2, and equal to 2N/(N — 2) when N > 3.

51Many thanks to Prof Charles A. Stuart for sharing his work on the subject and for clarifying
its chronology. Reading 185, Section 4, Solutions de normes prescrites| was also very useful in
writing this section.
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When [316] was published in the “Comptes Rendus de I’Académie des Sciences
de Paris” in 1977, such bifurcation phenomena were studied in the literature,
but only starting from eigenvalues (see e.g. [285] and references in [316] for more
information).

Those do not always exist, notably on noncompact domains. For instance,
on [0, +00), the operator v — —v” with the Dirichlet condition at the origin has
[0,400) as its spectrum but has no eigenvalues.

Thus, the originality in Stuart’s approach consists in studying the phenomenon
of bifurcation from the essential spectrum. The first results obtained in this way
are presented in the paper [104] by R. Chiappinelli and C.A. Stuart.

Now, let us see what the link is between the phenomenon of bifurcation from
the essential spectrum and the search for normalized solutions.

From bifurcation problems to normalized solutions

The works [311, 312, 313, 314, 315] by Stuart highlight a relation between the
bifurcation phenomenon and normalized solutions: if a problem admits energy
ground states, whose energy is negative, for every L*-mass small enough, then 0
is a bifurcation point. The reader can refer to the aforementioned references (see
notably [313, Theorem 2.1} and [312, Theorem 3.3]).

In those papers, techniques to prove existence of energy ground states are
developed.

P.L. Lions will later obtain in [224, 226, 227] his results on concentration-
compactness, particularly well-suited to study the problem of energy minimization
under the mass constraint.

I1.5.3 Normalized solutions on star graphs in the mass-
subcritical regime (2 < p < 6)

After their first works [7, 10|, R. Adami, C. Cacciapuoti, D. Finco and D. Noja
continued their study of solutions on star graphs.

The variational characterization of the stationary solution (see Figure I1.12 at
page 87) on the 3-star graph with Kirchhoff’s condition and a cubic nonlinearity
is clarified in [8]. It appears that the solution is a saddle point of the energy on
the mass constraint, and not a minimum.

Let us mention [6], devoted to the existence of normalized solutions and the
study of their orbital stability on star graphs. This work improves the results of
[10] and leads Adami, Cacciapuoti, Finco and Noja to adapt the concentration-
compactness methods of Lions [224, 226, 227| to the case of star graphs. Let us
mention that the stability of those solutions was subsequently described precisely
by A. Kairzhan in [197], relying on Sturm theory techniques.
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To conclude, let us highlight that in [9], the authors prove that stationary
solutions on star graphs, in presence of an attractive d-interaction at the vertex,
are always local’® minima of the energy on the mass constraint. This remarkable

result implies orbital stability of those solutions.

The aforementioned works highlight a perhaps unexpected mathematical depth.
And this, only on star graphs!

Questions naturally arise. What happens on graphs whose structure is more
complex than star graphs? Is there a richness of phenomena in this case, even in
the absence of the d-interaction at the vertices?

We have already partially answered those questions during our studies of (NLSg)
on specific graphs in section 11.3.4. We will return to them in section I1.6 devoted
to noncompact domains.

There also exist pertinent questions on compact graphs, as we will see in the
following section.

I1.5.4 Normalized solutions on compact graphs

If G is a compact graph of total length |G| and if u is a positive real number, then
the constant function v : G — R equal to ¢ := \/g at every point of the graph is

such that ||u|?. = u and is a solution of (NLSg) if we take A = ¢*~2. Up to sign,
it is the only constant solution of the problem.

Two questions arise. Are there other solutions than the constant one? Is the
constant solution an energy ground state?

The first question is answered positively in all cases. Indeed, there always exist
infinitely many solutions when 2 < p < 6, as shown in [124| (where the author
also considers the critical case p = 6).

The answer to the second question generally depends on the parameters. An
analysis of variational properties of the constant solution and its orbital stability
is performed in [89] for the cases p < 6 and p = 6. A more precise study of this
second question was performed by J.L. Marzuola and D.E. Pelinovsky in [231] on
the “dumbbell ” graph shown below in Figure I1.20.

Figure I1.20: The dumbbell

52Let us recall that there are no energy ground states on star graphs with N > 3 half-lines,
which means that the energy has no global minima under the mass constraint.
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These two authors consider bifurcation phenomena for solutions on the dumbbell
thanks to methods closer to the works mentioned in section 11.3.4. This allows
us to determine in which case the constant solution of (NLSg) is a ground state.
This approach on the dumbbell was pursued by R. Goodman in [168]. The reader
may refer to [199, Section 6.3] for a presentation of the result obtained in the
aforementioned works.

Remark. Tt is not surprising that a dumbbell shape is considered in order to study
the symmetry breaking of ground states. Indeed, “fattened” versions (similarly
to Figure I1.8 on page 81) of the dumbbell graph are classical examples of open
domains in RY which illustrate this phenomenon for superlinear elliptic partial
differential equations, see e.g. [118] and [175, Page 18, Figure 3].

Remark. On compact graphs, the constant solution is present in all three regimes
p < 6,p=6and p > 6. If we develop a result showing existence of solutions,
we should make sure to find non-constant solutions, under the risk of obtaining a
useless result.

To conclude, let us signal that compact graphs provide a convenient setting
in which one can study qualitative properties or uniqueness of certain types of
solutions to (NLSg). One can for instance see the role played by Dirichlet vertices,
or the phenomenon of solutions vanishing identically on edges (see section IL.9).
Those questions will be at the heart of Chapter 5.

I1.5.5 A few important concepts

In the sequel of section II.5, we will consider the mass-supercritical regime, in
which the energy is not bounded from below on the mass constraint anymore.*?
We will present the works on RY and several “abstract” methods. We will then
come back to the case of bounded domains and metric graphs, which will be studied
in chapters 3 and 4.

Before going any further, we have to introduce several classical concepts in the
theory of semilinear elliptic partial differential equations. We have followed [136,
Chapter 1] and [115] to present them.

Stability, Morse indices, non-degeneracy

Given a solution® u € H}(Q) to (NLS), namely a critical point of Jy on HJ (),
we consider the quadratic form @), defined by

Qulp) = RWle.g] = [ [Veldo+A [ gPde—(p—1) [ [uf 2 do.

53In this case, it is no longer possible to study a constrained minimization problem in order
to find normalized solutions.

54We chose to present the concepts for the problem set on a domain  C R with the Dirichlet
boundary condition. The definitions can be adapted, mutatis mutandis, to the other frameworks:
problems set on R, on metric graphs, etc.
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We then say that the solution wu:
o is stable if Q.(¢) > 0 for all®® p € CH(Q) (|136, Definition 1.1.2]);

o is stable outside the compact set K C Q if Q,(¢) > 0 for all ¢ € C}(Q\ K)
([136, Definition 1.5.1]);

o has Morse index k if k is the maximal dimension of a vector subspace V' of
CH(€) such that Q,(¢) < 0 for all ¢ € V'\ {0} ([136, Definition 1.5.2]);

 is nondegenerate if 0 is not an eigenvalue of the linearized operator around wu.
This operator®® L, : H}(Q) — H~'(Q) is associated to the quadratic form Q,
in the sense that

(Luli) |4) = 3QUP)Y]

for every function ¢ € H} (). More concretely, this means that

Lu[¢] = =Ap + X — (p = Duf e,
see e.g. [115, (3.21), page 94].

The notions of stability and of Morse index (as well as the one of approzimate
Morse index) will play a big role in Chapter 4. The one of nondegenerate solution
will be very important in Chapter 5.

To know more about the role played by the notions of stability and of Morse
index in the study of semilinear elliptic equations, one may for instance consult
[41, 115, 136, 147].

Palais-Smale sequences and condition

In infinite dimension, compactness is often lacking. Thus, before obtaining critical
points of functionals, we will often need to consider sequences of approrimate
critical points.

Thus, we say®’that a sequence (u,), C H}(Q) is a Palais-Smale sequence at
level ¢ € R for the functional J, if

Ia(up) — ¢ and J (uy,) % 0.

Moreover, we say®® that .J\ satisfies the Palais-Smale condition at level c if all
Palais-Smale sequences at level ¢ possess a convergent subsequence.

This notion turned out to be very fruitful in nonlinear analysis. It admits
several generalisations. We refer to [234] for more information.

55There is some latitude in the choice of the regularity to impose to functions ¢, that we could
for instance assume to be CZ°.

%6 As in [85, page 291], we will note H1(£2) the dual of H}(Q). Even if H(2) is a Hilbert
space, we will not identify it to its dual, see |85, Chapter 5, Remark 3].
We will note (T | ¢) := T[] the duality bracket between those spaces (see [85, Notation, page 3]).

STDefinition taken from [335, Introduction].

*8Definition taken again from 335, Introduction].
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Mountain pass geometry

In section I1.4, we have seen that the action functional J is not bounded from
below on H!. We have also presented a way to treat this issue by introducing the
Nehari manifold Ny and by considering the minimization problem of Jy on Nj.

Let us illustrate here an alternative method. It will show how to exploit the
mountain pass geometry of the functional. A similar method will play an important
role in the following sections in which we will study the mass-supercritical regime.

Let us return for a moment to the geometry of the action functional. First, let
us look “direction by direction”. If v € H'\ {0}, then there exists a unique ¢, > 0
such that t,u belongs to Ny. The number ¢, is characterized by

In(tyu) = max Jx(tu).

Thus, the situation looks like the one illustrated by Figure I1.21. In this picture,
the H' space corresponds to the horizontal plane and the action levels correspond
to the vertical axis.

Figure 11.21: Geometrical representation of the Nehari manifold®

On this figure, we can see that minimizing the functional J, on the Nehari
manifold Ny amounts to find the “mountain pass” of the “mountain” Nj.

59Many thanks to Prof. Christophe Troestler who supplied this figure.
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Intuitively, looking for the mountain pass boils down to understand how to go
from the origin to “the other side of the mountain” (that we will characterize as
the region where the action is negative) while “increasing as little as possible the
action levels”.

This leads us to consider the class of paths

I = {yec(0,1], H") [ 4(0) = 0, s(v(1)) < 0}
as well as the mountain pass action level

¢ 1= Inf max In(v(1)).

The presence of a mountain pass geometry is traduced by the inequality ¢ > 0:
“to cross the mountain, it is necessary to move to higher action levels”.

It implies the existence of a Palais-Smale sequence at level ¢ for Jy (which
corresponds intuitively to the saddle point at the mountain pass level). We refer
to [214, Section 3], [35, Chapter 4] and [335, Section 1.3] for more information.

For the action functional Jy, this approach is equivalent to the minimization
on the Nehari manifold (see [214, Proposition 3.12]).

The use of the mountain pass geometry can be adapted to many situations in
which one does not necessarily have an equivalent of the Nehari manifold. We will
observe this in the subsequent sections.

I1.5.6 The L?-supercritical regime on RV

Existence of a normalized solution of (NLS)

The first article devoted to normalized solutions of (NLS) in the mass-supercritical
regime (p > 2+ +) is the one of L. Jeanjean [183].

The situation there is very different from the mass-subcritical regime. Indeed,
in this case, the energy is no more bounded from below on the L?-mass constraint.
Then, one has to search for the critical point by exploiting the mountain pass
geometry that the energy has on the mass constraint.

As we have seen in the previous section, the presence of a mountain pass
geometry allows to obtain the existence of a Palais-Smale sequence. Nevertheless,
a problem arises®’: it is not clear that such a sequence is bounded in H'(RYN).
Once that we have shown that the sequence is bounded, we may assume that it
converges weakly®! and try to show that the weak limit is a normalized solution.

60This problem does not occur when searching for critical points on the Nehari manifold or
energy ground states in the mass-subcritical regime.
61By taking a subsequence.
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The strategy used to show that the Palais-Smale sequence is bounded is based
on the PohoZaev identity®® that solutions of (NLS) on RY satisfy:

2N
(N = 2)[Vullz + AN|Jullz = ?HUHZ (IL.9)

One can for instance consult [183, Section 2.2], which presents details on how to
use the Pohozaev identity to show that Palais-Smale sequences are bounded.

After having solved this technical difficulty, Jeanjean proves that equation
(NLS) admits a normalized solution of mass u on RY for every mass u > 0,
in the mass-supercritical regime.

Infinitely many normalized solutions to (NLS)

In [51], T. Bartsch and S. de Valeriola show the existence of infinitely many radial
normalized solutions in the L2-supercritical case%.

To this end, they used the Mountain pass theorem, in a rather general version,
for variational problems invariant by the map u — —u. Let us note that in [51],
the proof that Palais-Smale sequences are bounded relies on the Pohozaev identity
in the same way as in [183, Section 2.2].

Extensions: more general autonomous equations, systems, problems
with potential

The article [183] treats autonomous equations®® more general than (NLS)%. This
is possible because the Pohozaev identity is well-suited to those cases on RY.

One may consult [189, 191, 192] for later works and [27, 187, 188] for extensions
involving the Sobolev critical exponent 2*.

Other approaches than the one of [183] may be used to prove the existence of
normalized solutions. Let us cite for instance the article [194], where the authors
show the existence and study the L2-masses of branches of solutions in the space
of radial H' functions.

One may also study L?-normalized solutions of systems of elliptic equations
using variational techniques, see e.g. [42, 43, 44, 48, 49, 50, 170, 195]. All these
works use Pohozaev identities in an important way.

62Proved originally by S. Pohozaev in [280|. For a proof in the case of R, see for example
[335, Theorem B.3].

%3When A > 0 is fixed, the infinite multiplicity of radial solutions is proved in |66].

64Those of the form —Awu = f(u) and not —Au = f(z,u).

650n RY, if a “power-type” nonlinearity is used as in (NLS), we can explicitly express the
L?-mass of action ground states as a function of A\ and obtain the same results showing the
existence of normalized solutions. In Appendix C, we will present similar computations for the
soliton on the real line, see Proposition C.4. If the nonlinearity is modified or if the domain
changes, this argument cannot be applied anymore and Jeanjean’s method is necessary.
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In [46, 245], the authors study generalizations of (NLS) where a potential term
V(z) is added, which makes the equation

—Au+ V(z)u+ Mu = |[u]P"*u

non-autonomous. The associated PohoZaev identity is®

(N—z)/ |Vu|2dx+)\N/ lul? da
RN RN
_ 2N

> e |ulP dz + 2 /RN(I -Vu)V(x)ude. (IL.10)

In order to show the existence of normalized solutions, one has to impose conditions
on the potential, including enough integrability of V(x) and of = - V(z) in order
to treat the last term in (II.10).

The works mentioned up to now use a Pohozaev identity in order to establish
the boundedness of Palais-Smale sequences as well as their convergence. This can

sometimes be restrictive and imposes, for instance, restrictions on the potential in
[46, 245].

In order to pursue the study of normalized solutions in the regime p > 2 + %,
we are led to search for methods which are not based on a Pohozaev identity. In
the following section, we will present such methods devoted to the existence of
bounded Palais-Smale sequences.

I1.5.7 “Monotonicity trick”, existence of bounded Palais-
Smale sequences and Morse indices

The monotonicity trick®”

In [308, 309], M. Struwe is also confronted with the problem of existence of bounded
Palais-Smale sequences, in problems coming from geometry and from the study of
Hamiltonian systems. He develops an argument now known as the “monotonicity
trick 7 (see also [310, Chapter II, Section 9]).

In [186], Jeanjean shows that the techniques previously developed by Struwe
can be generalized in an “abstract” version. Let us cite his result.

66 At least formally: see |155, Lemma 1.1] where one can find the expression taken by the
Pohozaev identity of a non-autonomous equation on a bounded domain and to [335, Appendix B,
Section 3] to move from the case of bounded domains to RY. We will not try to rigorously justify
the identity (I1.10) and refer to |46, 245] where one can see how identities such as (I1.10) play a
role in the proofs.

6TReading [185, Section 5, Suites de Palais-Smale bornées] was very useful in writing this
section. We recommend it to the (French speaking) reader willing to learn more about the
question of boundedness of Palais-Smale sequences.
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Theorem (|186, Theorem 1.1)). Let (X, || -||) be a Banach space.
Let us consider an interval I C (0,+00) and a family ®,: X — R of C*
functionals of the form

Q,(u) := A(u) — pB(u) where p € 1.
We assume that B(u) > 0 for all uw € X and that

u) — +oo  or B(u)

||| =400 ||| —+o00

Given vy, v1 € X, we define

I = {y € ((0,1], X) | 7(0) = vg,7(1) = v }.
We assume that, for all p € I, the number

¢p = Inf max ®,(v(1)),

satisfies the inequality c, > max{®,(vy), ,(v1)}.

Then, for almost every p € I, there exists a bounded Palais-Smale sequence
(Un)n>1 € X at level ¢, for ®,. In other words:

(1) (up)n is bounded;
(it) @,(un) — ¢, as n — 0o,

(iii) ®/,(un) — 0 in the dual of X asn — oco.

The proof of this result uses the “monotonicity trick”: since I C (0, 4+00) and
since B(u) > 0 for all w € X, the map I — R : p — ¢, is nondecreasing. It is thus
differentiable almost everywhere. Jeanjean then shows that, when ¢, exists, then
the functional ®, possesses a bounded Palais-Smale sequence at level ¢, (see [186,
Section 2]).

In [193], L. Jeanjean and J.F. Toland generalize this result to situations where
the map p — ¢, is not monotonous.

The existence result of bounded Palais-Smale sequences is particularly useful
and has found many applications: the existence of solutions to a “Landesman-Lazer
type” problem in [186], extension to the L?-supercritical regime of the bifurcation
results studied by Stuart in® [160, 184], etc.

We are faced with several questions.

68See also [185, Section 5, Retour sur les problémes de bifurcation).
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Given a bounded Palais-Smale sequence, how to prove that it converges? Can
one find bounded Palais-Smale sequences for constrained problems®? Can one
show the existence of such sequences at various levels in order to obtain multiplicity
results?

As we will see, possessing a “Morse-index type” information about elements of
a Palais-Smale sequence is a precious tool in order to prove the convergence of this
sequence.

Information on the (approximate) Morse indices

A Palais-Smale sequence is made of approximate critical points which are not
associated a priori with a notion of Morse index. Nevertheless, G. Fang and
N. Ghoussoub have shown in [145, 146] that it is possible to define a notion of
approximate Morse inder and to show the existence of Palais-Smale sequences
with information on the approximate Morse index of elements.

This can be useful to study convergence questions, as observed in [39, 41, 225]
by A. Bahri and P.L. Lions. In those articles, the authors highlight the role that
information on the Morse indices can play in nonlinear elliptic equations, notably
when compactness is lacking.

Let us note that Fang and Ghoussoub’s works concern Palais-Smale sequences
for unconstrained variational problems.

In [81], J. Borthwick, X. Chang, L. Jeanjean and N. Soave have shown that
there exist bounded Palais-Smale sequences, with information on the approximate
Morse index, in the case of perturbed functionals constrained on a sphere (see
[81, Theorem 1.5]) having a mountain pass geometry. Thus, the authors refine
the monotonicity trick in order to obtain also information on the approximate
Morse indices of the elements of the Palais-Smale sequence, as done by Fang and
Ghoussoub.

In [81, Theorem 1.12], the authors also prove a “generalized” theorem allowing
one to obtain multiplicity results for even functionals™ (in the spirit of the method
used on RY by Bartsch and de Valeriola [51]). This theorem will be crucial in
Chapter 4.

We refer to the introduction of [81] and also to [139] to learn more about the
existence of Palais-Smale sequences with information on the Morse indices of the
elements and how to use such results.

69The theorem presented above concerns free variational problems, which means that the
paths in I" take their values in X and are not constrained to a submanifold of X.
“OThis is the case of the energy functional.
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I1.5.8 Normalized solutions on graphs when 6 < p

As we have seen, there is no equivalent on graphs to the arguments used on RY,
which are based on Pohozaev’s identity. The same will generally apply in the
following section, in which we will study normalized solutions on bounded domains.

Remark. Nevertheless, let us signal that Pohozaev’s identity is convenient to use
on star-shaped domains (as we will see in Chapter 3). For instance, in dimension
N > 3, it implies that there is no nonzero solution to (NLS) when p is greater
than or equal to 2* := 2% on star-shaped domains (see e.g. [310, Chapter III,

N-2
Section 1]).

Therefore, the results on the existence of bounded Palais-Smale sequence with
information on the approximate Morse indices reveal their full importance on
graphs and bounded domains. In fact, it is the study of normalized solutions
on graphs that led Borthwick, Chang, Jeanjean and Soave to develop [81].

When p > 6, those results allow one to obtain a non-constant normalized
solution when the mass is sufficiently small on compact graphs, see [102]. For the
problem with localized nonlinearity, we obtain a normalized solution for all masses,
see 82].

In [82, 102|, after having shown that a bounded Palais-Smale sequence exists,
one needs to show that the associated sequence of “almost Lagrange multipliers”
converges to a positive real number. This requires to exclude”™ the convergence of
almost multipliers to infinity as well as their convergence to zero™.

As announced in the previous section, we will extend the result of [82] by
showing that the problem with localized nonlinearity possesses infinitely many
normalized solutions. To this end, we will also have to develop an argument
excluding the case A = 0. It is more delicate to treat when solutions may change
sign due to the possible presence of solutions vanishing identically on edges of
the graph (see section I1.9). This argument is the object of section 4.3 (see in
particular Proposition 4.23).

Concerning normalized solutions on graphs in the p > 6 regime, let us also
mention [31]. In this article, A.H. Ardila studies normalized solutions on graphs
in the mass-supercritical regime, but where the presence of a potential changes
the geometry of the energy functional, which allows the author to find solutions
by minimization under the mass constraint.

To the best of our knowledge, to this day there exists only one paper which
treats the mass-supercritical case on noncompact graphs: the one of S. Dovetta,
L. Jeanjean and E. Serra [128|. We will return to it in section II.6.

"' Thanks to a blow-up analysis using the information on the Morse indices.
"2Which is rather easy when seeking positive solutions as in |82, 102].
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I1.5.9 Normalized solutions on bounded domains in the
mass-supercritical regime

In [259], B. Noris, H. Tavares and G. Verzini study the existence as well as the
orbital stability of normalized solutions of (NLS) on the unit ball with the Dirichlet
condition. The uniqueness of the positive solution of (NLS) (for a given \) plays a
big role in this work, which increases the difficulty of a generalization of the results
to other domains, where uniqueness is only rarely known.

The study of normalized solutions on bounded domains is futher developed in™
the articles [273, 274].

Let us also cite [269], which proves existence results of concentrated normalized
solutions. We will return to those in section IL.7.

Let us already signal that in section II.10, we will present a new method to
study normalized solutions on bounded domains, including in the mass-supercritical
regime. This is the subject of Chapter 3.

I1.6 Role of topological and metrical properties
of domains

The two most classical settings in which one may study an elliptic equation
such as (NLS) are bounded domains and the whole space RY.

On a smooth bounded domain 2 C R¥, there is some compactness in functional
spaces. Namely, the injection of H(€2) into L*(€2) is compact according to Rellich-
Kondrachov’s Theorem (see e.g. [85, Theorem 9.16]).

In contrast, we will consider hereunder the case of unbounded domains and to
the study of equation (NLSg) on noncompact metric graphs. In those cases, the
lack of compactness will be one of the challenges to overcome.

Hereunder, we will also mention other sources of noncompactness than those
of the domain. Thus, if  C RV is a domain in dimension N > 3, the injection of
HY(Q) into L* () is not compact, even if  is bounded (see 85, Corollary 9.14
and page 286, Remark 14]).

As we have seen at the beginning of the preceding section, the exponent 2* does
not only play a “technical” role and equation (NLS) does not posses any nonzero
solutions when p > 2* on star-shaped domains.

"Let us signal that the proof of the existence result presented in 273 does not show how
to check that the obtained Palais-Smale sequences are bounded. This was commented by the
authors, see |274, top of page 3] where this step is detailed.
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Now, let us formulate a few remarks.

« On graphs, we do not encounter compactness issues related to a critical Sobolev
exponent because graphs are one-dimensional.

o The critical Sobolev exponent naturally appears in some questions coming from
Riemannian geometry, for instance in the Yamabe problem [336] where one
asks if every manifold can be endowed with a Riemannian metric whose scalar
curvature is constant. The overview article [216] contains more information on
this problem, its history and its resolution.

o The reader interested in a more exhaustive presentation of various sources of
noncompactness that may appear in variational problems may refer to [310,
Chapter I11].

First of all, let us consider the most natural noncompact domain: the whole
Euclidean space.

I1.6.1 Entire solutions on RY

We sometimes say that solutions defined on RY are entire. The literature is very
vast (see e.g. the book [212]).

If we study an autonomous equation on RY, namely one of the form
—Au = f(u),

then the problem is invariant under translations, which allows to recover some
compactness as illustrated by the Lemma [219, Lemma 6] and its application™
in [86].

We will also use the translation invariance during our study of periodic graphs,
which will be presented in section I11.6.5.

The role of noncompact group actions in losses of compactness was substantially
clarified by the works of P.L. Lions on the principle of concentration-compactness
[224, 226, 227|. For an introduction to the subject and to its newer developments,
we refer to [217].

For autonomous equations on R, one can also look for radial solutions, which
also brings compactness, see e.g. [65, 299, 307].

The two aforementioned techniques (use of translations or search for radial
solutions) do not apply to non-autonomous equations of the form —Au = f(z,u).

This is for instance the case when a potential is present in the equation, like
for equations of the type —Au + V(z)u + A\u = |[ulP~2u.

Although the presence of the potential V' (x) makes the equation nonautonomous,
it can sometimes bring compactness to it, see e.g. [47].

"See also [157, Section 3], in which we found the reference [219).
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In this thesis, we will mostly focus on the role of the domain (and its boundary
conditions) and not on the equation.

Now, let us consider the “most simple” cases of noncompact domains which
are not RY: the half-spaces.

I11.6.2 The half-line and half-spaces

In dimension one, a half-space is simply a half-line, for instance [0, +00). On it, we
study solutions of the ODE, —u” 4+ Au = |u[P~2u which converge to 0 at infinity.

If we impose the Neumann boundary condition at x = 0 (namely «'(0) = 0),
we have seen in section I1.3.1 that the ODE has two nonzero solutions, which are
opposed and given by half-solitons ¢, (z)r+-

If we impose the Dirichlet boundary condition at = 0 (namely «(0) = 0), the
problem does not admit any nonzero solution (see Proposition C.2).

This shows that the boundary condition may play a crucial role.

As we will see in Chapter 2, the presence or not of Dirichlet vertices will be
important in the existence result of (nodal) action ground states on metric graphs.

More generally, we may consider a half-space in dimension N, for instance
H = [0, +00) x RV~1,

If we impose the Dirichlet boundary condition at the boundary of H, then the
Theorem (143, Theorem I.1] implies that (NLS) has no solution in H}(H).

The situation is very different if a non-homogeneous Dirichlet condition u = ¢
is imposed on the boundary of H. In this case, the number of solutions crucially
depends on the value of the constant ¢, see [150].

11.6.3 Domains with a richer geometry

The geometry of the domain plays a role in compactness questions, as we will see
in the following situations.

o The seminal papers by J.M. Coron and A. Bahri [36, 37, 111] show that,
on certain domains with a non-trivial topology (those which, intuitively, have
“holes”, see Figure 11.22), the equation (NLS) may admit solutions even when p
is equal to the critical Sobolev exponent™ 2*. Let us note that in the Sobolev-
supercritical case, the presence of a non-trivial topology does not always suffice
to obtain the existence of solutions, as proved by D. Passaseo [265].

">None of those domains is star-shaped due to the presence of holes. This explains why the
obstruction of existence of solutions to (NLS) obtained by Pohozaev does not apply.
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Figure I1.22: The “triple torus™”, a domain with non-trivial topology in R?

e The work of Bahri and Coron led to several later developments for domains
admitting “small holes” (see an illustration in dimension two in Figure 11.23).
Thus:

» V. Benci and G. Cerami [61, 63| show links between the domain topology
(in particular, notions related to the “number of holes”) and the multiplicity
of positive solutions of (NLS);

» O. Rey [287, 288] obtains multiplicity results in function of the number of
holes when p = 2%;

» A. Bahri, Y. Li and O. Rey [38] study concentration points of solutions in
a quasi Sobolev-critical regime;

= M. del Pino and J. Wei [276] show the existence of solutions for certain
p > 2% in such domains;

» O. Rey et A. Pistoia [278] construct solutions developing several peaks in
the regime p > 2%;

= ete.

Figure 11.23: A bounded domain with small holes in R?

"6Image from https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_torus_
illustration.png, public domain.


https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_torus_illustration.png
https://upload.wikimedia.org/wikipedia/commons/f/f0/Triple_torus_illustration.png
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« Several authors have studied solutions of (NLS) on ezterior domains (the open
sets in RY whose complement is compact). Let us mention, among others,
A. Bahri, V. Benci, G. Cerami, M. Clapp, P.L. Lions, R. Molle, D. Passaseo,
etc. Their works show that equations of (NLS)-type:

» may admit solutions if the “hole” is small enough (|62, Theorem B]) or in
the presence of certain potential terms (]40]);

» admit nodal solutions in the presence of enough symmetries ([100]);

» admit multiple solutions in function of the number of “holes” ([101]);

= etc.

Figure I1.24: An exterior domain””

« In [275], M.A. del Pino and P.L. Felmer consider domains of R? of the form

{(to) e R —f(t) <z < f(1)},
where f is a positive C* function on R converging to 0 at infinity.

Even though such domains are noncompact, the authors prove the existence
of positive solutions of (NLS) on these domains as well as on some of their
generalizations, including in dimension N > 3.

« R. Molle has studied in [243, 244] domains Q C RY such that neither Q nor
RN\ Q are bounded.

« M.J. Esteban and P.L. Lions obtain, in [143], non-existence results for nonzero
solutions on certain noncompact domains.

e etc.

“"Picture realized thanks to the TikZ library decorations.fractals, using explanations
from https://latex.org/forum/viewtopic.php?t=17902.


https://latex.org/forum/viewtopic.php?t=17902
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As illustrated by the aforementioned works, certain geometrical properties of
domains may, or may not, bring compactness. We will observe that the same
applies to metric graphs, which provide an excellent framework to study in more
depth this phenomenon.

I1.6.4 (Non-)existence of ground states on graphs with a
finite number of edges when 2 < p <6
First study on bridge-type graphs

First of all, let us present the article [16] in which R. Adami, E. Serra and P. Tilli
prove that there is no energy ground states when 2 < p < 6 on bridge-type graphs
such as the one represented in Figure I1.25 (another example is the double-bridge
represented by Figure I1.16 of page 95).

. R .
N

Figure I1.25: The triple-bridge

If the number of “bridges” between the two vertices is odd, the non-existence
result is based on a technique consisting in “unfolding” functions defined on graphs
in order to obtain functions on the real line. Using a comparison of levels between
the N-bridge and the (N — 1)-bridge, the general case follows (see the proof of |16,
Theorem 1.2]).

This shows that adding bounded edges to the real line can completely change
the situation. Indeed, on R, energy ground states exist for every mass while for
bridge-type graphs, they never exist!

The considerations mentioned above are greatly clarified and generalized in the
important article [19], “NLS ground states on graphs”, of the three authors cited
earlier.

In this article, the focus is put on the graph on which the equation is set and
Adami, Serra and Tilli aim to develop arguments applying to large classes of graphs.

Now, let us present several results from the article [19] and let us observe the
link between them and the works of this thesis.
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Decreasing rearrangement, number of preimages and hypothesis (H)

The real line and the half-line are two “extreme” cases, for which the level of
the energy ground state under the mass constraint is maximized or minimized, as
claimed by the theorem hereunder (obtained in [19, Theorem 2.2] for graphs with
finitely many edges, but true in full generality).

Theorem II.1 (|19, Theorem 2.2]). Let p € (2,6) and p > 0 be two real
numbers. If a metric graph G contains at least one half-line, then

inf Eg(u) < inf Er(u) = Er(¢,), (I1.11)

ueHL(G) T ueHL(R)

where QASH is the soliton of mass p (see Definition C.6). Moreover,”, we have

1 ~
i > i = — . .
LB Fau)> B oo () = 5 Fr(é) (IL12)

%Let us note that an energy ground state of mass p on [0, +00) is obtained by “cutting
¢2, in half at its maximum point” (see Proposition C.9).

Given the importance, in the two first chapters, of arguments used in the proof
of this theorem, we decided to present its main ideas.

Elements of the proof of Theorem II.1. The inequality (I1.11) can be easily proved.
Indeed, on every graph which has at least one half-line, we can consider “quasi
solitons ¢,”. More precisely, for every € > 0, there exists v. € H ;(g) such that

|, — ve||g < € and such that v, has its compact support included in a half-line
of G (see Figure 11.26).

g

©.¢)

Figure I1.26: A truncated soliton on a half-line

The inequality (I1.12) is based on an argument of decreasing rearrangement.
Given u € H}(G), we want to show that

E > inf Ei oo .
(U) - vEHil(l(),—Foo) [0+ )(U>

Up to replacing u by |u|, we may assume that u takes nonnegative values.
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Let us consider u* : [0,4+00) — R, the decreasing rearrangement of u. In
an intuitive way’®, this amounts to “cut the image of u into vertical slices” and
to replace them on a half-line, by decreasing order of height. This process is
represented in the figure hereunder.

N

Figure I1.27: A function u : G — [0, 400) and its decreasing rearrangement u*.

—
>

Thus, for every t > 0, we have™

Ao({z € G ul@) > t}) = Xe+ ({z € (0,1G]),u" (z) > t}). (I1.13)

According to (IL.13), we have [|u*||22(0,+00) = ||l 22(g) and ||u* || Lr(0,400) = [|©]Lr(g)-
Moreover, the Pdlya-Szegd inequality (Lemma B.25) claims that

1) | z2(0,400) < Nlu'llz2()- (I1.14)
Thus, we obtain

B(w) = 1! 3a) ~ -l
u) = 9 u LQ(g) D u LP(G)
1, . 1
2 5”(“ ) 1Z200400) — ];HuHﬁp(g)

> inf B a0 (v),
_UEHi%,+m) [0+ )(U)

which ends the proof of inequality (II.12). ]

In dimension one, it turns out that we may (under conditions) refine the Pdlya-
Szegd inequality (I1.14). More precisely, if a function u : G — [0, +00) is such that

s ({1)) = N (IL15)

for almost every ¢ in its image (where N > 1 is an integer), then its decreasing
rearrangement u* satisfies

(") [l 22 (0,400) < U 22(g)- (I1.16)

S5
In this way, we improved the Poélya-Szeqo inequality by a factor N thanks to the
hypothesis (11.15) on the number of preimages!

Some graphs are such that all positive continuous functions satisfy condition
(I1.15) with N = 2. This leads us to the following definition.
"Those heuristic explanations are based on |20, Section 5.1]. We refer to Appendix B for

rigorous definitions and the proofs of the announced properties.
™Where \g and Mg refer respectively to the Lebesgue measures on G and R, see Section A.3.
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Definition. A metric graph G satisfies assumption®™ (H) if, for every point
xy € G, there exist two injective curves 7v;,7 : [0, +00) — G parametrized by
arclength, having disjoint images except for an at most countable number of
points and such that 7, (0) = 72(0) = .

Ezample. Bridge-type graphs satisfy assumption (H). For instance, if z( lies on
the “top” edge of the graph, we may consider the two curves v, and 7, represented
in the figure hereunder:
Ty
71 /'.'\ Y2
00 <) 00

Similarly, if zy lies on the “left” half-line, we consider the curves ; and ~, as
follows:

o0 ® ©.¢)

The graphs which satisfy assumption (H) do not generally hold energy ground
states, as claimed by the following statement (see [19, Theorems 2.2, 2.3, 2.5]).

Theorem I1.2. Let p € (2,6) and p > 0 be two real numbers. If a metric
graph G satisfies (H), then

inf Eg(u)= inf FEgr(u) = Er(d,). (IL.17)

ueHL(G) u€HJ(R)

Moreover, the infimum
inf FEg(u
) g(u)
is not attained, which means that there are no energy ground states of mass p,
unless G is isometric to the real line or to a “tower of loops” graph, see Figures
11.28, 11.29 and 11.30.

o L 4 o0

Figure I1.28: A tower with one loop

80Called (H’) in [19]. It turns out that the assumption (H’) is equivalent to assumption (H),
see [19, Lemma 5.1] (which proves one of the implications of the equivalence).
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o @ (0. @]

Figure 11.29: A tower with two loops

©. 9] t o0

Figure I1.30: A tower of loops (general case)

Since bridge-type graphs satisfy assumption (H), the previous theorem allows
us to recover the non-existence results mentioned previously.

To conclude the presentation of [19], let us also signal that Adami, Serra and
Tilli study the T-graph (see example (a) from Figure I1.31 on the following page)
and show that it holds energy ground states for all values of the mass (see [19,
Theorems 2.6 and 2.7]). This result follows from the inequality

inf E < Er(d
e 7(u) R(Ou),

proved thanks to constructions based on rearrangement techniques and adapted
to the structure of the T-graph (see [19, Lemma 6.1]). Let us remark that the
T-graph does not satisfy assumption (H).

The study is continued in the paper 21|, where one can notably find the next
result (see [21, Theorem 3.3]).

Theorem I1.3. Let G be a metric graph made from a finite number of edges,
including at least one half-line. Let p € (2,6) and u > 0 be two real numbers.
If the inequality R

inf Eg(u) < Er(dp),

ueHL(G)

is satisfied, then there exists an energy ground state on G.
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The authors also prove, using constructions based on techniques such as the
decreasing rearrangement process, that some examples of graphs satisfying the
assumption of the previous Theorem I1.3 (see Figure I1.31).

o0 l o0 o0

(c) (d)

Figure I1.31: Examples of graphs admitting energy ground states.
(a) the T-graph; (b) the signpost; (c) the tadpole; (d) the 3-fork

For a presentation of the works of Adami, Serra and Tilli, we recommend the
overview articles [1, 20].

The different themes encountered up to now (comparisons with the line and the
half-line, rearrangement arguments, existence vs non-existence of ground states,
etc.) will also be at the heart of Chapters 1 and 2.

11.6.5 Periodic graphs

Among the simplest examples of periodic graphs are infinite grids such as the one
depicted in Figure 11.4 of page 78. Such grids (and some of their generalizations)
have been studied in [12, 13, 14].

Those works have highlighted the phenomenon of “dimensional crossover”. It
is expressed by the coexistence of one-dimensional phenomena, related to the local
structure of graphs, and of phenomena typical of higher dimensions, related to the
global structure of graphs.

For instance, the grid in Figure I1.4 is, in a certain sense, 2-dimensional. When
studying the existence of energy ground states on it, the critical exponent

4
Perit, N=1 ‘= 2+ I =06

plays a role, as can be expected. Remarkably, there appears a second particular
exponent, given by
4
Perit, N=2 ‘= 2+ 5 =4.

For a precise statement about the dimensional crossover, we refer for instance to
[14, Theorem 1.2]. The persistence of this phenomenon under perturbations of the
grid (that is, the erasing of some edges) is studied in [134].
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S. Dovetta has made several remarkable contributions to the study of periodic
graphs®!. Thus, in [125, Theorem 1.1}, he proves that all Z-periodic graphs® admit
an energy ground state when 2 < p < 6. The critical case is more complex and we
refer to [125, Theorems 1.2 and 1.3] for more information about it.

Remarque. The invariance of a periodic graph under the action of its group of
“translations” plays a big role in its compactness properties, as we will see in
section 2.5.1. Therein, we will prove that all periodic graphs possess an action
ground state for all p > 2 and all A > 0, which shows that action ground states
are not subject to the phenomenon of dimensional crossover.

I1.6.6 Other works

Many other works study problem (NLSg) and its variants (for a recent overview
of the literature, see [199]). They address:

 uniqueness and multiplicity of ground states (|131));

infinite trees ([130]);

problems with several sources of nonlinearity ([4, 77, 78, 271);

the mass-critical case p = 6 ([18, 272|);

o ctc.

11.6.7 Contributions to the subject developed in this thesis

As we have already mentioned, the two first chapters fit within the spirit of the
works of Adami, Serra and Tilli. Even though we will study the notions of action
ground state and nodal ground state but not the one of energy ground state, many
arguments are inspired by the results mentioned before. Thus,

o Theorem 2.3 adapts Theorem I1.3 to the study of action ground states (and
their nodal equivalents), under an “abstract” form allowing us to study various
families of graphs in a unified way. We apply this method to several classes
of graphs and obtain in particular the existence of action ground states for
the graphs represented in Figure 11.31. Regarding periodic graphs and infinite
trees, Theorems 2.7 and 2.8 fully characterize the cases where ground states
and nodal ground states exist;

« we introduce topological conditions generalizing assumption (H) and we show
that they imply non-existence of action ground states and of nodal ground
states (Theorem 2.6).

81For a more detailed presentation of periodic graphs, see the beginning of section 2.5.1 in
Chapter 2. We refer to |68, Definition 4.1.1] for a precise definition.

82Namely those made of copies of a compact graph “arranged in a line” (we refer to 125
for more details). Therefore, those graphs are both locally and globally uni-dimensional, which
explains why we do not observe a dimensional crossover phenomenon.
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11.6.8 Normalized solutions on noncompact graphs in the
case p > 6

To the best of our knowledge, the only®® work studying normalized solutions
of (NLSg) on noncompact graphs in the mass-supercritical regime is the one of
Dovetta, Jeanjean and Serra [128|.

Therein, the authors prove the existence of positive solutions, having a positive
energy, for graphs having a finite number of edges and to which are attached at
least one edge ending by a degree-one node (as for the 7-graph, see Figure 11.31 (a))
or a “signpost” (see Figure 11.31 (b)), assuming that the mass is small enough.

They also prove the existence of solutions of positive energy on periodic graphs,
assuming that the mass is large enough.

Those proofs use constructions based both on the mountain pass theorem and
the monotonicity trick (see sections I1.5.6 and I1.5.7), but also arguments specific
to noncompact metric graphs.

Thus, for graphs having a finite number of edges, the authors compare the
energy levels of functions defined on the graph with the energy levels of the soliton
and the half-soliton with the same mass (see [128, Section 3]), extending in a
certain way the approach used in the case 2 < p < 6. Nevertheless, the case p > 6
is much more delicate.

I1.7 Concentrated solutions

I1.7.1 Concentration in the regime A — +o00

The unique nonzero H' solution to the equation (NLS) on the real line, up to a
sign and up to translations, is the soliton

1
Ap\ P2 —2 =]
Orp(z) == <2p> cosh (p 5 )x%) : (I1.18)

as proved in Appendix C.

The expression above implies that:
o the L norm of the soliton converges to infinity as A — 4o00;

o for every real x # 0, we have ¢, , () P 0.
—+00

In Figure 11.32 hereunder, we observe that the solitons ¢, 3 “concentrate” as A
increases.

83Let us also signal the paper [31] (see the bottom of the page 114), but whose concerns are
different due to the presence of a potential term.
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Figure I1.32: A portion of solitons ¢/, 3, ¢13 and ¢4 3

More generally, some superlinear elliptic equations such as (NLS) may admit
concentrated solutions in the neighbourhood of a point of the domain in certain
asymptotic regimes.

This is a very active research theme. We refer the reader to [277] (see also [321,
Section 2.4]) for a broader overview.

Remark. Many existence results concerning concentrated solutions use the Lyapunov-
Schmidt reduction method. We will not present it here and refer to the exposition
article [277].

Nevertheless, let us signal that we will use this method in order to study (NLS)
in the regime p ~ 2. We will return to it in section II.11.

Now, let us present results about localized solutions on edges of a graph. They
generalize the phenomena observed on the real line.

I1.7.2 Solutions localized on edges of a graph

A computation based on the expression (II.18) shows that the L? mass of the

soliton ¢, , is given by
6

—p
[oanllze = AT [|d1p]|72.

Thus, in the mass-subcritical regime 2 < p < 6, considering a soliton associated
with a large value of A is equivalent to consider a soliton whose mass is large.
Moreover, a “sufficiently long” bounded edge may host functions which are “very
close” to a given soliton.
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This leads to three different regimes in which one may find localized solutions:

(A = 400) given p € (2, 4+00), searching for solutions (for a fixed A) to (NLSg) and
making A tend to 4-o00;

(1 — 400) given p € (2,6), searching for normalized solutions of mass p (where,
this time, A is not fixed) to (NLSg) and letting p tend to +o0;

(. — +00) given p € (2,400), searching for solutions (for a fixed A) to (NLSg)
which are “localized on an edge” of length ¢ and making ¢ tend to +o0.

In the literature, there also exist three rather different approaches to prove the
existence of solutions localized on an edge of a graph:

(Var) a variational method, consisting in searching solutions as local minima of
the energy functional under the mass constraint or local minima of the
action functional on the Nehari manifold;

(L-S) the Lyapunov-Schmidt method, which allows us to prove the existence of
concentrated solutions for partial differential equations and which may be
transposed to graphs, taking into account their local structure;

(ODE) a method based on ODE techniques, in particular an analysis of the period
function (in the case p = 4).

Let us summarize the articles which study concentrated solutions on graphs in
the following table (see also [199, Sections 5 and 6]).

Regime Method |y (L-S) | (ODE)
(A — +o0) | [211, 302] | [103, 127] | ]
- (p—=4o0) | Q7 | []70,200] |
. (= +4o0) | Chapter 1 ]

Remark. In [211, 302, K. Kurata and M. Shibata consider the ¢ — 0% limit for
the problem

—*u” +u = [ufP 2.

Nevertheless, the change of variables v := e»=2u transforms this equation into
—" + e = |v|P 2,

for which the ¢ — 0% limit is of the “A — +00” type.

In the articles [103, 127], it is manifest that the local structure of graphs plays
a role. Thus, the parities of the degrees of nodes play a role in the results of [103].
This makes sense: if we “zoom” around a degree-D node, we observe a D-star
graph. The description of solutions on such a star depends on the parity of D, as
we have seen in section I1.3.1.
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To conclude our discussion about localized solutions on an edge of a graph, let
us present the result proved in Chapter 1.

Given a bounded edge e of a graph G, we define the set

X, :={ue H'(G) | |[ullz~@ = lullew}-
For every real number A > 0, we consider the level

Jg.e(A) = inf  Jy(u), (I1.19)

ueN(G)NXe

corresponding to a doubly-constrained minimization problem.
The result obtained is the following (in a slightly simplified form, see Theorems
1.12 and 1.13 for more precise statements).

Theorem I1.4. Let p > 2 and A > 2 be two real numbers. If G is a metric
graph with a finite number of edges satisfying assumption (H). If e is a long
enough bounded edge of G (where the length threshold depends on A and p),
then the minimization problem (11.19) admits a minimum u € Ny(G) N X..
Moreover, u is a constant sign solution to (NLSg) and we have

ul| Lo (e) > llull Lo (G\e)- (I1.20)

Remark. The inequality (I1.20) traduces, in this case, the fact that the solution u
is “localized” on edge e: the absolue value of u atteins its maximum in e, and in
e only.

Finally, let us remark that several constructions of localized solutions (whether
on graphs or on higher dimensional domains) apply even when the domain is not
compact. It is not surprising that those results “support the noncompactness of
the domain relatively well” because their constructions are local by nature.

Those considerations will help greatly in Chapter 1. Indeed, constructions of
concentrated solutions will allow us to prove existence of sequences of solutions on
noncompact domains.

II.8 Problems with localized nonlinearity

I1.8.1 Definitions and motivations

Let us consider metric graphs having finitely many edges and vertices, including at
least one bounded edge and at least one half-line. The class of such graphs is rich,
see e.g. the graph depicted in Figure I1.2 or the examples of noncompact graphs of
section 11.3.4.
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If G is a metric graph with a finite number of edges and vertices, its compact
core®* K is defined as the subset of G made of all bounded edges of G (see e.g. [21,
297]).

Let us consider the following problem.

—u” 4+ M = k(z)|ulP"2u  on every edge e of the graph G,

u is continuous at every vertex v of G, (NLSSC)
du

> (v) =0 at every vertex v of G,

e-v dxe

where k is the characteristic function of the compact core K of G. In other words,
k(z) is equal to 1 if x belongs to K, and to 0 otherwise.

The localization of the monlinearity is due to the presence of k. Thus, on
half-lines of the graph, the equation simply becomes

—u"+ A =0 (I1.21)

and is linear. We observe that when A < 0, none of the nonzero solutions to the
ODE (I1.21) converges to 0 at infinity. Thus, if a solution u € L*(G) of problem
(NLSgS®) exists, it is necessarily identically zero on half-lines, which means that
its support is included in the compact core.*®> When A > 0, only the multiples of
eV gatisfy the equation (I1.21) as well as the condition at infinity.

Regarding (NLSlgOC), even though one may define an action functional and the
associated Nehari manifold, the literature focuses mainly on normalized solutions.
Proceeding as for the “classical” normalized solutions, we show that solutions to
the problem with a fixed L? norm are critical points of the energy Ey,. : H'(G) — R
defined by

1 1
Broo (1) := 7/ /|? dir — f/ lul? dz,
2Jg pJK
under the mass constraint
[ Juf? de =,
g
for a certain p > 0 (see e.g. [297, Proposition 2.3]). As in section II.5, the value

of the mass p is prescribed whereas \, which appears as a Lagrange multiplier, is
let free.

84This definition makes sense and may be relevant for graphs having an infinite number of
edges. Nevertheless, in the general case, this set is not necessarily compact and we will call it B
to recall that it is the set of bounded edges of the graph (see in particular Theorems 2.27 and
2.29 in Chapter 2).

85Tf the maximum principle implies that there are no positive solutions of this type, there may
exist nodal solutions with A < 0, see [298, Theorem 4.2 and Remark 4.6] as well as the discussion
at the level of Figure 4.1 in Chapter 4.
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The article [166] (see also discussions in [255, page 18] and [322, Section 1,
Introduction]) details the interest from the physical point of view to study models
where differential equations are given by —u” + Au = c.|u|?u, where the constant
c. may depend on edges and may vanish on some of them (see [166, Equation (2)]).
We may for instance think of a network made of different optical fibers, not all
leading to the same nonlinear effects, some of them may not even possess any at
all. The richness of the model lies in the interaction between the nonlinearity and
the diffusion (“scattering”).

Finally, let us mention the overview article [80], devoted to the study of problem
(NLSg) as well as generalizations of this problem for the Dirac equation.

I1.8.2 Works in the L*-subcritical (2 < p < 6) and L?-critical
regimes (p = 6)

The existence and non-existence questions concerning energy ground states for
(NLSlgOC) have been treated in [322]. Remarkably, the exponent p = 4 plays a role
of “critical exponent” in those results (see |322, Theorem 3.3 and Theorem 3.4]).
It does not have any equivalent for standard problems where the nonlinearity is
not localized.

In [297], an arbitrary multiplicity result for normalized solutions of (NLSS) is
obtained using a method based on the parity of functional Ej,. (i.e. on the equality
Eroc(1) = Eipe(—u)). It uses elements from genus theory (see e.g.[284, Chapters 7
and 8]) and was already used in [124] to obtain a multiplicity result on compact
graphs.

The article [298] specifies the role played by the exponent p = 4 and by the
properties of the graph (both metrical ones and topological ones) in the existence
and non-existence results of energy ground states for (NLSlgoc).

Notably, the works of Serra and Tentarelli imply that (see [298, Theorem 1.1]):

o if p € (2,4), then for all g > 0, the problem (NLSIQOC) admits an energy ground
state of mass u;

e if p € (2,6), then for all x large enough, the problem (NLSS®) admits many
solutions of mass y;

e if p € [4,6), then for all u large enough, the problem (NLS$) admits an energy
ground state of mass p;

e if p € [4,6), then for all ; small enough, the problem (NLSS®) does not admit
any energy ground state of mass pu.

Finally, let us mention that the articles [132, 133 treat the critical case (p = 6).
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It appears that the problem with a localized nonlinearity is a kind of “hybrid”
between the compact case and the noncompact case. In particular, thanks to the
localization of the nonlinearity, Fj,. has compactness properties that the functional

1 1
E(u) = 5/ /|? da — f/ lul? de,
g pbJg

does not possess. Thus, in [297, Proposition 4.4], the authors prove that Ej,.
satisfies the Palais-Smale condition for negative energy levels.

I1.8.3 Works in the L-supercritical regime (6 < p)

When p > 6, the functional Ej,. is not bounded from below on the mass constraint,
but possesses a mountain pass geometry on it. This allows us to search a solution
as a saddle point of the functional under the constraint.

In [82], the authors adapt their method developed in [102] to the case of a
non-compact graph with localized nonlinearity. Thus, they obtain the existence
of a positive normalized solution for every mass. To do so, they use a result
implying the existence of bounded Palais-Smale sequences with information on
the approximate Morse index (see section 11.5.7) as well as a blow-up analysis
devoted to the study of the behaviour of solutions when A converges to infinity.

In Chapter 4 we show that, for every mass p > 0, (NLSIQOC) possesses infinitely
many normalized solutions (which are not necessarily positive). To do so, we use
[81, Theorem 1.12], an existence result of bounded Palais-Smale sequences with
information on the approximate Morse index.

I1.9 Solutions vanishing identically on edges

As observed in the example of the tadpole graph in section I1.3.4, there is in
general no unique continuation principle®®®" on metric graphs. This phenomenon
also manifests itself in spectral problems where one may encounter eigenfunctions
vanishing identically on edges. We will come back to this in Chapter 5.

In Chapter 2, we show that nodal ground states may vanish identically on edges
of graphs and that their nodal sets may be very rich.

The possible presence of compactly supported solutions to (NLSg) (which may
exist even when A < 0) on noncompact graphs, will pose a few technical difficulties
for us in Chapter 4.

86T et us recall that a unique continuation principle for a partial differential equation claims
that, if a solution of the equation vanishes identically on a sub-domain, then it vanishes identically
on the whole domain. This principle applies to the elliptic equation (NLS), we refer to 286,
Theorem XIII.63] for a precise statement.

8TWe thank Matthias Taufer for his seminar on quantitative unique continuation principles
given at UPHF and for sending references for control problems on graphs.
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Finally, let us mention that there exists a mazimum principle on graphs (see
Appendix D). Thus, even if problems on graphs may hold surprises with regard to
nodal solutions, we will be able to use the fact that a nonzero nonnegative solution
to (NLSg) is positive.

I1.10 Solutions of equations versus minimizers of
constrained problems

I1.10.1 Different types of solutions to (NLS)

In the preceding sections, we have encountered most notions hereunder, relative
to the solutions to (NLS) (for instance on a domain 2 with the Dirichlet boundary
condition). Now, let us summarize them and examine the relationships between
them.

Given a function v € H}(2) \ {0}, we say that u is:

1. an action ground state if u belongs to the Nehari manifold Ay and minimizes
the action functional .J, among functions of Nj;

2. a minimal action solution if u is a solution of (NLS) which minimizes the
action functional J, among nonzero solutions of (NLS);

3. a nodal ground state if u belongs to the nodal Nehari set A7°? and minimizes
the action functional Jy among functions of NJ0¢;

4. a minimal action nodal solution if u is a nodal solution of (NLS) which
minimizes the action functional J, among nodal solutions of (NLS);

5. an energy ground state having (prescribed) mass p > 0 if u has mass p and
minimizes the energy functional £ among functions of mass y;

6. a minimal energy solution of mass pu > 0 if u is a solution of (NLS) for a
certain A € R, which has mass p, and which minimizes the energy functional
E among solutions of (NLS) having mass p (where A € R is not fixed and
may vary between two solutions having same mass);

7. a minimal energy nodal solution having mass p > 0 if u is a nodal solution
of (NLS) for a certain A € R, which has mass p, and which minimizes the
energy functional £ among nodal solutions of (NLS) having mass u (where
A € R is not fixed).
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The minimization problems allow to find solutions to (NLS). Thus, when they
exist (for instance when € is bounded), action ground states, nodal ground states
and energy ground states having mass p are respectively minimal action solutions,
minimal action nodal solutions and minimal energy solutions of mass .

Several questions arise.

(Ql) What happens when working on noncompact domains, in which case the
minimization problems do not necessarily possess solutions?

(Q2) What is the relation between minimal action solutions and minimal energy
solutions?

(Q3) How to prove existence of normalized solutions in the mass-supercritical
regime, in which case energy ground states do not exist?

(Q4) How to find nodal normalized solutions?

All those questions will be tackled in the following sections.

11.10.2 Action ground states vs minimal action solutions

In this section, we will study question (Q1) by examining the link between action
ground states and minimal action solutions. To do so, let us use a noncompact
metric graph G as domain®®.

We define the action level

A= inf J .
Jg(\) R A(u)

We also define the set
S\(G) = {u € H'(G)\ {0} ’ u is a solution of (NLSg)}

and the action level
A) = inf  Jy(uw).
0g(A) = inf  Ja(u)
Let us remark that an action ground state is a function u € N, (G) such that

Ja(u) = Jg(A) and that a minimal action solution is a function u € §,(G) such
that J)\(U) = Og(/\).

The reasons leading to consider notions of action ground state and of minimal
action solution are different.

88The reason for which it is beneficial to work on graphs and not on open sets of RY will be
clarified later.
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In the first case, we are interested in the level Jg(\) and we try to prove that
the infimum is attained by showing that there exists a minimal action function
among all functions of Nx(G).

In the second case, one wonders whether among solutions of (NLSg), there
is one having minimal action. Let us remark that there may be many functions
whose action is lower than og()\) in N,(G), none of them being a solution of
problem (NLSg) if J5()) is not attained. Even if S$)(G) is a much smaller set than
N, (G), there might not exist any function in 8,(G) attaining og(\).

Four situations may occur.

A1) Jg(A) = og(A) and both levels are attained;

A2) Jg(A) = og(A) and they are not attained;

B1) Jg(\) < ag(N), og(A) is attained but Jg(A) is not;
B2) Jg(\) < og(\) and neither is attained.

One might wonder if those four situations are indeed possible. In order to prove
it, we must, for every case among A1-B2, produce an example of graph G having
the prescribed behavior.

Let us remark that in cases A2 and B2, the level 0,(G) is not attained, which
requires the problem to admit an infinite number of solutions having different
levels.

In Chapter 1, we construct graphs realizing the four cases among A1-B2 for
NLSg), showing a richness in the possible behaviors.
g

Working on graphs turns out to be particularly convenient to study the links
between the notions of action ground state and of minimal action solution. Indeed,
it is possible to construct solutions localized on edges (see section I1.7) and to
control their action levels using rearrangement arguments (see Appendix B).

Remark. In a certain way, we are doing proof theory here. Indeed, since there
exist graphs realizing A1-B2, this shows that it is not possible to exclude those
phenomena at an “abstract” level®®

Moreover, it is expected that there exist domains in RY realizing A1-B2 but,
to this day, it remains an open problem.

89Somewhat like the existence of models of hyperbolic geometry shows that it is not possible
to deduce the parallel postulate from the four other Euclid’s postulates, see the book [324] (in
particular Chapter 7) and the site https://mathshistory.st-andrews.ac.uk/HistTopics/
Non-Euclidean_geometry thanks to which we discovered the previous reference.
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11.10.3 Action ground states vs energy ground states

In [129], Dovetta, Serra and Tilli study the links between action ground states and
energy ground states. Even if those two notions of “ground states” are classical to
find solutions of (NLS), the relation between them had never been studied under
this angle before the publication of their article.

The results of [129] are more general but here we will state them by considering
equation (NLS) set on a bounded domain 2 C RY with the Dirichlet condition.

Let p € (2,24 +). For all A € R, we consider the Nehari manifold
Ny 1= € B@) | 190l + Aoy = Nl
and for all u > 0, we consider the set
M= {u € HYQ) | [l = 21}

associated to the mass constraint™ .

Action ground states are functions u € N, such that Jy(u) = J(\), where
J(A) = vlel}\% Jr(v).

Similarly, energy ground states having mass p are the functions u € M, such that
E(u) = &(u), where
= inf E(v).
E(p) = Inf E(v)

In [129, Theorem 1.2], the authors show that —&(u) is the Legendre-Fenchel
transform of J(A), which means that for all © > 0, there holds

E(n) = mE(T(N) = ). (I1.22)

Another striking result of the article claims that, if u € M, is an energy ground
state having mass p and Lagrange multiplier A, then u is also an action ground
state in NV (see [129, Theorem 1.3] for a more complete statement).

The paper [129] does not aim to obtain new results on the existence of solutions.
For that matter, the authors suppose a priori that action ground states and energy
ground states exist (see [129, Assumption Al).

We will show that this is not necessary: to obtain normalized solutions, it
suffices to assume that action ground states exist and to use the “bridge” (I11.22)
between action and energy levels. This approach, which will be carried out in
Chapter 3, is precised in the following section.

9Let us signal that u verifies here equality Hu||2L2(Q) = 2u and not equality HUH%Z(Q) = u as
in section I1.5. The use of different normalization conventions aims to avoid the appearance of
constants in duality results.
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11.10.4 The method of Chapter 3
The philosophy of the method is the following.

Finding (nodal) normalized solutions to (NLS)
by studying the masses of (nodal) action ground states.

On a bounded domain 2 C R¥ action ground states exist for all A > —v;(2)
and for all p € (2,2*) where 7,(Q2) is the first eigenvalue of the Laplacian on ()
with the Dirichlet boundary condition (see e.g.[35, Section 2.3.2]).

Similarly, nodal ground states exist for all A > —~,(€2) and for all p € (2,2%),
72(€2) being the second eigenvalue of the Laplacian on H}(€). In this case, the
existence results are more delicate than those of action ground states. When
A > —71(Q), the existence of nodal ground states may be proved using the direct
method of calculus of variations (see e.g. [93] or [318, Theorem 18]). Concerning
the case A € (—72(2), —71(Q2)], it was treated by T. Bartsch and T. Weth in [53],
assuming that the boundary of € is C*°. We will see in Chapter 3 that we will be
able to get rid of regularity assumptions on ).

Let us consider the action levels®!

JN) = lel}\; Ja(v) and  J™4N):= inf Jy(v).

d
vEN}\w

We then show (under certain hypotheses) that, given u, € (0, 400), the real
function f,, : R — R defined by

fue(A) = T (A) = pad

admits a (local) minimum. It turns out that the corresponding action ground state
is a normalized solution having mass fi,.

Moreover, in the mass-subcritical regime, or assuming that €2 is star-shaped,
one may show that the obtained solution has minimal energy.

Analogously, we show that the function fﬁfd : R — R defined by
nod R nod
admits a minimum, corresponding to a normalized nodal solution having mass fi..

The big difference between this method and the results presented in 11.10.3 is
to use the link between the energy and the action as a starting point and not as a
consequence. In a certain sense, we obtain normalized solutions by duality®*.

91We show that J(\) = 0 when A\ < —7;() and that J"°¢(\) = 0 when A < —72(Q) (see
Proposition 3.11). Thus, J and J nod are continuous functions defined on R.

92This is reminiscent of the relationship between the Lagrangian and Hamiltonian approaches
in classical mechanics, see e.g.[33, Sections 14 and 15] or [306, Section 3.2].
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The approach we have just presented allows us to provide some answers to
questions (Q2), (Q3) and (Q4) from section 11.10.1, namely:

« clarifying the relationship between minimal action solutions and normalized
minimal energy solutions;

« finding normalized solutions in the mass-supercritical regime, even when the
domain (2 is not star-shaped. In the star-shaped case, it is further shown that
the obtained normalized solutions have minimal energy;

o find normalized nodal solutions having two nodal zones”?.

To the best of our knowledge, there does not exist any minimization problem
corresponding to minimal energy normalized nodal solutions®. The method of
Chapter 3 is thus the first variational method which allows to find them.

In this thesis, we apply this approach to the study of equation (NLS) with the
Dirichlet boundary condition on bounded domains of RY.

11.10.5 Minimizing sequences, Palais-Smale sequences or
sequences of solutions?

In our proofs, we will use different types of sequences in order to obtain solutions
by taking weak limits. Thus, we will consider:

e minimizing sequences, for instance in the proof of the result showing existence
of concentrated solutions (Theorem 1.12);

o sequences of solutions on truncated domains, for instance in the proof of the
“abstract” theorem of Chapter 2 (Theorem 2.3);

« Palais-Smale sequences, after using the “monotonicity trick”, see section 4.5;

(13l

» sequences of solutions for perturbed problems when we let the parameter “p
of the monotonicity trick approach 1, see section 4.6.

In practice, the kind of sequence to consider depends greatly on the situation,
the various notions having their advantages and drawbacks.

For instance, if (uy,), C N, is a minimizing sequence for inf,epy, Jx(v), then so
is the sequence of absolute values (|u,|), € N, (since |u,| belongs to N, and we
have Jy(|un|) = Ja(uy)). In other words, we may assume without loss of generality
that we work with a sequence of positive functions.

The situation is different for a sequence of solutions: if u is a nodal solution,
then the equality Jy(|u|) = Jy(u) still holds, but |u| in general is not a solution of
the problem.

93 A nodal zone being a connected component of the set {x € Q | u(x) # 0}.
94Tn other words, there is no notion of “nodal energy ground state”.
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I1.11 Weakly superlinear regime (p ~ 2)
I1.11.1 Presentation

When p > 2 is close to 2, the differential equation in (NLSg) becomes “almost
linear”. Thus, we expect to be able to link its solutions to the eigenfunctions of
the spectral problem (Specg):

—u” 4+ A =~u on every edge e of the graph G,

u is continuous at every vertex v of G,

Zdu

e-v dl’e

(v) =0 at every vertex v of G.

The study of this “weakly superlinear” regime will be realized in Chapter 5.

One of the main motivations to study the weakly superlinear regime is to obtain
uniqueness results for certain classes of solutions (such as positive solutions, action
ground states, nodal ground states). In order to put the results we will obtain on
graphs into perspective, we believe it is useful to present the works devoted to the
study of the uniqueness of solutions to (NLS).

I1.11.2 Uniqueness of solutions to (NLS) on RY and on balls

Let us present the existing works on RY and on balls B(0, R) with the Dirichlet
boundary condition.

Positive solutions on radially symmetric domains

The typical strategy to prove the uniqueness of the positive solution to (NLS) on
a ball or on RY consists in two steps.

1. Showing that the solution is radially symmetric®®, which means that there
exists a real function U such that, for all z, u(x) = U(]z|). Nowadays, this
step is rather well understood thanks to the so-called moving plane argument,
see the seminal paper [161] by B. Gidas, W.M. Ni and L. Nirenberg.

2. Showing that the differential equation
—0p U — %&U%— \U = |U|P2U (ODEy)

obtained by writing (NLS) in polar coordinates?® admits a unique positive

solution (satisfying suitable boundary conditions, for instance U’(0) = 0 and
U(R) = 0 if the domain is the ball B(0, R)).

91In the case of R, one shows that the solution is radial up to translation. The positive
solution will be unique only up to translation as well.
9%That is, by taking r := |z|.
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In summary, here is the approach to follow.

Positive solution | Moving | Positive radial ODE | Unique positive
to (NLS) plane | solution to (NLS) | 4547ysis | solution to (ODEy)

Figure I1.33: Approach to prove the uniqueness of the positive solution to (NLS)
on a radially symmetric domain.

Regarding the analysis of (ODEy ), let us mention:
o the pioneering work of C.V. Coffman [106];

o the famous paper by M.K. Kwong [213] proving the uniqueness of the positive
solution for all dimensions and for all values of the exponent p;

o the paper [236] of K. McLeod which generalizes and simplifies Kwong’s proof;

o the references [319, Appendix B] and [157, Section 5] where one may learn the
proof techniques used in the aforementioned works;

o the paper [105] by C.B. Clemons and C.K.R.T. Jones for a more geometrical
approach as well as the more recent works by B.L. Maultsby [232].

Let us signal that knowing that solutions are radial is an essential starting
point of all those methods.

Nodal radial solutions

Regarding nodal solutions, the moving plane argument does not apply anymore
and some solutions may be nonradial®’.

Nevertheless, let us focus on radial solutions whose classification is given by
the following conjecture (see [177, Sections 19.3 and 19.6]).

Conjecture. For every nonnegative integer k, there exists a unique solution
U to (ODEy) such that U(0) > 0 and such that U has ezactly k roots and

converges to 0 as r — +00.

Regarding the existence of those solutions, it is known that for all nonnegative
integers k, there exists at least one solution to (ODEy) having k roots and which
converges to 0 as r — +oo (see [237] for a proof using differential equations and
[54] for a variational proof).

Regarding their uniqueness, the conjecture is open for most values of p and N
(even when k = 1). A computer-assisted proof”® was carried out by A. Cohen,
Z. Li and W. Schlag [107] when p =4, N = 3 and k < 20. It requires to perform
computations of solutions to differential equations using interval arithmetic, for
fixed p, N and k.

9There even exist solutions to (NLS) without any symmetry, see for instance [30] for such a
construction on R2.
98We will come back to computer-assisted proofs in section II.11.5.
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Thus, uniqueness results for nonlinear problems are generally quite delicate to
obtain. Moreover, contrarily to the existence results, the uniqueness ones typically
do not use variational methods.””

I1.11.3 Uniqueness and symmetries in the p ~ 2 regime

One of the goals of Chapter 5 is the following.

Studying uniqueness and symmetries of solutions to (NLSg) when p ~ 2.

We will carry out this approach on compact graphs.

To this end, we will use a Lyapunov-Schmidt reduction method adapted to the
asymptotic regime p — 2.

In particular, we will obtain the uniqueness of the positive solution to (NLSg)
when p is close enough to 2 (Theorem 5.9). Let us signal that this result is not
specific to graphs. Thus, it is shown on arbitrary domains'® Q c RY bounded
and with a C* boundary (see [117, Lemma 1]).

Regarding nodal solutions, we will study the asymptotic behavior of nodal
ground states when p — 2. An analogous study on bounded domains of RY was
performed by D. Bonheure, V. Bouchez, C. Grumiau and J. Van Schaftingen in
[74]. It also applies on graphs. It shows that eigenfunctions corresponding to
limit points to sequences of nodal ground states when p — 2 belong to the second
eigenspace Fy and minimize a reduced functional on a reduced Nehari manifold.
As for the uniqueness of the positive solution when p ~ 2, we will not observe any
difference between domains and graphs at the level of the “abstract” theory.

A phenomenon specific to graphs will nevertheless manifest itself during our
study: the possible presence of solutions vanishing identically on edges, presented
in section I1.9. This will cause some “technical” problems (caused by a lack of
regularity) and we will not be able to study those solutions thanks to the Lyapunov-
Schmidt method.

We are thus led to investigate this phenomenon further.
Thus, for compact star graphs, we will present conditions on the lengths of
edges for which nodal ground states vanish identically on edges.

991t is nevertheless natural to try to obtain uniqueness results by keeping the variational point
of view. A work following this philosophy is |75].

100T et us remark that the uniqueness of positive solutions is not necessarily verified for all
p € (2,2%) on any domain {2, see e.g.[118].
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II.11.4 The tetrahedron graph, a rich example
The last section of Chapter 5 is devoted to the study of the “tetrahedron graph”.

U3

) U2
Vo

U1

Figure I1.34: The tetrahedron graph, a graph made of four vertices and six edges
having same length.

This example is interesting in several respects. Thus, even though it only
possesses four vertices, its symmetry group is particularly rich. This will provide
eigenspaces of dimension higher than 1 as well as the presence of critical points
associated to the symmetries (through the principle of symmetric criticality™®").

Moreover, we will see that, even though there exist eigenfunctions vanishing
identically on some edges in the eigenspace Fs, nodal ground states do not vanish
identically on any edges when p is close enough to 2. In order to prove this, we will
need to study the minimization problem of the reduced functional on the reduced
Nehari manifold (see section 5.2.5 for definitions). This problem turns out to be
quite difficult to treat'%” “by hand”. Thus, we have resorted to a computer-assisted

proof.

I1.11.5 Computer-assisted proofs

Numerical errors

Numerical computations involving floating point numbers'® lead to errors (“round-
off errors”) due to the fact that machines can only manipulate a finite number of
digits.

Thus, in the language Python3, the result returned by math.sin(math.pi) is
1.2246467991473532e-16 and not 0. Those errors may cause serious problems,
sometimes spectacular (see [248, Section 1.3]).

101Gee the paper [261] by R.S. Palais.

102This is also the case for equivalent problems on domains of RV, see [294] for the study of
the reduced functional associated to the p — 2 limit on the square (0,1)2.

103The most commonly used implementation for representing digitally “continuous” values, see
(248, Section 2.1] for precise definitions.
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Consequently, a question naturally arises: how to obtain rigorous proofs relying
on numerical computations performed by a computer?

Interval arithmetic!%*

The basic idea of interval arithmetic is very simple: replacing numbers by intervals
in such a way that the result of an operation belongs to the returned interval.

Let us illustrate this by going back to the computation of sin(7).
If we use the “mpmath” library!®® in Python3, the result of iv.pi is

mpi('3.1415926535897931 ", '3.1415926535897936"')
which means that
3.1415926535897931 < 7 < 3.1415926535897936.
Moreover, the result of iv.sin(iv.pi) is
mpi (' -3.2162452993532732e-16", '1.2246467991473532¢-16")
which means that
—3.2162452993532732 - 107'% < sin(7) < 1.2246467991473532 - 1071,

Such rigorous controls on values may be obtained using computations involving
only “a finite number of digits”, thus implementable on a computer. Nevertheless,
interval arithmetic has its limits.

o It may allow to prove that some values are nonzero, but it cannot prove that
some values are equal to zero. For instance, evaluating iv.sin(1.) returns
mpi('0.8414709848078965"','0.84147098480789662"'), which implies that
sin(1) # 0. However, the results give | sin(7)| < 10715, but we cannot guarantee
that sin(7) = 0.

o If areturned interval is “too big”, it is valid but useless. In this way, iv.sin(x)
could return [-1, 1] regardless of the value of x, but this bound is useless. In
practice, we will seek to obtain “sufficiently small” intervals.

Among applications of interval arithmetic in analysis, let us mention the study
of the ground state of a quantum system involving a Thomas-Fermi potential by
C.L. Fefferman and L.A. Seco (see [148, 149]) or the one of the Lorenz strange
attractor by W. Tucker [107]. We may also refer to the book [249] devoted to the
use of computer-assisted proofs in analysis.

104 Many thanks to Prof. Christophe Troestler for his course on interval arithmetic given at
UPHF and for its application to the study of the tetrahedron graph.

105Gee in particular the module iv, devoted to interval arithmetic at https://www.mpmath.
org/doc/1.0.0/contexts.html.
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I1.12 Main results of the thesis

The goal of this section is twofold. One the one hand, we will underline the
interest in studying problems on metric graphs, that we could summarize in the
following way.

Metric graphs allow to study problems in dimension one
in a much richer class of domains that the one of real intervals.

On the other hand, we will highlight the main results of the chapters, from the
author’s point of view.

Chapter 1 corresponds to an article that has been published in the journal
“Calculus of Variations and Partial Differential Equations”, written jointly with
Colette De Coster, Simone Dovetta and Enrico Serra (see [120]).

Therein, we prove a result showing ezistence of concentrated solutions to (NLSg)
(see Theorems 1.12 and 1.13). Thanks to it, we are able to answer the questions
posed in section 11.10.2.

Thus, we compare the two action levels Jg(\) and og(\) defined by

A= inf J d A= inf J
Jg(\) R au) and  og(N) Lanfe A(u)

where S§,(G) is the set of nonzero solutions to (NLSg) and N, (G) is the Nehari
manifold. We say that one of those levels is attained if the corresponding infimum
is a minimum. If Jg()\) is attained, then action ground states exist. If og(A) is
attained, then minimal action solutions exist.

The following result shows that many relations may exist between those two
levels (see Theorem 1.3).

Theorem. Given two real numbers p > 2 and A > 0, there exist four metric
graphs Gy, Ga, G3 and Gy (depending on p and \) such that:

A1) Jg,(N) = og,(N) and both levels are attained;

A2) Jg,(N) = 0g,(\) and they are not attained;

B1) Jg,(N\) < agy(N), 0g,(N) is attained but not Jg,(N);
B2) Jg,(A\) < 0g,(\) and none of those levels is attained.

The precise version of the Polyd-Szeqd inequality 'S, specific to dimension one,
allows to prove the existence result of localized solutions and to control action

levels of the different solutions.

106See Theorem B.23.
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Chapter 2 corresponds to a joint preprint with Colette De Coster, Simone
Dovetta, Enrico Serra and Christophe Troestler (see [121]). Therein:

o we prove “abstract” existence results for action ground states and nodal ground
states, in function of a “level at infinity” (Theorem 2.3);

« we introduce topological conditions generalizing “assumption (H)” and we show
that they imply non-ezistence of action ground states and of nodal ground states
(Theorem 2.6);

« we characterize the cases where ground states and nodal ground states exist
on periodic graphs and infinite trees (Theorems 2.7 and 2.8);

o we show a big richness in the nodal zones of nodal ground states on graphs
(Theorem 2.9).

Let us precise the last point thanks to the following statement.

Theorem. For all integers k > 0, m > 2 and n > 0, there exists a metric
graph G and a nodal ground state u on G such that the nodal set u=({0}) is
the union of k isolated points, m half-lines and n bounded edges.

During our study, metric graphs permitted to experiment with various sources
of non-compactness (graphs with finitely many edges and half-lines, periodic graphs,
infinite trees, etc.). Asin Chapter 1, the precised Polya-Szegd inequality plays a big
role, notably in the use of topological hypotheses on the domain. The existence of
nodal ground states for (NLSg) which vanish identically on edges is a phenomenon
specific to the graph setting.

Results of Chapter 3 come as well from a collaboration with Colette De Coster,
Simone Dovetta and Enrico Serra.

We develop a new method to study normalized solutions of (NLS) on bounded
domains of RY, with the Dirichlet boundary condition. This technique allows
to show existence of normalized nodal solutions and to treat the L2-supercritical
regime. Here is the outcome of our research (see Theorems 3.1 and 3.4, where
more precise statements can be found).

Theorem. If Q) is a bounded domain in RN and if p € (2,2%), then equation
(NLS) possesses a positive solution of mass p and a solution with two nodal
zones of mass u for every small enough value of the mass .

If moreover € has a C* boundary and is star-shaped, then if the mass
> 0 is small enough, there exist (nodal) normalized solutions of minimal
energy among the solutions of the problem.

Our method is “abstract” and does not require to work only in dimension one.
We thus presented it in the setting of bounded open sets in RY.
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Chapter 4 corresponds to a joint preprint with Pablo Carrillo, Louis Jeanjean
and Christophe Troestler (see [91]), devoted to the proof of the following theorem.

Theorem. Let G be a metric graph with finitely many edges including at least
one bounded edge and at least one half-line. Given two real numbers p > 6
and p > 0, the problem (NLSIQOC) possesses a sequence of normalized solutions
of mass |1 whose energy levels converge to +00.

In the proof of this theorem (Theorem 4.2), we use during certain passages
methods based on the theory of ordinary differential equations. Furthermore,
the localization of the nonlinearity, essential in the results, is formulated in a
particularly convenient way on graphs with finitely many edges, where one may
distinguish the compact core with the half-lines.

As for Chapter 5, it was developed jointly with my PhD advisors Colette De
Coster and Christophe Troestler and does not yet correspond to a preprint. It
contains more details in the proofs than the previous chapters.

Therein, we study the behaviour of (NLSg) on compact graphs in the regime
p ~ 2 and we study the branches of solutions emanating from eigenvalues. To this
end, we use a Lyapunov-Schmidt redution. We will see that dimension one will
be used in an essential way in order to prove reqularity'’” of certain applications
between functional spaces.

A general consequence of the theory is the following theorem (Theorem 5.9).

Theorem. If G is a compact graph and if the real p > 2 is close enough to 2,
then the problem (NLSg) possesses a unique positive solution.

We also study the behavior of nodal ground states when p =~ 2.

The eigenfunctions vanishing identically on edges have a particular status when
studying the regime p ~ 2. This led us to study the existence of solutions of
(NLSg) wanishing identically on edges on compact star graphs, thus completing
results from Chapter 2.

Finally, we apply the method based on the Lyapunov-Schmidt reduction to an
example rich in symmetries: the tetrahedron graph. Thanks to a computer-assisted
proof, we obtain the uniqueness, up to symmetries, of nodal ground states for this
graph in the regime p ~ 2.

107 At the technical level, we will use the fact that roots of eigenfunctions which do not vanish
identically on any edges have necessarily multiplicity one. This argument is based on the existence
and uniqueness theorem for the Cauchy problem associated to an ODE.
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II.13 Presentation of the appendices
Six appendices follow the introduction and the chapters.

Appendix A presents the notion of metric graph and details the metric space
and measured space structures with which the graphs are equipped. We also
present there the notion of weak derivative, the Sobolev space H'(G) and some
embedding results. Finally, we prove a coarea formula, used in Appendix B. Its
content is extracted from documents written with the help of Colette De Coster.

Appendix B is devoted to the study of the decreasing rearrangement process, in
particular to a “self-contained” proof of the Polyd-Szegd inequality, refined thanks
to the number of preimages of functions (Theorem B.23). We will systematically
refer to it when using those arguments in the document. If those results are not
new, the approach we follow is original. The proofs have been detailed with the
help of Colette De Coster during our study of equations set on graphs.

Appendix C centralizes various pieces of information about the differential
equation —u" 4+ u = |u|P~?u. Its content will be frequently used in the manuscript
and was influenced by discussions with my PhD supervisors.

Appendix D presents a maximum principle on metric graphs, which stems
from the collaboration with Pablo Carillo, Colette De Coster, Louis Jeanjean and
Christophe Troestler.

Appendix E presents two statements of implict function theorems (one at the
“topological” level, the other at the “differentiable” level), assuming rather weak
regularity hypotheses. It is based on notes written by Christophe Troestler and
reworked in collaboration with Colette De Coster.

Appendix F comments a few results about the nonlinear Schrédinger evolution
equation on RY. This allows us to pursue discussions started in this introduction.
Its content is is largely based on my master’s thesis, supervised by Christophe
Troestler and which benefited from numerous discussions with Colette De Coster
during its writing.

Final remarks

o We wanted to make the chapters as “self-contained” as possible. Thus, we will
not hesitate to reintroduce therein some concepts already encountered in the
previous chapters.

o Chapters 1, 2 and 4 contain different assumptions on the graphs under study.
We decided to call Gy, Gy and G4 the classes of graphs we consider, in reference
to the numbering of chapters, in order to remove any possible ambiguity.



Chapter 1

On the notion of ground state for
nonlinear Schrodinger equations on
metric graphs

1.1 Presentation of the chapter

Nonlinear Schrodinger equations on metric graphs have attracted the interest
of a large — and increasing — number of researchers in the last few years. As the
literature on the subject witnessed a massive growth, we refrain from overviewing
it here, redirecting e.g.to |4, 9, 23, 70, 71, 72, 77, 78, 81, 82, 102, 134, 167, 198,
201, 257, 271, 272| for some of the most recent developments and to the reviews
[5, 199] for more comprehensive discussions. Within the whole theory, prominent
efforts have been devoted to the analysis of existence of positive standing wave
solutions, with a particular focus on ground states.

The notion of ground state however, albeit often suggested unequivocally by
the specific problem under study, is by no means univocally defined. This aspect
is of course not specific to Schrodinger equations on metric graphs, but is a general
feature appearing in the study of various types of scalar field equations set on a
variety of domains, from open subsets of RY to Riemannian manifolds.

To describe it more concretely, we consider a metric graph G and the NLS
equation —u” + M = |u|P~2u on G, where A > 0 and p > 2 are two real numbers.
As usual, it is required that the differential equation be satisfied pointwise on
every edge of G, while additional matching conditions have to be imposed at the
vertices of the structure. In this chapter, this differential equation is coupled with
the so—called natural, or Kirchhoff, boundary conditions, prescribing that on every
vertex v of G the sum of the outgoing derivatives of u along every edge incident
at v is zero.

Thus, defining a coordinate z. € (0, |e|) on every edge e of G (where |e| is the
length of edge e), the problem we are addressing reads

—u” + M = |[u[P"2u  on every edge e of G,

u is continuous at every vertex v of G, (NLSg)
du

> (v)=0 at every vertex v of G.

o dze
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In the previous problem, A > 0 and p > 2 are real numbers, the symbol e > v

means that the sum is extended to all edges emanating from v and ;7"(1)) is the

outward derivative of u at v (i.e. £%(v) is equal to uf,(0) or —uj,(|e]), according

to whether the vertex v is identified with 0 or with |e]).
In this framework, the solutions to (NLSg) can be characterized variationally
as the critical points of the standard action functional Jy : H'(G) — R

1 A 1
Ja(u) = 5““’”%2(9’) + 5”“”%2((;) - EHUHZ)(W (1.1)

where

HY(G) = {u : G — R | u is continuous and u,u’ € LQ(Q)}.

In the search for ground states, as the functional .J is not bounded from below, one
may impose extra constraints to recover boundedness and make a minimization
procedure meaningful. For instance, one could restrict J) to the unit sphere of
LP(G) or to the Nehari manifold associated with J, (this second approach has
the advantage that the nonlinearity needs not be homogeneous). Both procedures
make Jy bounded from below on these sets and one then defines ground states as
the functions that achieve the infimum of J, on the constraint. Specifically, for
our problem, the Nehari manifold is the set

NA(G) == {u € H'(G)\ {0} | Jj(u)u =0}
— {ue H'(G)\ {0} | |2 + MulZag) = Il } . (12)

As is well known, the Nehari manifold contains all nonzero critical points of Jy
and is a natural constraint, in the sense that constrained critical points are in fact
true critical points of Jy. This leads to a first definition of ground state. Defining

Jg(A) = uei\lfl,\f(g) Ja(u),

it is customary to set the following definition.

Definition 1.1. An action ground state for the problem (NLSg) is a function
u € N\(G) such that

Clearly, any action ground state is a constant sign solution to the problem
(NLSg), often referred to also as a “solution of minimal action”, though we adopt
here a different terminology (see Definition 1.2). In applications, action ground
states play a prominent role for various reasons, which fully justifies the preceding
definition. In practice, however, one is very often confronted with the following
inconvenience: there need not exist any function u in N, (G) satisfying condition
(1.3) (a frequent fact in many noncompact settings). Thus, the existence of a
ground state is not guaranteed in general.
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To overcome this obstacle, sometimes one assumes a different definition of
ground state. Let

S\(G) = {u € H'(G) \ {0} ’ u solves (NLSg)}

be the set of nonzero solutions to (NLSg) and let us set

O'g()\) = uelgnf(g) J)\<U) (1.4)

Although it is common use to call ground states too the functions described in
the following definition, we prefer to label them with a different name, to avoid
misunderstandings.

Definition 1.2. A least action solution for the problem (NLSg) is a function
u € S\(G) such that
Ja(u) = ag(A). (1.5)

The two points of view motivating the above definitions are clearly different.
In the former case, one fixes the attention on the level Jg(\) and tries to prove
that it is attained, obtaining in this way a solution that has minimal action among
all functions in N\(G). In the latter, the aim is to ascertain if, among solutions
of (NLSg), there is one of least action. In this case, there might be plenty of
functions with lesser action (and none of them will solve problem (NLSg) if Jg(\)
is not attained).

Although 8)(G) is a much smaller set than N,(G), it is not at all clear in
general that there exist any functions in Sy(G) that achieve og(\). Thus, even
with the second definition, the existence of “ground states” is not guaranteed a
PTLOTY.

The aim of this chapter is to analyze the relations among Jg(A) and og(\) and,
in particular, to investigate if all the theoretical cases can actually take place.

To make this point clear we start by observing that, trivially,

Jg(A) < (M), (1.6)

without any further assumption.

Moreover, if Jg(\) is attained by a function u € N,(G), then u belongs to
S\ (G), the equality Jg(\) = og(A) holds and og(\) is attained too.



152 CHAPTER 1. ON THE NOTION OF GROUND STATE

In view of these preliminary considerations, the possibilities to consider are
exactly the following four:

= 0g(\) and they are attained;

) Jo(A) = ag(A)

A2) Jg(\) = 0g(A) and they are not attained;
) Jg(A) < ag(A), og(N) is attained and Jg(A) is not;
) Jg(A) < ag(N)

< 0g(A) and neither is attained.

To prove or disprove the actual occurrence of these situations then amounts,
for each case between A1l and B2, to produce an example of a graph G where the
behavior is exactly the one prescribed by the alternative in question.

We wish to make clear that the previous discussion is completely independent
of the domain on which the NLS equation is set. For instance, replacing G by
an open subset  of RV (and the second derivative by the Laplacian, and so on,
e.g. HY(G) by H'(Q) or H}(Q)...), every issue described so far can be stated in
the new context without any modification except notation. In particular, the
four alternatives listed above remain and it would be extremely interesting to
understand if they really occur. While this can be easily achieved in some of the
alternatives (A1, for instance), some of them appear rather difficult to deal with
when considering the NLS equation on subsets of RY and are currently out of
reach.

Our present contribution aims at shedding some light on this problem starting
from the context of metric graphs, where one can profitably use the advantage of
the local one-dimensional nature of the ambient space to obtain sharper results.
Even in this setting, though, the constructions we will provide are quite involved,
very specific to the metric graph environment and do not seem to be extendable
to other frameworks.

Stated in a compact form, our main result is the following. In a nutshell, as
far as action ground states are concerned, “anything can happen” on metric graphs.

Theorem 1.3. For everyp > 2, every A > 0 and every choice of an alternative
among Al, A2, Bl, B2, there exists a metric graph G where that alternative
takes place.

As the proof of Theorem 1.3 will be carried out case by case, let us briefly
comment here on A1-B2, postponing the technical issues to subsequent sections.
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Case A1 corresponds to problems where the infimum Jg(\) is achieved. This
is what one usually tries to obtain in the existence results and it is the case for all
compact graphs and for some noncompact ones. One can e.g. refer to [18, 19, 21,
124, 127, 132, 211, 256, 257, 322|, works that deal with L?-normalized solutions
(thus a slightly different notion of ground state) but whose techniques adapt easily
to the present setting. The theory in this framework is rather well developed, not
only on metric graphs of course and there is not much to add.

In case A2, the graph is necessarily noncompact. There are plenty of examples
where it is known that Jg(A) is not attained. This is due to topological or metric
obstructions on the graph that have been widely described in the literature (see
again e.g.[18, 19, 21, 132]). Nonetheless, this leaves open the question of the
existence of a least action solution in the sense of Definition 1.2. As far as we
know, examples of this kind, where Jg(\) coincides with og(A) but the level is not
achieved, have never been described before. The construction of a graph with this
property will be the object of Section 1.4.2 (see Theorem 1.19) and is one of the
principal proofs of the chapter.

Due to existing results, it is easy to produce an example where alternative B1
occurs. We will briefly describe it anyway for completeness in Section 1.4.3, since
it has never been considered under this perspective.

Case B2 is the hardest one and will be treated in Section 1.4.4 (Theorem 1.20).
It is well known that, typically, the lack of a function attaining Jg(X\) is due to
the presence of a “problem at infinity” that attracts nonconvergent minimizing
sequences. This is a standard phenomenon in problems with lack of compactness
and is essentially what takes places in cases A2 and B1. The main novelty in B2,
which is what makes this case rather delicate, is that the infimum over the set of
solutions is not attained due to the presence of a second problem at infinity, at
level og(A\) > Jg(A). By this we do not mean a problem at infinity with loss of
compactness at different levels, but rather the presence of two distinct problems:
the first, as we said, attracting nonconvergent minimizing sequences for J, and
preventing at the same time the existence of solutions with action arbitrarily close
to such infimum level; the second attracting nonconvergent sequences of solutions
of lower and lower level. In fact, the gap between Jg(\) and og(\) reflects the
coexistence of this pair of different problems at infinity. This seems to be a new
phenomenon and it is what makes quite involved the construction of a graph
exhibiting it.

As a byproduct, we notice that in cases A2 and B2, the fact that og(\) is not
attained immediately implies the existence of infinitely many positive solutions for
(NLSg), with accumulating levels, which we believe to be a remarkable fact.

From the technical point of view, the proofs of the aforementioned results
exploit deeply the role of both the topology and the metric of graphs to determine
existence /non—existence of solutions to specific variational problems.
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On the one hand, the results about non—existence of ground states are obtained
via by—now standard arguments in the theory of NLS on metric graphs.

On the other hand, the construction of noncompact sequences of solutions in
S5, (G) with specific action level is achieved, in both cases A2 and B2, through a
careful analysis of doubly—constrained minimization problems in the form

inf 1.
wEN (G)NX. Ja(u) (1.7)

where
X = {uc ') | ull @) = (0

is the subset of H! functions attaining their L norm on a given bounded edge e
of G. A rather general existence result of independent interest is derived for this
kind of problems in Section 1.3. Precisely, for a wide class of noncompact graphs,
given A > 0 we show that the infimum in (1.7) is attained whenever the length of
e is larger than a threshold depending only on A and p (Theorem 1.12). Moreover,
such a minimizer is a solution of problem (NLSg) provided e is sufficiently long
(Theorem 1.13), the threshold depending this time also on élelé le|, where E is the

set of all edges of G. This approach was originally introduced for mass—constrained
critical points of the energy functional in [17], where it proved suitable to obtain
multiplicity results. However, in that article, a crucial assumption is that the
(prescribed) mass be sufficiently large. By scaling properties, this is equivalent
to the assumption that the length of all bounded edges is large. Here, on the
contrary, it is sufficient that a single edge is long enough. A direct consequence
of these results is the existence of multiple positive solutions, each attaining its
maximum on one of the edges longer than the threshold (Theorem 1.15).

To conclude, let us point out that, as is well-known, to look at solutions of
(NLSg) as critical points of the action functional (1.1) is not the unique variational
characterization at disposal. In particular, moving from the seminal articles' [99,
183], in the past decade a lot of attention has been devoted, both on metric graphs
and on domains in R, to L?-normalized solutions, i.e. critical points of the energy
functional £ : H'(G) — R

1 1
E(u) :== §||U/||%2(g) - ];Ilull’ip(g)
constrained to the space of functions with prescribed mass u
H,,(G) = {u € H'(G) | l[ullfz) = n -

In this setting, the parameter A appearing in (NLSg) is not known a priori and
pops up as a Lagrange multiplier associated to the mass constraint.

1See Section IL.5 from the introduction for more information on the literature concerning
normalized solutions, in particular the early contributions by C.A. Stuart.
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One may consider definitions of energy ground states and least energy solutions
analogous to those given above when dealing with Jy. Precisely, letting

Eg(u) == inf E(u)

uGHﬂL 9)
and
56(n) == inf E(u),
ueS,
where

S.(G) = {u € H,(G) | u solves (NLSg) for some X € R} :
one has the following mutually exclusive four alternatives (the analogue of A1-B2):

Al) & (p) = Gg(p) and they are attained;
A2) Eg(p) = Gg(p) and they are not attained:
1§\1) Eg(p) < ag(p), og(p) is attained and Eg(u) is not;

B2) &g(1) < dg(p) and neither is attained.

As a matter of fact, the analysis we develop here for J, can be naturally adapted
to prove (with the very same constructions) that also in the context of normalized
critical points of E all cases A1-B2do actually occur. Note that, even though both
the approaches have been widely exploited in the literature, a detailed discussion
of the relation between ground states (and more generally local minima) of J, and
E was started only recently in [129, 190]. Further contributions about the relation
between those two approaches will be presented in Chapter 3.

This chapter is organized as follows. Section 1.2 recalls several preliminary
results, whereas Section 1.3 deals with doubly—constrained variational problems for
the action functional in a general setting, proving the existence results in Theorems
1.12-1.13-1.15. Section 1.4 is devoted to the proof of Theorem 1.3.

Notation. In what follows, we will write e.g. ||u||, in place of |u||r»(g) whenever
possible. When needed, the full notation will be used to indicate explicitly the
domain of integration.

1.2 Preliminaries

In this chapter, we will use a number of properties and results that have been
established (mostly) in the recent literature. For the ease of the reader, we collect
them in the present section, referring to the original articles or to the appendices
where proofs can be found.

We assume that the reader is familiar with the concept of metric graph (see
Appendix A). However, we make precise that in this chapter we consider metric
graphs G = (V, E) satisfying the following definition.
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Definition 1.4. We denote by Gy the class of metric graphs G = (V, E) such
that

e (G is connected and has an at most countable number of edges;
G has at least one unbounded edge (i.e. a half-line);

o deg(v) < oo for every v € V, where deg(v) denotes the degree of the vertex
v, i.e. the number of edges emanating from it;

o« Yv eV, deg(v) # 2;
o inf.cg |e] > 0, where |e| denotes the length of e.

There is no loss of generality in assuming that deg(v) # 2 since every vertex of
degree two can a priori be eliminated from any metric graph, by melting the two
edges incident at v into a single edge (see the discussion about degree two nodes
in Section I1.2.4 of the introduction). Note that every G € Gj is noncompact.
Further assumptions will be made when needed in the course of the chapter.

In the study of the NLS equation on a metric graph in class Gy, a fundamental
tool is provided by the Gagliardo—Nirenberg inequalities (see [21])

g q_
ol < 22 ull3 ™ 3 (18)
that hold for every u € H'(G) and every q > 2 as well as their L™ version
lullse < 2lull2]lu'[l2- (1.9)

A second fundamental tool that we will use very frequently in the next sections
is provided by the rearrangement techniques of H' functions on a generic graph G,
for the details of which we refer to Appendix B. For the reader’s convenience we
recall that, given a nonnegative function u € H'(G), the decreasing rearrangement
of u is the unique nonincreasing function u* € H'(0,|G|) equimeasurable with w.
The equimeasurability property entails that

|w*|| Laco,igp = vl Lecg)s for every ¢ € [1, +00]. (1.10)

Moreover, by the classical Polya—Szeg6 inequality, we have

1) 240y < llu'llz2)- (1.11)
Similarly, the symmetric rearrangement u € H'(—|G|/2,|G|/2) of u is given
by u(z) := u*(2|z|). By definition, % is symmetric, nonincreasing on [0, —|G|/2)

and equimeasurable with w. Furthermore, it is well known (see e.g.[19]) that if
#u~1(t) > 2 for almost every t € (0, ||ul|), then

1@l 2161720012 < 11l L2(g), (1.12)
where equality implies that #u~'(t) = 2 for almost every ¢ € (0, ||u|s0)-
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The following result, that will be used in Section 1.4, is essentially a refinement
of the Pdlya—Szeg6 inequality. Its proof follows combining results of [135] and [158],
more details may be found in Appendix B.

Proposition 1.5. Let G be a metric graph and let u be a nonnegative function
in H'(G). Let T C [0,+o00[ be a set of positive measure. Let us assume that,
for some integer K > 1,

Hul(s) > K forae seT.

Then the decreasing rearrangement u* of u satisfies

||| Lagury-1(ry) = Ul Laqu—1(ry), for every q € [1,+o0]

and

. 1
1) N z2qey-rery < gl ll2uerery)-

Next, if G is a metric graph in class G; and A > 0, we define the action
functional Jy € C*(H*(G)) by

1 A 1
Ta(w) = I3 + Sl =l

and the Nehari manifold associated to Jy by
NA(G) = {u € H'(G)\ {0} | J3(w)u =0}
= {ue BHY(G)\{0} | w/]l5+ Alull3 = [[ull2} -

It is well known that there exists a natural projection of H'(G) \ {0} on N.
Defining ny : H*(G) \ {0} — R by

)I2 + Alfuf]2) 72

we have u € N,(G) if and only if ny(u) = 1. We will also need the functional
L:HYG)\ {0} — R defined by

Ly o I = 1
If u solves problem (NLSg), then L(u) = A and, more generally, L(u) = A if and
only if u € N\(G).

When u € N,(G), the functional J, takes the simple form

(1.14)
[[ull3

1 1
In(u) = sellull? = s([|w/|[3 + Mul3), where s := 3o (1.15)

so that Jy is positive on Ny (G).
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Actually more can be said and we summarize it in the next proposition.

Proposition 1.6. There exists a constant C' > 0 depending only on A\ and p
such that

inf >C>0. 1.16
Ll = (1.16)

Moreover, if (u,)n C NA(G) satisfies sup Jy(u,) < oo, then (uy), is bounded

in H'(G) and
inf |[u, |2 >0, inf f[u, | > 0.

Proof. Since u > +/||u/[|3 + A||u||3 is equivalent to the usual H'(G) norm, Sobolev
inequalities imply the existence of C'= C(p, A\) > 0 such that, for all u € N,

lull, < C(l'3 + Alull)'? = Cllull2?,

whence ,

il > €75 >0
which proves (1.16).

From (1.15), as sup Ji(u,) < 0o, we see that (u,), is bounded in H*(G), hence

in L?(G) and Loo(g).n Observing that

lenllp < Nl el
we see that ||u,|2 and ||u, ||« are also uniformly bounded away from zero. O

When G = R, the non-trivial solutions to (NLSg) are called solitons, they
are unique up to translations and sign (see Appendix C) and they are the action
ground states of Jy over N, (R) (see e.g.[214, Proposition 3.12]). Denoting by ¢,
the unique positive and even soliton, letting s; := J;(¢1) and

p+2

=51 A = —— 1.17
SA 51 ? o 2(p o 2) ) ( )

for A > 0, the action level of the soliton is given by
Ta(0) = dnf Ja(w) = sx. (1.18)

When G = [0, +00), for every A > 0 there is a unique positive action ground state,
given by the restriction of ¢, to [0, 4+00) and

1

werd oy W) = JA(%'[O*@) o (1.19)

The level sy plays a fundamental role in many works. It will also be the case in
this chapter.
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Lemma 1.7. Let G be a metric graph. Let us assume that, for every £ > 0,
the graph G has an edge e; of length at least . Then, there exists a sequence
of functions (ug)ez=1 C Ny, equal to zero outside e, and such that

inf J < 1.20
ot Au) < sy (1.20)

holds.

Proof. Let ¢, be the soliton in N, (R) and let us set 0, := ¢5(£/2) = o(1) as £ — oo.
For every ¢ > 0, we identify the interval [—¢/2, (/2] with a subset of the edge e,
and we define v, € H'(G) as

ve(x) 1= {(%(m) — o))" ifz€e,

0 elsewhere on .

Since [|ve| grg) = l|vellare,) = |oallar®) + 0(1) as £ — oo and likewise for all the
L7 norms, we see that ny(v,) — 1 as £ — oo. Therefore, as ny(ve)ve € NA(G),

Ix(nx(ve)ve) = Ja(ve) +0(1) = Ja(dr) + 0o(1) = sy + o(1)
as £ — oo and we conclude. O]

In [19], the authors introduced a topological condition on the graph G under
which inequality (1.20) is reversed. In our setting, this condition, that we call
assumption (H) as in [19], takes the following form.

Definition 1.8. A metric graph G € G, satisfies assumption (H) if, for every
point zy € G, there exist two injective curves 7,7, : [0,4+00) — G which
are parameterized by arclength, have disjoint images except for an at most
countable number of points and satisfy v1(0) = 72(0) = zo.

If a graph G € Gy satisfies assumption (H), it is easy to see (and proved in
[19]) that for every nonnegative u € H'(G),

Hu (t) > 2 for almost every t € (0, ||ul|o)-

Therefore, letting @ be the symmetric rearrangement of u, if u € N,y(G), we have
na(@) < 1 by (1.12). As ny(a)u € N,y(R), we conclude by (1.18) and (1.15) that

sy < Ia(na(@)) = sena (@)@l gy < llullfng) = Ia(w)

and since this holds for every u € N,(G), inequality (1.20) is in fact an equality.
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As a consequence, with the same techniques as in [19], it is easy to prove the
following result.

Theorem 1.9. If G € Gy satisfies assumption (H), then

inf J =
weNA(G) A1) = 55

but it is never achieved, unless the graph G is isometric to R or to the same
exceptional graphs as in Theorem 1.2 (see Figures I1.28, I1.29 and I1.530 on

pages 125 and 124).

If more is known on the number of preimages of a function u € N,(G), one
can obtain sharper estimates. The following result will be used in Section 1.4.

Proposition 1.10. Let G € Gy and let u € Ny(G) be a nonnegative function

satisfying
#u () > K for a.e. t € (infu, sup u)
g g

for some integer K > 1. Then,

Proof. Since G € Gy, we have |G| = +o00. By Proposition 1.5 applied to the set
T = (infgu,supgu) = (0,supg u), the decreasing rearrangement u* of u satisfies

u* € H'(0,+00) and

||| La(0,400) = [12]|La(g), for every ¢ € [1, +o0],

. 1
[ (u ),||L2(0,+oo) < EHU/HLQ(Q)-
Setting uk (x) := u*(Kx), a standard change of variable shows that

-2 _ ||u,I(H%2(O,+OO) + /\HUKH%Q(O,—H)O)

nA(uK)p
k|7 (0,400)

K@) 220400 + 710 200 100)

e 2o 0, 100)
[w/[17(g) + AllullZsg)

||u||]£p(g)
=1

Sx x 1
5 < Daur)ur) = sen(ur ) lurllzoo o0 < 2 llullzeg = 2 Jaw)-
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1.3 A general existence result

In this section, we prove a general existence result for positive solutions to
(NLSg) attaining their maximum in the interior of a prescribed sufficiently long
edge. Throughout this section, we work with metric graphs in class Gy, most
of the time requiring also that the graph satisfies assumption (H). However, the
arguments described in this section can be adapted with minor modifications to
cover even broader classes of graphs.

Let G € G be a graph satisfying assumption (H) and let e be one of its bounded
edges. We set
Xe:={ue H'(G) | Julliee) = lulli=}

and we consider the doubly—constrained minimization problem

Toe)i= _ inf  J(u). (1.21)

Remark 1.11. The set X, is closed in the weak topology of H'(G). Indeed, if
u, € X, and u,, — v in H'(G), then by semicontinuity and uniform convergence
of u, to u on e, we have

[ullze(gy < liminf [un| gy = Timinf [[un]| 1o (e) = ([l poe)-

The next two theorems state the main results of this section.

Theorem 1.12. There exists R > 0 depending only on X and p such that, if
G € Gy satisfies assumption (H) and has a bounded edge e of length R > R,
then Jg ((\) is attained.

Theorem 1.13. Let G € Gy satisfy assumption (H) and have a bounded edge
e of length R. Let {y < ugé le|. Then there exists R depending only on £y, A

and p such that if R > R and u is a minimizer for Jg.(\), then u € Sx\(G)
and u >0 oru <0 on G. Moreover, |[u| (e > ||©|[zg\e)-

Remark 1.14. Interestingly, the thresholds in the two previous results have different
dependances. In the first one, there is no dependence on the rest of the graph while
in the second one, there is a dependence on the infimum of the length of all edges.

A consequence of the preceding theorems is the following multiplicity result.
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Theorem 1.15. Under the assumptions of Theorem 1.13, there exists R>0
depending only on ly, X and p such that for every bounded edge e of length
larger than R, problem (NLSg) has a positive solution attaining its absolute
mazimum on e only. Hence, if G has n bounded edges of length greater than
R, then problem (NLSg) has at least n distinct positive solutions.

We need several lemmas for the proof of Theorems 1.12-1.13.

Lemma 1.16. Let G € Gy satisfy assumption (H). If (u,), € HY(G) is a
bounded sequence such that lim inf | tnll, > 0 and lim L(u,) =60 >0, then

- So
p -
lim inf flun | > .
where sy is defined in (1.17).

Proof. Let 0,, := L(u,), so that u, € Ny, (G) and § = liTILn 0,,. Then, since (u,),, is
bounded in L*(G), lim inf ||u,[[, > 0 and lim 6, = 6, we have

N ll3 + Ollunl3

mo(un )P % =
" e[
_ Junll3 +97;Hun|!§ L 0-0,) Hunllg
||| (R

unll3

whence lim,, mp(u,) = 1. By Theorem 1.9, we conclude that

= inf J

56 vG}\Ift(g) 6(U>
< limninf Jo(mo(wn)uy)
= limninf ey (Un)” || wnlh

= lim inf | |p
and the result follows. O

The next result describes how minimizing sequences for problem (1.21) behave.
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Lemma 1.17. Let G € Gy be a metric graph and let e € G be a bounded edge.
Let (up)n C NA(G)N X, be a minimizing sequence for Jy in Nx(G)NX,. Then,
(un)n admits a subsequence (not relabeled) such that

1) u, = win HYG), u, — u in L], (G) for every q € [1,+00], inf ||u,]|, > 0;
2) tim e = 1 > 0;

3) ue X\ {0};

4) Lu) < A;

5) if L(u) = A, then u is a minimizer for Jy on Ny(G) N X,;

6) if L(u) < X\, then m := ||ju]|3 < u and
m
lim L(u, —u) =X+ ——\—L . 1.22
im L(up — u) +u—m( (u)) (1.22)
Proof. Since (uy,), is a minimizing sequence, up to subsequences, 1) and 2) can be
deduced from Proposition 1.6.
Let us notice that u # 0 since if this were not the case, by L{S. convergence,
thus convergence in L*(e), one has
-2
[wnllo i) < Ilunll?igy lunllzz)

= ||un||’£;2(e)!|un|liz(g)
— 0,

n—o0

violating 7). Moreover, since X, is weakly closed (see Remark 1.11), u belongs to
X, and 8) is proved.

To prove 4), we observe that by lower semicontinuity, since ny(u)u belongs to
Ny (G) N X,, the estimate

seffully < Tim inf sefju, ||}
= liminf J A(Un)
= Jg.e(A)
< Ia(ma(u)u)
= sem ()l
yields my(u) > 1, which is equivalent to L(u) < A.

Now if L(u) = A, then u € N,(G) N X, and the last estimate shows that u is a
minimizer, which is 5).

Finally, let us assume that L(u) < A, so that u, —u # 0 for all n large. By
weak lower semicontinuity, m < pu.
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To prove that the inequality is strict, we first observe that, by the Gagliardo—
Nirenberg inequality (1.8),

M =l — flus, — w3

L(u, —u) =

[tn — ul]3
[ — ul?
= ttn — ulf3
Pq P_1q
Ky —ull3 ™ |, — w'||3
- tn — ul]3
Eo1,, /21
= K|luy — w3, — ]|
<, (1.23)

for every n, since (u,), is bounded in H*(G).
Now, by the Brezis-Lieb Lemma [86], as n — oo,

M = ] — [, — w3

L(u, —u) =

et — ull3
Ml = I3 = llullf + [1/l13 + o(1)
[un 3 = llull3 + o(1)
_ Allualld — L(w)|ull3 + o(1)
[n 13 = [lull3 + o(1)
(A — L(w))]|ull3 + o(1)
[n 3 = [[ul]3 + o(1)
Since L(u) < A and u # 0, we see that u = lim,, ||u,||3 > |Ju]|3 = m, since otherwise

(1.23) is violated. Letting n — oo in the preceding equality, we obtain (1.22) and
the proof is complete. O

=)\+

Remark 1.18. As a consequence of Lemma 1.7, for every € > 0 there exists R. > 0
such that, if G is any metric graph containing a bounded edge e of length greater
than R, then Jg.(\) < s\ +¢.

We are now ready to prove the main results of this section.
Proof of Theorem 1.12. Let us fix € > 0 such that
Sxape = S1 (A +&)* < 2510\ = 25,
A—Ce >0, (1.24)
A+e)* <A+ (A= C¢),

where
C := 1657/ (1.25)
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We observe that the constant C' depends only on p. Therefore, ¢ depends only on
p and A but not on G.

Let R be large enough so that for every R > R,

jg,e()‘) < Sxte

which is possible by Remark 1.18. Again, we observe that R depends only on p
and A but not on G.

Let (u,)n, € NA(G) N X, be a minimizing sequence for J, such that

JA (Un) S Sh+e

for every n. Applying Lemma 1.17, (u,), has (up to subsequences) a weak limit
u € X, \ {0} such that L(u) < X and, in case equality holds, u is the required
minimizer.

Let us now show that L(u) < A cannot happen. This will end the proof.
Indeed, if L(u) < A, then by (1.22),

m

Hm L(u, —u) = A+ (A—L(u)) > A >0,

w—m
with 0 < m = ||u||3 < lim,, ||u,||3 = p. We note that

lim inf [|u, — ull, >0, (1.26)

as otherwise, up to a subsequence, (u,), converges to u in LP(G) and by lower
semicontinuity we would have

el =113 o = e, 13
A> L(u) = pHu—H% > lim inf |I|)un||% “

=\,

a contradiction.
As G € G satisfies assumption (H), (1.26), (1.22) and Lemma 1.16 give

m

lim inf e, — ull2 > ‘1%1 (A + (A — L(u))> . (1.27)

n—m
Let us notice that

Sxye _ 251

1
li N5+ Alunll3) = = lim Jy (u,,) <
im ([l 3+ Alluw [3) = — litn Jy(ua) <

IA
>
e
—~
=
)
o0
N~—

4 r

hence
281

. 1 o
=i a3 < dim - (3 4+ Alua3) < =407 (1.29)
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Furthermore, as
Mlunllz < NIz + Mluallz = llually < llunll5s (w2,
we see that
lull gy = lullzoee) = i [[uag | o (o) = limn [Juy | () > AF-2

and therefore, by the Gagliardo-Nirenberg inequality (1.9) and (1.28), recalling
that m = ||ul|3, we have

4 .. 4m 8sim
A2 < ulll, < dml'3 < dmlimnt [l |3 < s < =

A% (1.30)
Thus, recalling from (1.17) the value of a, we see from (1.29) and (1.30) that

1 2
M 108 et _ (1.31)
m P
where C' is given by (1.25).
In conclusion, by the Brezis—Lieb Lemma and (1.27), we have

10+ )% 2 T () = i Ja () =l e [ = lim e [l =+ )

> 5, ()\ + MTm(A - L(u))> + se|ulf?. (1.32)

Neglecting the last term, we obtain

> A—L
e 2 (= L{u))
or, rearranging terms and using (1.31),
L) > - 2" "oy —ce>o.
m

Using this, we see from Lemma 1.16 that
sllullh > s1L(u)* > s1(A — Ce).

Hence, by (1.32),
A+e)* > A+ (A —Ce)”

which contradicts (1.24). ]
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Proof of Theorem 1.15. First, let us recall that, letting
D= {u c H'(R) ‘ u > 0,u is even, u is nonincreasing on [0, —|—oo)}, (1.33)

for every & > 0 there exists § > 0 such that, for every u € N,\(R) N D with
Ja(u) < sy + d, the inequality
lu = ol <€

holds. This can be readily seen by standard compactness arguments and the
uniqueness of the minimizer of Jy in Ny(R) N D (see e.g (98, 214]).

In particular, there exists § > 0 such that, for every v € N,\(R) N D with
Ja(u) < sy + 9§, the inequality

1
|u — éallm < §||¢,)\||L2(—Z0/2,€0/2) (1.34)
holds. Let 0 < ¢ < ¢ satisfy
4 Sy pTTQ Sy +¢€ 12 1.,
S1-(C20) T )2 S 5llecany  (139)

and, accordingly to Remark 1.18, let R > 0 be such that
Jg.e(A) < sx+e (1.36)

for every edge e with length R > R. Let us observe that R depends only on A, p
and £.

Let ugp € Ny(G) N X, be a function satisfying Jy(ug) = Jg.(A). To show that
ug € SA(G), it is enough to prove that

|urllzoe) > lurlle@\e): (1.37)

Indeed, (1.37) implies that ug belongs to the relative interior of Ny(G) N X, and
therefore it is not only a global minimizer of Jy in the double constraint space, but

also a local minimizer in N, (G) and, as such, solves (NLSg). Since |ug| belongs to
N, (G) N X, and that Jy(ug) = Jx(|Jug|), we will assume that ug > 0 on G.

We proceed by contradiction and assume that

|ur||Lee) = |urllL=(@\e)-

Let Mg := ||ug| r(). We denote by B the set of all bounded edges of the graph G
and we set

Op = max rglel}rlluR(:v) (0 < dp < Mp). (1.38)

The definition of g as a maximum is correct even if B contains infinitely many
edges. Indeed, as ||ug||2 is finite and the length of the edges is bounded from below
by ¢y, there is only a finite number of edges h where min, ugr > t, for every ¢ > 0.
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Since G satisfies assumption (H), by Step 1 of the proof of [17, Lemma 4.2,
#uzp'(t) >3 for almost every t € [dg, Mg]. (1.39)
Let us notice that the set
Ap = {x € G |ug(x) e [§R,MR]}

contains at least one bounded edge of B (the one where the minimum of ug is
exactly dg) and therefore, we have

]AR‘ > .
Let now ugr be the symmetric rearrangement of ur. By Proposition 1.5 applied to
Tg = [0r, Mg] and (1.39), defining ( = ‘AR‘/Q, we have
~/ 112 * \/|2 4 12
1Rz —tn.em) = 4NWR) [2200.205) < GllURllZ2(ap)- (1.40)
Next, denoting? By := {x € G |ugr(x) €0, 5R)}, since by assumption (H)
#uz'(t) > 2 for almost every t € (0, ),

we obtain
TRl 2@\ (~tritr)) < 1URlIL2(BR)-

From these relations it follows

N 4 5
HUIRH%Q(R) < §HUIRH%2(AR) + Hu;%”%Q(BR) = HUIRH%Q(Q) - §H“§z”%2(AR)
so that
(it < Nl + Alunlliag) = Silecny _ | 5 1alaan 4

||UR||I£p(g) 9 ||UR||]zp(g)
Since ny(tg)ug belongs to Ny(R), by (1.18) we obtain
sx < Ia(na(tir)tir) = s (Ug)’lurll) = 2na(ir)urlly = na(ir)?Jr(ur).

(1.42)
Using (1.42) and recalling that Jy(ug) = Jg.(A), (1.36) and (1.41) imply that

S\ S JA(TL,\(@R)@R) S Sy + €. (143)
Since, by definition ny(ug)ug belongs to D (with D defined by (1.33)), (1.43),
(1.34) and the fact that ¢ < ¢ imply that

A 1
[9x — na(Ur)Url mr) < §H¢/A||L2(—fo/2/0/2)'

2If 6 = 0, the set Bg is empty, Agr = G and the proof is simpler, working with Ag only.
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This last inequality implies that

A\ £2(—e0 /2,0 P
I lszcrarogey < VANREOROD 4y, it oy (L40)

In order to obtain a contradiction, we now prove that

o O\ 2 (~o 2,
[PA(GR)UR 20 j2.00/2) < [95l (3 o/2to/2) (1.45)
By (1.42), we have
S) ~
< ny(ug)?.
J)\<UR> - A( R)

Using the previous inequality, (1.36) and (1.41), we deduce that

S\ ) < 1 1.46
(8)\-1-8) < (i) < 1 (1.46)

4 V4

Using (1.41), (1.46) and [lur[|},g) = JocQ) < sxte e obtain
ya

ol < (1= (=22) 7 ) Dl < 2 (1 (=2) 7 ) 2t
RILA(AR) = sy+e sl HILEG) = 5 sy+e P

Combining this inequality with (1.35), (1.40), (1.46), and the fact that 2¢r > ¢,
for every n, we obtain

1/2
<

p—2
% 1_( Sy )p S\ + ¢
5< Sy+e¢ o

which concludes the proof of (1.37).

[\ 22 (—to/2,002)
3

A (TRr)UR | L2~ 0 /2,00 /2) <

Since ug > 0 on G, we deduce that ug > 0 in G using the strong maximum
principle (see Proposition D.2). O

1.4 Proof of Theorem 1.3

This section is devoted to the proof of the main result of the chapter. In fact,
alternatives A1l and B1 are straightforward, whereas A2 will follow as a direct
application of the results proved in Section 1.3. Conversely, case B2 is the most
involved and will occupy the largest part of the section.

For the sake of completeness, each case A1-B2 is presented here independently
from the others.
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1.4.1 Case Al: J(\) =o0(\), both attained

As already pointed out in Section 1.1, this is the easiest case and there is essentially
nothing to say. It is the case where Jg(\) is attained by an action ground state,
which is of course also a least action solution. Straightforward examples for this
are compact graphs, where ground states exist for every value of A and p (see for
example [124]), but many graphs realizing alternative A1 can be identified also in
the noncompact setting. We will study in more detail examples of noncompact
graphs admitting action ground states in Chapter 2 (see e.g. Theorem 2.26).

1.4.2 Case A2: J()\) =o0(\), neither attained

The proof of this alternative is one of the main results of the chapter and it relies
heavily on Theorems 1.12-1.13 above. To exhibit a graph where A2 occurs, we
will use the following construction.

On a real line we insert, for each integer £ > 1, a node v, at the point of
coordinate k. At each v, we attach a self-loop Ly of length k, by identifying vy
with the only vertex of L. We obtain in this way the graph shown in Figure 1.1.

L

Ly
L3
Lo

Ly

o0
U1 V2 U3 Uy Us Ve

Figure 1.1: The graph G of Theorem 1.19

Theorem 1.19. Let G be the graph depicted in Figure 1.1. For every A > 0,
Jg(A) = 0g(A) = s,
and neither Jg(\) nor og(\) is attained.

Proof. On the one hand, G € Gj satisfies assumption (H) by construction, so
that Jg(A\) = sy and Jg(A) is not attained by Theorem 1.9. On the other hand,
Theorems 1.12-1.13 ensure that, for sufficiently large k, there exists ux € S\(G)
such that Jy(ux) = Jg.c, (). Hence, by Remark 1.18,

O'g()\) S hlggg.}f J,\(uk) S S),

in turn implying og(\) = Jg(A) and ending the proof. O
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1.4.3 Case B1: J5(\) < 0g()), og(\) attained

As anticipated in Section 1.1, in view of the existing literature, it is easy to produce
graphs realizing alternative B1. Indeed, it is for instance enough to let G be a star
graph, i.e. a graph made of a finite number N > 3 of half-lines, glued together at
their common origin (see the pictures in section 11.2).

Star graphs have been widely investigated, as they provide the simplest example
of noncompact graphs with half-lines. On the one hand, since star graphs satisfy
assumption (H), it is immediate to see that Jg(A\) = s, and that the level is not
attained by Theorem 1.9. On the other hand, one can exploit the simple structure
of these graphs to characterize explicitly the set of all solutions S)(G) (see e.g. |10,
Section 2], this was also explained in section I1.3.1):

o if N is odd, the problem (NLSg) only admits two nonzero solutions tu, the
positive one given by a copy of the restriction of ¢, to [0, +00) on each half-line
of the graph;

« if N is even, the set of non-zero solutions of (NLSg) is given by
{Fura [T C {1+ N} #I = N/2,a € [0,+00)},

where

ox(x+a) if x € H;, for somei € I,

ura(®) = ,
ox(x —a) otherwise,

with H; being the i—th half-line of the graph.

Hence, we easily deduce that og(\) = Jsy > s, and it is attained for instance
by a function u € S§,(G) whose restriction to each half-line of the graph coincides
with the restriction of the soliton ¢, to [0, +00).

1.4.4 Case B2: J5()\) < 0g()\), neither attained

The discussion of alternative B2 requires a deeper analysis with respect to the
other cases. To prove that this alternative actually occurs, we will consider the
one—parameter family of noncompact graphs constructed as follows.

S\ ﬁ 0"
(a) (b) (c)

Figure 1.2: The building blocks of the graph Gy. Two half-lines emanating from a
vertex (a); a self-loop of length N (b); N edges of length 1 between two vertices (c).
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Let N € Z=! be fixed. Keeping in mind Figure 1.2, we consider a straight line
on which we insert, for every k € Z, a vertex v, at the point of coordinate k. At
each v, we attach a copy of the graph R, called Ry, by identifying vy with the
vertex of Ry. Next, denoting by £ the self-loop of length N in Figure 1.2(b), we
attach at each vy except vy a copy of the graph L, called Ly, by identifying v, with
the only vertex of L. Finally, we attach at vy the graph B with N edges of length
1 in Figure 1.2(c), by identifying one of its two vertices with vy. We call Gy the
resulting graph, shown in Figure 1.3.

oo oo o0 oo 0 (e oo o] [e oo ¢] [ oo o} [eolNe ) [e.o]

Figure 1.3: The graph Gy

A second graph we will use below, that plays the role of “limit graph” with
respect to Gy, is depicted in Figure 1.4. It is exactly equal to Gy except that
the subgraph B is replaced by a loop L identical to all other loops. Note that
this graph is Z-periodic. We call it Gy and we label all its vertices, edges and
subgraphs with the same letters as for those of Gy, superposed by a tilde.

lES IZQ IZI IZ() IZl I ZQ I E3
U_3 V_o V1 Vg U1 Uy U3

R_3 R_2o R-1 Ro R1 Ra R3

(e 9] [e oo o) oo o0 oo o0 [e oo o) [e ele o} [eele o} [e.9]

Figure 1.4: The graph Gy

Let us note that the graph Gy is made of edges of length 1 (the horizontal
edges and the N edges of B), of self-loops of length N and of half-lines. Let us also
notice, as it will be important later, that the total length of B equals the length
of the loop L.
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Exploiting the dependence of Gy on the parameter N, we have the following
result, which proves the actual occurrence of case B2.

Theorem 1.20. For every N € Z=1, let Gy be the graph in Figure 1.5. There
exists N € Z=% such that for every N > N,

sx = Jgy(A) < oA(Gn)

and neither Jg, (\) nor ox(Gy) is attained.

Before turning to the proof of Theorem 1.20, let us introduce some notation.
Since A is fixed, we omit to write it in quantities that depend on it, except for
the levels sy, Jg, (M) and 0x(Gy) (and the same for quantities relative to Gy).

Next, in order to have lighter notation, we omit to write the dependence from
N in various quantities (such as the loops L) and we keep it only in the names of
the graphs. It is understood anyway that N is a parameter that we will tune in
various proofs.

In what follows, we split the set of solutions to problem (NLSg), as

S(Gn) = S1(Gn) US2(Gn) U Ss(Gw),

where

S1(Gw) i= {1 € SGx) | ulli(oy) = lull (e for some & € 2§,
$u(0n) = {u € () | Nullsmion) = o

for some edge e € Gy of length 1},

Su(On) = {u € 8(Gw) | @) = lullicen

for some self-loop L € Gy of length N }

We define analogously the sets Si(Gy), S2(Gn), Ss(Gy) so that we also have
S(Gn) = S1(Gn) US(Gw) US5(Gn) - (1.47)

Remark 1.21. By construction, both Gy and Gy satisfy assumption (H), so we
have immediately that for every N € Z=!,

Ton(N) = T5,,(A) = sa

and neither infimum is attained as a consequence of Theorem 1.9.
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Remark 1.22. Let us observe that, if G € Gy satisfies assumption (H) and if u is a
sign-changing solution, then w* and u~ belong to N,(G). Thus, by Theorem 1.9,

J)\<U> = J)\(u+) + J)\(Ui) > QUE}\I/})\f(g) J)\(u) = 25,.

The proof of Theorem 1.20 relies on the next series of lemmas. As

Sa(u) = Jx(lul),

we will assume without loss of generality in the rest of this section that all the
functions u € N,(Gn) that we will consider will be non-negative.

Lemma 1.23. Let e € Gy, N > 2, be a bounded edge. We identify Gy \ B
with Gy \ Lo and we define € € Gy by

s e ife ¢ B,
"L, ifeeB.

Then, for every u € Ny(Gn) N X, there exists v € ./\/',\(QNN) N X such that
(@) < Ja(w). (1.48)
Moreover, if fort in a set of positive measure one has
#{x e B|u(x)=t} >3, (1.49)
then the inequality (1.48) is strict.
Proof. Since B contains a loop,
#{x e Blu(x)=t}>2 foreveryte (mBin U, Max u)

Letting u(x) be the symmetric rearrangement of the restriction of u to B, then u
belongs to H'(—N/2, N/2) and we have

il La(-ny2ny2) = NullLas) Vg € (1,400, |W|| 2-ny2,ny2) < U] 2s)-  (1.50)

Furthermore, as @(p) = u(vp) for some p in [~N/2, N/2], we can view U as a
function on Ly (after identifying £y with (—N/2, N/2) and p with vg). We can
then define v € H'(Gy) as

o) = u(z) ifxEQNN\ZO =0y \ B,
Cla(z) ifx e L.

The continuity of v is guaranteed since @(p) = u(vg). By construction, we have
||v/||L2(§N) < [Ju/]| 2(gy) and ||v||Lq(»ng) = ||u||Le(gy) for every ¢ € [1,400], leading
to ny(v) < 1.
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Moreover, by construction, if u attains its L> norm on some edge e € Gy \ B,
then v attains its L® norm on the corresponding edge of Gn \ ZO; if, instead, u
attains its L> norm on some edge of B, then v attains it on Lo. This shows that
¥ := ny(v)v belongs to Ny(Gx) N X and that

IA(0) = Ia(na(v)v) = senr()?[Jolly < zlully = Ja(u).

Finally, in case (1.49) holds, the inequality in (1.50) is strict by Proposition 1.5,
resulting in the strict inequality in (1.48). O

The next lemma shows that the action of solutions attaining their maximum
on a half-line cannot be too close to sy.

Lemma 1.24. There exists 5, > 0 such that for every N € Z=1,

inf  Jy(u) > sy+ and inf  Jy(u) > sy + ;.
u€S1(GN) ueS1(GN)

Proof. We prove the statement explicitly for Gy only, as the argument works
exactly in the same way for Gy.

Let u € §1(Gy). If u is sign-changing then, by Remark 1.22, we know that
Jx(u) > 2sy. Thus we consider the case where u does not change sign. We may
assume that v > 0 and, by the strong maximum principle, we have that v > 0

on G.

Let us call Hy C Ry, for some k € Z, the half-line where u attains its L°° norm
and Hs the other half-line emanating from v;. Let us assume that u attains its
maximum at vg. Then,

#ul(t) >3 Ve (0, ||lulls), (1.51)

since every value t € (0, ||u||~) is attained at least once in H;, in Hs and in Gy \ Ry.

Then, Proposition 1.10 applied with K = 3 yields

J)\(U) > 28)\. (152)

Let us assume now that u attains its maximum in the interior of ;. Since
u solves (NLSg), its restrictions to H; and Hs coincide with suitable parts of the
soliton ¢, (see Proposition C.2). In particular, since u attains its maximum in the
interior of H;, we see that u(x) = ¢,(x — a), for some a > 0, on H;. Therefore,
by continuity at vy, on Hs either u(z) = ¢p(z — a) as well, or u(x) = ¢\(x + a).
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In the first case, we have a copy of ¢,(x — a) on each of the two half-lines and
the maximum of u is attained on both half-lines. But then, (1.51) holds again for
u, since every value in (u(vg), ||ul|s) is attained twice on each half-line and every
value in (0, u(vy)) is attained once on each half-line and at least once in Gy \ Ry.
Thus we conclude, exactly as above, that (1.52) holds.

In the second case, the restriction of u to Ry is the whole soliton ¢,, which is
smooth. In particular, the derivatives of ¢, at vy, being opposed, do not contribute
to the Kirchhoff condition. Therefore, u solves problem (NLSg) on Gy \ Ry and,
as such, u belongs to N)(Gy \ Ry). Then, by (1.16), we have

||U||Izp(gN\Rk) > C,
with C depending only on A\ and p. In conclusion,

Ta(w) = 5 ([l iy + 1l ngiimey) = 5 (l6al5eg) + C) = 51+ 5C,
and the lemma is proved choosing J; = min {%3 A, 2C } m

Now we prove that an estimate similar to that of the previous lemma holds
also for solutions attaining their maximum on an edge of length 1.

Lemma 1.25. There exists 6o > 0 such that for every N > 2,

inf  Jy(u) > sy + 09 and inf  Jy(u) > sy + 02. (1.53)
ueS2(GN) u€S2(GN)

Proof. We will prove the existence of d > 0 such that for every N > 2,

inf  Jy(u) > sy + o9
ueN2(GN)

where

NalGy) 5= {u € NG | 10l = Ielleco
for some edge e € Gy of length 1}.

Then, the result will follow via Lemma 1.23 and (1.6).

Let u € Na(Gy). Let us assume that u attains its maximum on an edge e of
length 1.

We first construct a new graph and we rearrange u on it. Let € be an edge of
length 1. Let us attach a pair of half-lines H;, Hs to one of its vertices and another
pair Hs, H4 to the other one. We obtain in this way an H-shaped graph denoted
by G. We now claim that there exists v € N, (G) N Xz such that

I(v) < Jy(u). (1.54)
To see this, let vg, vgy1 be the vertices of e and let Q~vk, G],W be the connected
components of Gy \ e containing vy and vy respectively.
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Let us note that both g]k and Q~Uk ., satisfy assumption (H), hence

#{z € g~vk | u(z) =t} > 2 for almost every t € (0’ HUHLC’C@ )>7
Vi

#{w € Gy, | ulw) =1} > 2 for almost every t € (0, [lull g, )-
V41

Let u; and uz be the symmetric rearrangements on R of the restrictions of u
t0 Gy, Gu,,, respectively, so that uy,us € H'(R) and

[ur]| o) = ||U||Lq(§vk)» [zl Low) = ||U||Lq(§vk+1) for every ¢ € [1, o0],
lallewy < 1w'll g,y el < 1Wlleg,, )
Furthermore, there exist 21, zo € R such that ui(x;) = u(vg) and ug(z2) = w(vks1).

Let us then define w € H'(G) by

u(z) if x €€,
(x+x1) ifz € HiUHs,
(x +x9) if x € HyUHy,

u(x) ==y

U2

where, with a slight abuse of notation, we identified € € G with e € Gn.

By construction, @ attains its L> norm on e, [[u|;qg) = for every

HUHLq(gN)
q and [[7'|[ oG < Hu’HLg(fng), so that ny(z) < 1. Hence, setting v := ny(u)u, we

obtain v € N, (G) N Xz fulfilling (1.54). Thus,

J > inf J = J5:(A
)= ) = T

and it suffices to show that Jg () > sa.
Now, if jgyé()\) is attained this is trivial by Theorem 1.9, since G € G satisfies

assumption (H). If 75 ;(A) is not attained and (wy,), € NA(G) N Xe is a minimizing
sequence, then Lemma 1.17 applies, yielding a weak limit w € Xz \ {0} with

m = ||w]3 < lim, ||w,|]3 =: 1, L(w) < A and

m

lim L(w, —w) = A+ (A — L(w)) > A

n—m
In conclusion, as usual by the Brezis—Lieb Lemma and Lemma 1.16, we obtain

Tgz(\) = lim Jy (w,) = lim s, |5 = selim ([|w, — w7 + [[w]})

> 51\ 4 s||w|b = sy + s||w||}

and the proof is complete also when J5 () is not attained as w # 0. O
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In the next lemma, we study the properties of the graph Gw.

Lemma 1.26. For every € > 0, there exists= N. := N.(e,\,p) € Z=! such
that, for every N > N.,

inf  Jy(u) <sy+e
u€S3(GN)

and the infimum is attained.

Proof. By Remark 1.18, for every € > 0 there exists N, € Z=! such that for every
N > N, the inequality
jéN,Zo()‘) <syte¢

holds. By taking N. even larger if necessary, Theorem 1.12 guarantees that
G ZO()\) is attained by some u and, by Theorem 1.13, u € S3(Gy). If v is any

other element of S3(Gy), by the periodicity of Gy, there exists 7 € Ny (Gy) N Xz
(a translation of v) such that Jy(0) = Jy(v). Therefore, we obtain
I() = (@) = Tg, 7,(A) = Jau),

which shows that inf Jy(u) = J5_ 7z () is attained (by u). O
uESs(Gn) e

Corollary 1.27. Let ¢ < %min{él,ég}, where 61, 05 are given by Lemmas

1.24-1.25 and N. be the corresponding number given by Lemma 1.26. For
every N > N., one has

J)\(QNN) = inN J,\(u) < S\ t+¢€
uESg(QN)

and 0(Gy) is attained.

Proof. By Lemmas 1.24-1.25, for every N > 2, the inequalities

inf  Jy(u) > sy +e, inf  Jy(u) > sy +e,
u€S1(GN) u€S2(GN)

hold, while by Lemma 1.26

inf  Jy(u) < sy +e.
u€S3(gN)

Therefore, in view of (1.47), we have

J)\(QNN) = ian J)\(u)
u€33(gN)

and it is attained, again by Lemma 1.26. [
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To proceed, we prove a further preliminary result, in the spirit of Lemma 1.23,
that establishes a strict inequality when passing from S3(Gy) to S3(Gy).

Lemma 1.28. For every integer N large enough and for every u € S3(Gy)
such that Jy(u) < 2sy, there exists v € S3(Gn) such that Jy(v) < Jy(u).

Proof. Let u € S3(Gn) be such that Jy(u) < 2s,. By Remark 1.22] u does not
change sign. We assume that © > 0 and by the strong maximum principle, we
have that v > 0 on G.

If u attains its maximum in a loop Ly, by Lemma 1.23 there exists a function
v e Ny(Gn)N X7 such that JA() < J\(u), where L, corresponds to Ly after the

identification of Gy \ B with Gn \ ZO.

If u is constant on m edges of B, then it necessarily equals =3 Moreover,
25y > Jy(u) > ="

shows that m is bounded by a constant depending only on A and p. Since N can
be assumed as large as we wish, there are at least N —m > 6 edges of B on which
u is not constant. Any pair of these edges in B forms a loop on which u is not
constant. Since there are at least 3 such loops, necessarily

#{reB|ulx)=t}>3
for ¢ in a set of positive measure, so that by Lemma 1.23, the element v found
above belongs to Ny(Gn) N X and satisfies the strict inequality Jx(2) < Jx(u).
Finally, invoking again Theorems 1.12 and 1.13, provided N is sufficiently large,

there exists v € S3(Gy) such that Jy(v) = inf v @vnx~ Ja(w), hence
Ly

J)\(U) < J)\(Qj) < J,\(u),

and the proof is complete. O]

Lemma 1.29. There exists N € Z=' such that, for every N > N, we have
U,\(QN) > S), B
ox(Gn) = ox(Gn) (1.55)

and ox(Gn) is not attained.

Proof. Let ¢ and N, be as in Corollary 1.27, so that there exists w € Sg(QNN)
satisfying N
J)\(w) = 0')\<gN) < Syt €.

Let us note that oy (Gy) = Jx(w) > s, by Remark 1.21.
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We assume, in accordance with Theorem 1.13, that w > 0 and that w attains
its maximum in the loop Lo, which is possible as usual by the periodicity of Gx.
For every d > 0, we define ws € H'(Gy) by

ws(7) = (w(z) —0)"
and we notice that w; — w strongly in H'(Gy) as & — 0. The support of ws is,
by construction, a bounded subgraph Gs of Gy that can also be considered as a
subgraph of Gy: it suffices to embed it, for every ¢, into Gy in such a way that it
does not contain vg. Thus, after extending ws to 0 in Gy \ G5, we can view it as
a function in H'(Gy) attaining its maximum on some loop Ly,. Let us also note
that, by strong convergence,

1112
n}\(w6)p_2 _ ||w:5||%2(gN) + AHwéH%Z(QN) _ ||U)5H + /\||w5||L2(g 1
||7~U6||Z£p(gN) || 6||Lp(g
as 6 — 0.
By Theorems 1.12-1.13, for every ¢ > 0 there exists vs € S(Gy) such that
Ix(vs) = inf ().
)= dnt )
Therefore, as § — 0, we obtain
oa(Gn) < Ta(vs) < Ja(na(ws)ws) — Ja(w) = ox(Gn),
showing that N
ox(Gn) < ox(Gn). (1.56)

Hence, by Lemmas 1.24-1.25, we have

oA(Gn) = ueé?(fglv) Ja(u) < sy +e.

Without loss of generality, let us assume that € < s. Next, for every u € S3(Gy)
with Jy(u) < sy +¢, let v € S3(Gy) be the function provided by Lemma 1.28.
Then, the inequalities _

oA(Gn) < Ia(v) < Jx(u)
hold. Taking the infimum over u, we obtain (Gy) < (Gy) which, coupled with
(1.56), establishes (1.55).

Finally, to prove that o(Gy) is not attained, let us assume instead that there
exists u € S3(Gn) such that J(u) = 05(Gy). By Lemma 1.28 again, let v € S3(Gy)
satisfy Jy(v) < Jx(u). Then, we obtain

o (Gn) < Ja(v) < Jx(u) = 0A(Gn),
contradicting (1.55). O

Proof of Theorem 1.20. It is enough to take N as in Lemma 1.29, the result is
then a straightforward consequence of Remark 1.21 and Lemma 1.29. O



Chapter 2

Constant sign and sign changing
NLS ground states on noncompact
metric graphs

2.1 Presentation of the chapter

In this chapter we investigate the existence of constant sign and sign changing
solutions of the nonlinear Schrédinger equation

—u" 4+ M = |ulP~?u, (2.1)

where p > 2 and \ are real numbers, on noncompact metric graphs under various
assumptions.

Throughout this chapter we consider the class Ga of connected metric graphs
G = (V,E) where the sets V and E are at most countable, every vertex v € V has
a finite degree, and the lengths of the edges e € E are bounded away from zero
(see Definition 2.10 below). A graph of this type is noncompact if at least one
edge is unbounded (i.e. it is a half-line) or if the number of edges is infinite, giving
rise to two classes of graphs that behave quite differently and that we will treat
separately. Let us note that every half-line is considered to end at a “vertex at
infinity” of degree one. The set of all such vertices of V is denoted by V...

The analysis of differential equations on metric graphs experienced a massive
growth in recent years, in particular motivated by the potential of graphs to serve
as simple models for signal propagation in branched structures.

In this context, stationary nonlinear Schrodinger equations as (2.1) gained
a prominent interest, as it is well-known that to any couple (u,\) satisfying
(2.1) there corresponds a standing wave solution (¢, z) := e u(z) of the time-
dependent nonlinear Schrédinger equation

it x) = 82, 0(t, @) + [ (t, 2) P (). (2.2)

Nonlinear dispersive equations as (2.2) are largely studied in view of the role they
play in many applications, as e.g.in the modeling of quantum mechanical systems
in Bose—FEinstein condensation or in the modeling of optical fibers.

181
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It is clear however that, when considering any differential model on graphs, it is
not enough to prescribe a differential equation that describes the behaviour of the
system in the interior of each edge. The equation has indeed to be complemented
with suitable matching conditions at the vertices, specifying how the interaction
among edges behaves at the junctions.

In the case of nonlinear Schrodinger equations, there is a wide class of vertex
conditions that can be considered. In the present chapter, we couple equation (2.1)
with a specific choice of boundary conditions. Precisely, given a (not necessarily
finite) set Z C V \ V, of degree 1 vertices, we are interested in solutions to the
problem

—u” + M = [u[P72u  on every edge of G,

u is continuous on G,
d NL
> d;t (v)=0 for every v € V\ (Z UV), (NLSq,7)
ev e
u(v) =0 for every v € Z,
where 5—;6 (v) is the outgoing derivative along the edge e incident at the vertex v and

e > v means that the sum is extended to all such edges. The boundary condition for
v ¢ Z (together with the continuity of u) is the homogeneous Kirchhoff condition,
by far the most used in the literature. It is a natural analogue of the Neumann
boundary condition to metric graphs (see e.g.[68, Section 1.4]). The boundary
condition for v € Z is the homogeneous Dirichlet condition, which by contrast
has been discussed only by few papers (see for instance [142]). Here we choose to
include mixed conditions to highlight their role in the existence (or nonexistence)
of various types of solutions to (NLSg ). The requirement that all nodes of Z
have degree 1 prevents that the graph be disconnected by the Dirichlet conditions.

Coupling the operator —d?/ dz? with our boundary conditions guarantees its
self-adjointness.

This is a natural requirement in the analysis of quantum mechanical problems
(see e.g. [5] for an overview on boundary conditions ensuring self-adjointness on
metric graphs and [68, Section 1.4] for a thorough discussion).

Solutions to (NLSg z) can be found by a variational approach that has been
employed very frequently to deal with this kind of problem or with its variants. In
our setting, the appropriate function space to set problem (NLSg ) is

H,(G) = {u € H'(G) ’ u(v) =0 for every v € Z}.

Standard arguments show that the H'(G) solutions of (NLSg 7) are exactly the
critical points of the action functional Jy : H;(G) — R defined by
1 A 1
Ja(u) = iHulHZL?(g) + 5“”“%2(@ - ;HUHip(g), (2.3)

that is of class C? on H}(G).
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Hereafter the parameter \ satisfies'\ > —wy(G), where

o Wi
veHL @} [[v]|32(g)

wz(G) =

is the bottom of the spectrum of the Laplacian on G associated to the boundary
conditions in (NLSg 7). This assumption is standard when working with this
problem and is justified by the fact that, under it, the quadratic part in (2.3)
provides a norm on H'(G) equivalent to the usual H' norm.

When looking at solutions to (NLSg ) from the variational perspective, one
has to take into account that the functional Jy is not bounded from below on
H%(G). A standard way to recover the notion of minimality is to introduce the
Nehari manifold associated to Jy, defined by

N z(G) = {u € Hy(G) | u#0, J(uu =0}
—{uc HY(©O) [u 0, Wag) + Mulltag) = lullg)

Clearly, N, z(G) contains all solutions to the problem (NLSg 7). It is a C''-manifold
diffeomorphic to the unit sphere of H,(G) and is a natural constraint for Jy, in the
sense that constrained critical points of Jy are in fact true critical points. Other
approaches are possible (for instance one could constrain J, on the unit sphere
of LP(G)), but the Nehari approach has the advantage that it works also in cases
where the nonlinearity is not homogeneous, thus providing a framework suitable
to be generalized to a wider class of nonlinear terms.

Definition 2.1. We say that a function u € N, z(G) is a ground state for
problem (NLSg z) if

Inu) = vl ) Inw).

Since we want to discuss both one-signed and sign changing solutions, we will
also consider nodal ground states, roughly the analogue of ground states among
sign changing functions. To define rigorously this notion, we let

ut := max(u, 0), u~ := min(u,0)
and we define the nodal Nehari set as

28(G) = {u e HY(G) | uF € Noz(9)} = {u € HY(G) | u* #0, Jy(upu* =0},

! This is a common assumption in the literature. Let us already point out that in the next
chapter, concerned with bounded domains, it will be important to also consider cases where —\
lies between the first and the second eigenvalue of the domain. In the current chapter, we will
mostly deal with noncompact graphs, and in this setting, we will stick to the usual assumption
A> —wy (g)
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The nodal Nehari set contains all nodal solutions of (NLSg ) but, contrary to
N,.z(G), in general it is neither a manifold (see e.g. [53, 93, 318]) nor a natural
constraint for .Jy, which causes some difficulties when proving existence results.

Definition 2.2. We say that a function u € N{%/(G) is a nodal ground state
for problem (NLSg z) if

J(u)= inf Jy(v).
Au) = M) A(v)

Let us recall that whenever they exist, ground states (respectively nodal ground
states) provide constant sign solutions (respectively sign changing solutions) of
(2.1) of minimal action.

As we already saw, to look for one-signed solutions Schrodinger equations as
minimizers of suitable functionals is a standard strategy, that has been widely
exploited on graphs in the mass constrained setting, in which case ground states
are defined as minimizers of the energy functional u +— L/ 1726) — %Hu”’ip(g)
restricted to an L*-sphere (see e.g. [4, 9, 14, 19, 21, 70, 71, 72, 76, 77, 78, 134, 198,
199, 271, 272, 322| and references therein). In particular, these works have shown
that the existence of ground states for the prescribed-mass problem on noncompact
graphs is a rather unlikely event. Obstructions to existence are provided mostly
by the topology of the graph, and sometimes also by its metrical properties.

Conversely, the action approach has not received much attention so far (some
results in this direction can be found e.g. in [11, 120, 211, 263]). Let us stress that,
though clearly critical points of the action on Nehari sets are also critical points
of the energy on a suitable L2-sphere and viceversa, the general relation between
the action and the energy approach is not fully understood.?

First investigations in this direction started only recently in [129, 190] for NLS
equations posed on domains of R, but many of the results obtained therein extend
with no difference to metric graphs. Specifically, if on the one hand those analyses
proved that mass constrained ground states of the energy are always also ground
states of the action, on the other hand they showed that the converse is in general
not true. Hence, there may well exist action ground states that are not energy
ground states among functions with the same mass, and the actual occurrence of
this phenomenon on metric graphs has been proved e.g. in [22, Theorem 1.4] and
[126, Proposition 2.4].

This somehow further motivates the independent study of the action ground
state problem even in a context, as that of graphs, in which a well-developed theory
of energy ground states is already available.

2We will give new results relating the “action approach” and the “energy approach” on
bounded domains of RY in the next chapter.
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To the best of our knowledge, nodal ground states, and more generally sign
changing solutions, on general metric graphs have never been investigated up to
now, neither for the action nor for the energy problem. In the nodal setting,
actually, the asymmetry between the action and the energy point of views is more
pronounced, as it is not even clear how to define a general variational framework
to deal with sign changing solutions with prescribed mass (that is, no analogue of
the nodal Nehari set is known for the energy).?

The main concern of the present chapter is thus to begin a systematic study
of action ground states and nodal ground states for (NLSg 7). In particular, we
are interested in characterizing the dependence of the problem on topological and
metrical properties of the graph. On one side, as it is reasonable to expect, with
purely Kirchhoff vertex conditions (i.e. Z = &), we will find that sometimes the
same topological conditions that rule out mass constrained ground states do pre-
vent existence of action ground states too (this is the case for graphs with half-lines,
as in Theorem 2.6 below), and analogous conditions for nodal ground states will
be identified. On the other side, we will also show that there are graphs (periodic
ones and trees) for which action ground states exist for every admissible value of
A, whereas existence of mass constrained ground states depends on the value of
the mass.

To begin the discussion of our results, let us observe that if G is compact, the
existence of a ground state and of a nodal ground state can be proved thanks to
standard compactness arguments.

Indeed, the compactness of the domain guarantees compactness for Sobolev
embeddings H'(G) — L?(G) (see Proposition A.9), which is all is needed to obtain
strong convergence of minimizing sequences for the above variational problems (see
e.g. [124, Proposition 3.1] for further details on such compactness results in the
context of mass constrained critical points of the energy).

On the contrary, if G is noncompact, since as we said above the existence of
ground states is unlikely, it is not surprising that the analogous eventuality for
nodal ground states is even more so. As for ground states, we are going to derive
sufficient conditions for both existence and nonexistence of nodal ground states
involving topological features, metrical ones and combinations of the two.

Our analysis is based on a rather abstract procedure, typical of problems with
lack of compactness, consisting in locating thresholds on the levels of .Jy, involving
the so—called level at infinity

IN(G; Z) = inf{lirr%inf In(un) | (un)n € Ny 2(G), liTILnun = 0 weakly in Hé(g)}

3Nevertheless, we will provide a strategy to find normalized nodal solutions, on bounded
domains, in the next chapter.
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Theorem 2.3. Let G € Ga be a noncompact graph and A > —wz(G).

(1) If
inf J < J3(G; Z), 2.4
e o M) < TG Z) (2.4)
then there exists a ground state of Jy in Ny z(G). Moreover, ground states
have constant sign on G\ Z.

(ii) If
inf  Jy(v) < JX(G;Z)+ inf  Jy(v), 2.5
v M) < G 2) + | _inf () (2.5)

then there exists a nodal ground state of Jy in NY%(G).

Theorem 2.4. For every noncompact graph G € Gg and A\ > —wz(G),

inf J >2 inf J . 2.6
ve/\%‘gi(g) /\(U>_ veJ\lfil,z(g) )\@) ( )

If equality holds, then G admits no nodal ground states of Jy in ;“)Zd(g)
Remark 2.5. Inequality (2.6) also holds when G is a compact metric graph, and is
then strict as nodal ground states always exist in this case.

This abstract strategy, though general, is insufficient to obtain existence results
if one is not able to compute the level J°(G; Z) in concrete cases. Here we will
detect specific properties of the graph that permit such computation and make
sure that, in certain cases, the ground state level or the nodal ground state level
lie below the level at infinity. Since this is where the topology and the metric of
the graph become crucial, the analysis of such questions is carried out separately
according to the class of graphs under study.

Let us first discuss the case of graphs with at least one half-line. For every
such graph, wz(G) = 0 and so the following results hold for every A > 0.

We identify topological conditions on G that prevent the existence of ground
states and nodal ground states. We describe them here in a concise way, referring
to section 2.4 for a more detailed discussion. To begin with, let us recall that the
set of vertices at infinity of G is

Vo = {v eV ’ v is the vertex of degree 1 of some half—line}
and let us define the set
F(G) = {e €E ’ at least one connected component of (V,E\ {e})

has no vertices in Voo U Z }
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The set F'(G) is thus the set of edges of G (if any) whose removal disconnects
G creating a connected component without vertices in V,, U Z. Basically, if F(G)
is non-empty, there exists at least one “bridging” edge in the graph that, once
removed, creates at least one connected component separated from all the half-
lines and all the vertices with the homogeneous Dirichlet condition (see Figure 2.1
for a concrete illustration of F/(G) on different graph structures).

()

Figure 2.1: Examples of graphs G with corresponding set F'(G) containing 0 (A),
1 (B), and 4 (C) edges, respectively. Here, Kirchhoff conditions are assumed at
every vertex, and edges in F'(G) are drawn thicker.

The cardinality of F'(G) is a purely topological notion and plays a fundamental
role in the nonexistence of ground states and nodal ground states. Roughly, we
will see that the presence of bridging edges in F(G) may facilitate existence of
such states, especially if the connected components without vertices in VU Z
they isolate have a very simple structure. On the contrary, a low cardinality of
F(G) somehow corresponds to a too intricated graph structure not compatible with
existence. This is stated rigorously in the next theorem, where for every A > 0 we
denote by

Sy 1= ve}\%f(R) Jr(v)

the ground state level of J, on R.
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Theorem 2.6. Let G € Go be a noncompact graph with at least one half-line
and X\ > 0, then

veJ\ifﬁg(g) Jr(v) < sy (2.7)
and
Ueﬁﬁfm M) <ot b g AlY): (28)
Moreover,
(i) if #F(G) =0, then
B () = 5 (2.9)

and it is not achieved, unless G is isometric to R or to a “tower of bubbles”
depicted in Figure 2.2;

(it) if #F(G) <1, then

inf J)\(’U) =s)+ inf J)\(U) (2.10)

vENTHHG) vEN), Z(9)

and it is never achieved.

o) @ e}

Figure 2.2: An example of a “tower of bubbles” graph. Each of these graphs,
identified in Example 2.4 of [19], is built of a real line and a finite sequence of
two-by-two tangent circles.

The preceding results are the main examples where the existence of ground
states or nodal ground states is ruled out by a purely topological assumption on
the graph. The families of graphs fulfilling each of the conditions of Theorem 2.6
are rather large and it is not difficult to exhibit examples of structures with these
properties (see Figure 2.1(A)—(B) and Figure 2.3).

In the case of ground states, the condition #F(G) = 0 was already shown to
prevent existence of mass constrained ground states of the energy in [19, Theorem
2.5, where it was named assumption (H). In contrast, the analogous condition for
nodal ground states is established here for the first time. We underline that both
assumptions on the cardinality of F(G) are sharp for nonexistence. Indeed, in
Section 2.4 we will show that there exist graphs satisfying #F(G) > 1 that admit
a ground state, and graphs satisfying #F'(G) > 2 that admit a nodal ground state.
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(A) (B)

Figure 2.3: Further examples of graphs with half-lines satisfying #F(G) = 0 (A)
and #F(G) =1 (B).

These nonexistence results are complemented in Section 2.4 by a number of
sufficient conditions to ensure existence.

Relying on techniques developed for energy ground states in [19, Section 6], [21,
Section 3|, it is easy to construct graphs where existence of action ground states
is guaranteed by purely topological properties whenever Z = & (see Theorem 2.26
and Figure 2.6 below). Notably, this turns out to be impossible as soon as Z # &.
In this case, a necessary condition of metrical nature for the existence of ground
states arises: the diameter of the set of all bounded edges of the graph must exceed
a threshold depending on A but not on the graph itself (Theorem 2.27). The same
constraint holds true for nodal ground states, where it is not even needed to have
a nonempty set Z (Theorem 2.29).

In addition to provide purely metrical nonexistence results, these theorems also
imply that the interplay between topology and metric must be further exploited
if one hopes to recover existence. We give examples of this fact by describing two
general procedures to construct graphs where existence is granted (Theorems 2.30—
2.34). The former relies on the metric only, and shows that one and two sufficiently
long edges with vertices of degree 1 not in Z are enough to have ground states and
nodal ground states, respectively. The latter basically consists in a suitable gluing
of graphs hosting ground states to obtain structures supporting nodal ground states
(see e.g. Figure 2.7).

The previous results highlight how the presence of at least one vertex with
the homogeneous Dirichlet condition affects the existence of ground states and
nodal ground states. Indeed, the fact that vertices in Z play the same role as
those at infinity in the definition of F'(G) suggests the idea that an edge ending
at a vertex with zero Dirichlet conditions behaves as an half-line. This heuristic
comparison makes some sense, since H! functions tend to zero at infinity along
each half-line. However, Theorem 2.27 unravels that the analogy with half-lines
is not complete: edges with endpoints in Z are somehow “worse”, as they make
metrical assumptions necessary to obtain existence. We may be tempted to say
that existence of ground states simply requires edges ending in Z to be long enough
(and thus sufficiently close to half-lines), but this is not true in general, as ground
states can exist even on graphs where all edges with vertices in Z are arbitrarily
short (see Remark 2.28 below).
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Section 2.5 of the chapter deals with noncompact graphs in the class G with
an infinite number of edges, whose length is uniformly bounded from above. Given
the huge variety of structures in this class, we confine ourselves to two subclasses
of major relevance, that have already been studied extensively in the literature in
many contexts (see e.g. [14, 71, 72, 130, 134, 162, 263, 267 for results related to
those we discuss here): periodic graphs and reqular trees.

Without entering the details of the definition of periodic graphs (for which we
refer to [68, Definition 4.1.1]), let us mention here that we always work assuming
that the set Z shares the same type of periodicity as the graph itself. Our main
result in this respect completely describes the phenomenology from the point of
view of ground states and nodal ground states (results in this direction for ground
states on periodic graphs were already given in [263]).

As for graphs with half-lines, if G is a periodic graph then wz(G) = 0, so that
the next theorem holds again for every A > 0.

Theorem 2.7. Let G € Gg be a periodic graph and X > 0. Then G admits a
ground state. Furthermore, one has

inf  Jy(v)=2 inf Jy(v
vEN/{i%j(g) /\( ) veNy, z(G) /\< )

and there are no nodal ground states.

It is interesting to note that the above results are insensitive of the degree of
periodicity, i.e. the dimension n of the group Z"™ whose action leaves the graph
invariant. This is particularly relevant when put in relation with the available
results for prescribed-mass energy ground states (compare e.g. [14, Theorems 1.1-
1.2], where n = 2, with [125, Theorem 1.1], where n = 1), whose existence has
been shown to depend strongly on the value of n.

The last results of Section 2.5 concern regular trees, i.e. acyclic, noncompact
metric graphs with infinitely many bounded edges, all of the same length, and
where all the vertices have the same degree, with the possible exception of a
unique root vertex of degree 1. If such a vertex with degree 1 is present, we speak
of a rooted tree (see Figure 2.4(A)), otherwise we speak of an unrooted tree (see
Figure 2.4(B)). Note that regular trees are well-known examples of noncompact
graphs satisfying wz(G) > 0 (see e.g. [130] and references therein). Hence, in this
setting our results involve also negative values of A.
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(4) (B)

Figure 2.4: Examples of a rooted tree (A) and an unrooted tree (B).

Theorem 2.8. Let G be a regular tree and X > —wz(G). Then
(i) if G is unrooted or, if G is rooted and Z is empty, G admits a ground state;
(i) if G is rooted and Z is not empty, there are no ground states on G;

(7ii) independently of Z, there are no nodal ground states on G.

As in the case of periodic graphs, the preceding theorem provides a complete
description of the problem for regular trees. Note that, as one may expect, the
role of the set Z is crucial to discriminate between existence and nonexistence on
rooted trees.

Moreover, as already seen for periodic graphs, observe that Theorem 2.8(i)
establishes the existence of ground states of the action on trees for every admissible
value of the parameter .

It is interesting to compare this result with [130, Theorem 1.2], where it is
shown that existence of mass constrained ground states of the energy on trees
does depend on the mass. In particular, when p € [4,6), energy ground states
do not exist if the mass is smaller than a positive threshold. Note, however, that
this seeming asymmetry is not sufficient to guarantee that, on trees, the action
approach is more general than the energy one. Indeed, [130] does not provide any
information on the values of the parameter A associated to energy ground states,
and nothing is known about the mass of action ground states identified in this
paper. Hence, it is not clear whether the ground states of the action given by
Theorem 2.8(i) for A > —wz(G) coincide with the mass constrained ground states
of the energy found in [130, Theorem 1.2].
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We observe that the discussion developed here requires no restrictions on the
nonlinearity power p, so that all our results apply for every p > 2. In particular,
the existence statements listed above provide constant sign and sign changing
solutions to (NLSg 7) also when p > 6, the so-called L*-supercritical regime,
whose analysis is much harder in the context of fixed mass critical points of the
energy (first investigations in this direction have been recently initiated in [82,
102]).

To conclude, let us study nodal domains (i.e. the connected components of*
G\u1(0)) and the nodal set (i.e. the set ©~1(0)) of nodal ground states u. As one
may expect, nodal ground states have exactly two nodal domains (Theorem 2.38).
We also show that the nodal set can have an arbitrary number of components
and an arbitrary measure. This is in contrast with the case of open domains
of RY, where unique continuation principles forbid nonzero solutions to vanish on
nonempty open subsets.

Theorem 2.9. For every nonnegative integers k, m,n with m > 2, there exists
a graph G and a nodal ground state u on G such that u='(0) is the union of k
isolated points, m half-lines and n line segments.

The remainder of the chapter is organized as follows:
o section 2.2 collects some preliminary facts useful for the subsequent analysis;

o section 2.3 provides the proof of the abstract results contained in Theorems
2.3-2.4;

« section 2.4 analyzes the case of graphs with half-lines;
o section 2.5 deals with periodic graphs and trees;

o section 2.6 is devoted to the study of qualitative properties of nodal ground
states.

Notation. Throughout, we will drop the dependence of Ny z(G), N7%(G), J» on
A and G, writing Nz, N2°? and J whenever possible, keeping the complete notation
only if necessary. Similarly, when the context permits it, we will not explicitly
indicate, in norms, the dependence on the domain of integration. Furthermore,
when Z = &, we do not put @ as a subscript and simply write H*(G), N/, N4,
etc.

2.2 Preliminaries

We refer to Appendix A to precise the notion of metric graphs. However, we
make precise in the following definition the class of graphs that we consider in this
chapter.

4To keep notations light, we will denote by u~1(0) the set {x € G | u(x) = 0}.
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Definition 2.10. We denote by Gy the class of metric graphs G = (V, E) such
that:

e G is connected and has an at most countable number of edges;

o deg(v) < oo for every v € V, where deg(v) denotes the degree of the vertex
v, i.e. the number of edges incident at v;

o (:=inf.cgl. > 0, where /., denotes the length of the edge e.

Note that a graph G € Gs is noncompact as soon as one of the following two
eventualities occurs: i) G has at least one unbounded edge (i.e. a half-line), ii) the
number of edges of G is infinite.

Remark 2.11. One could add in the definition of G the assumption that every vertex
v satisfies deg(v) # 2. Indeed, vertices v of degree 2 can a priori be eliminated
from any metric graph, by melting the two edges incident at v into a single edge.
In some cases however (see Remark 2.16) the possibility of using vertices of degree
2 turns out to be quite handy. We notice that adding or removing vertices of
degree 2 from a graph changes it combinatorially, but not as a metric space, and
in this chapter we will identify graphs that differ only by vertices of degree 2.

As anticipated in the presentation of the chapter, we couple equation (2.1) with
mixed Kirchhoff and Dirichlet boundary conditions. Given a noncompact graph
G € Ga, we let Z C V denote a set of vertices of degree 1 (possibly empty or
infinite) where we impose homogeneous Dirichlet conditions and we set

H,(G) = {u c H(G) ‘ u(v) = 0 for every v € Z}.
The Nehari manifold associated to J on HL(G) is
Ny = {u € Hy(G) ‘ w0, J' (u)u= 0}
={ue HLG) | u#0, |3+ Mull} = [lul}},
while the nodal Nehari set is
Nyt = {u € H,(G) ‘ u* € NZ} = {u € H,(G) ‘ ut £ 0, J(u)u* = 0}.

The nodal Nehari set contains all nodal solutions of (NLSg 7), but, generally, it
is not a manifold. However, the following fundamental property holds for global
minimizers on compact graphs.
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Proposition 2.12. Let G € Gy be compact and X\ > —wz(G). If u € Njo?
satisfies
J(u) = inf J(v),

veEN g“’i

then J'(u) = 0.

Proof. The fact that any function realizing the minimum of the action restricted
to its nodal Nehari set is in fact a critical point of the action is a very general
property, that holds true for a large class of NLS equations including the one we
consider in this chapter, and is not specific of graphs. A detailed proof can be
found e.g. in [52, Proposition 3.1] in the case of NLS equations (with more general
nonlinearities than the one of this chapter) posed on bounded domains of RY with
homogeneous Dirichlet conditions at the boundary. The proof reported therein
uses only abstract tools of Critical Point Theory (in particular, the deformation
lemma). For this reason, that argument extends with no modification to compact
graphs. O

Obviously N2°¢ C Nz and, for u € N7z, the functional J defined in (2.3) takes
the simple form

J() = sellully = sl + Allull3), =5 - e (2.11)

from which we see that J is positive on Nz. Actually much more can be said, as
stated in the next proposition, which rephrases in the present setting an analogous
result of [120, Proposition 2.3].

Proposition 2.13. For every A > —wz(G) and p > 2, there exists a constant
C > 0 depending only on A and p such that for all noncompact G € Gao,

inf |jull, > C > 0.
UGNZ

Moreover, if (u,), C Nz satisfies sup J(u,) < oo, then (u,), is bounded in

HY(G) and
inf |unll2 > 0, inf | tnloe > 0.

As is well known, there is a continuous projection m : H,(G) \ {0} — Nz,

defined by N
I < ) 1)
b ’

ma(u) = nx(u)u, ny(u) = <

so that u € Ny if and only if ny(u) = 1. Let us also note that if u € HL(G)
satisfies u® # 0, then my(u™) + m\(u™) € NZo%
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Remark 2.14. For every metric graph G and every set Z of degree 1 vertices, the
map

t— inf Jy(v

werll ) )

is increasing and continuous on (—wz(G), +00). This property of the action ground
state level is general and does not depend on the fact that we are considering the
problem on graphs. For this reason, we redirect the interested reader e.g. to [129,
Lemma 2.4] for a detailed proof (in the context of open subsets of RY).

2.3 Proof of the abstract results

In this section we prove the abstract results stated in Theorems 2.3-2.4. The
strategy for the proof of the existence results is to construct special minimizing
sequences for J on Ny or N2°¢ to avoid problems caused by the noncompactness
of the graphs.

Remark 2.15. In this section and the next ones, we will frequently use, without
recalling it, the following consequence of the Strong Maximum Principle on metric
graphs (see Proposition D.2): if u # 0 solves problem (NLSg ) and if u > 0 on G,
thenu>0on G\ Z.

Remark 2.16. The proof of the next results relies on the following approximation
procedure: given a noncompact graph G € G, we construct an increasing sequence
(Kn)n € G of connected compact graphs such that U,>; K, = G, and a sequence
(Xn)n € HY(G) of cut-off functions such that

0<xn <L [Xolloo <1/6, Xag, ., =1,  suppxa €Ky,

with ¢ as in Definition 2.10.

To describe the graphs IC,, we begin by performing a preliminary operation on
G as follows. On each half-line of G (if any) we insert vertices of degree 2 at the
points of coordinates kf, k = 1,2,.... Every half-line can now be viewed as a
sequence of consecutive edges (each of length ¢). With some abuse of notation, we
still call G = (V,E) the new graph obtained in this way (see Remark 2.11).

Let now vy € G be a fixed vertex. For every n > 1, let V,, be the set of vertices
of V that can be reached from vy travelling on at most n edges. As each node of G
has finite degree, the sets V,, are finite and, since G is connected, for each vertex
v € G (different from vy) there exists ng(v) > 1 such that v belongs to V,, for every
n > ng(v).

Then we define the graph K, as (V,,E,), where E,, is the set of edges of E
whose vertices belong to V,,. Clearly, each K, is connected and compact, and

UnZl ’Cn - g
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Finally, we define y,, to be equal to 1 on K,,_1, to 0 on G \ K,, and affine on
every edge of KC,, \ K,,_1. All the required properties trivially hold (the bound on
X}, follows from the fact that all edges of G have length at least ¢).

To conclude, note that, given u € H,(G), it is straightforward to check that
Xntt — u in HY(G) as n — oo.

Exploiting Remark 2.16, we now construct suitable minimizing sequences for
J on Nz and N3°?.

Proposition 2.17. Let G € Gy be noncompact and X > —wz(G). There ezists
a minimizing sequence (uy), C Nz for J and u € HL(G) such that

u, —=u  weakly in H'(G), u>0 and J'(u) = 0.

Proof. Keeping in mind the notation of Remark 2.16, let (K,),, be the sequence
of compact graphs approximating G and let 0KC, = V,, \ V,,_1. Define the Hilbert
space H, 1= Hj . (K,) and the Nehari manifold associated to J on H,,, namely

N, = {u € H, ’ w0, J' (u)u= O}.

If w € H,, it vanishes on 0K, and, after extending it by 0, it can be viewed as a
function in H,(G), that we still denote by u. Therefore, N, C N7 for every n > 1.
Let u,, € NV, be a ground state for .J restricted to H,, that is,
J(up) = Ulerjl\;n J(v).

The existence of u,, is standard by the compactness of the embedding of H'(K,)
into LP(KC,,) observing that, by construction, wzyax, () > wz(G). Note also that,
as u € N, if and only if |u| € N,, and J(u) = J(|u|), we can assume that u, > 0
on G.

We claim that (u,), is a minimizing sequence for J on Nz. First note that,
since KC,,_1 C KC,, for every n, the sequence (J(u,)), is nonincreasing.

Given any € > 0, let w € Nz be such that J(u) < g}\ﬁ J(v) +¢/2. Let (Xn)n

vENZ

be the sequence of cut-off functions of Remark 2.16. For every n, the function
Up = mA(xnT) is in Nz and supp @, C K,, which means, in particular, that 1,
(restricted to KC,,) is in N,,. Moreover, by Remark 2.16 and the continuity of 7y,
as soon as n is large enough we have

J(u,) < inf J(v)+e.

’UENZ

Therefore, for all n large,

J(u,) = inf J(v) < J(u,) < inf J(v)+e.

vEN, veENZ
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Thus (uy,), is a minimizing sequence for J on N, and the claim is proved. Since
(tn)n is bounded in HL(G) (like all minimizing sequences), up to a subsequence it
converges weakly to some u € HL(G) that also satisfies u > 0. Since u,, minimizes
J over N,,, it follows that J'(u,)¢ = 0 for every ¢ € H,,. As u > J'(u)¢ is weakly
continuous on H1(G), letting n — oo shows that J'(u)¢ = 0 for every ¢ € H,, and
every n, and thus, by density, that J'(u) = 0. ]

Proposition 2.18. Let G € Gg be noncompact and X > —wz(G). There exists
a minimizing sequence (un)n € Nz°* for J and u € Hy(G) such that

u, —u  weakly in H'(G) and  J'(u)=0.

Proof. The proof is very similar to the one of Proposition 2.17, to which we refer
for the notation. Let us define

Nred . — {v € H, ‘ vt € Nn}

and, for each n, let u,, € N™? be a nodal ground state for J restricted to H,, that
is,
J(u,) = inf J(v).
() = it J()
The existence of u,, follows plainly by the compactness of the embedding of H'(K,,)
into LP(IC,,) as, for example, in [318, Theorem 18] observing again that

wzuak, (Kn) > wz(G).

We claim that (u,), is a minimizing sequence for J on AZ°¢. We note that,
as above, (J(uy,)), is nonincreasing. If u € N2° we have (yx,u)* = y,u*, and
both functions are nonzero if n is large enough. By the continuity of 7, and
Remark 2.16, as n — oo,

TAOu) + m(xau”) = m(ut) +mauT) =u  in Hy(G).
Now, given any € > 0, let u € N3°¢ satisfy J(u) < Aifnfd J+e/2.
zZ

Define u,, = m\(xn0") + ma(XnU ), s0 U, € N2 suppiu, C K,, whence
U, € N, Then, for every n large enough,

J(up) = inf Jv) <J(@,) < inf J(v)+e,

veNod veN, g"d

showing that (u,), is a minimizing sequence for J on N2°%.

Since, by Proposition 2.12; J'(u,)¢ = 0 for every ¢ € H,,, we conclude exactly
as in the proof of Proposition 2.17. O]
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We are now in position to prove Theorems 2.3-2.4.

Proof of Theorem 2.5. Let us prove the two statements separately.

Proof of (i). Let (u,), C Nz be the minimizing sequence for the functional .J
on N constructed in Proposition 2.17 and let u > 0 be its weak limit. We first
show that u # 0. Indeed, if this were the case, then u, — 0 in H}(G), so that

: R S 1%(C.

vlerjl\lﬁz J(v) =liminf J(u,) > J*(G; Z),
which is ruled out by assumption (2.4). Now as u # 0 and J'(u) = 0, u is a
nontrivial solution of (NLSg 7). In particular, u € Nz and then, by (2.11) and
weak lower semicontinuity,

J(u) = s||ullh < lim inf s ||un || = lim inf .J (u,) = viel}\;z J(v)

showing that w is a ground state. As such, u is positive on G \ Z by Remark 2.15.

Proof of (ii). Consider the minimizing sequence (u,,), given by Proposition 2.18
and its weak limit v € HL(G) satisfying J'(u) = 0. We first show that u* # 0.
For every n,

J(up) = J(uf) + J(u,) > J(ul) + inf J(v).

UENZ
If, for instance, u™ = 0, then u;” — 0 in H}(G), so that

. — . . > . . + . > 00 . .
inf J(v) = liminf J(u,) _hgg})lng(u )+vler}\§zj<v) > J*(G;, Z) + 11}\; J(v),

ve./\/}“’d n vENZ

by definition of J*°(G; Z), which contradicts (2.5). In the same way one proves
that u= #Z 0. As J'(u) = 0, it follows that u is a non-zero sign changing solution of
(NLSg.z), and hence u € N3°?. Then by weak lower semicontinuity, we conclude
that
B » o b e .
J(u) = x||ull) < seliminf [|u, ||} = lim inf J (u,) = velj\r}éfwd J(v),

namely that u is the required minimizer, i.e. a nodal ground state of (NLSg 7). O
Proof of Theorem 2.4. Let u € N2°% Since u* € Nz, we have

Jw)=Ju")+ J(u")>2 inf J(v),

UGNZ
which is (2.6).
Now assume that u € N3°? satisfies

J(u)= inf J(v)=2 inf J(v).

Ue/\/}wd veENZ

Then J(ut) = J(u~) = inf,ep;, J(v), and therefore u* are both ground states of
J. As such, by Remark 2.15, they cannot vanish in G\ Z, which is a contradiction
since u* # 0. m
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2.4 Graphs with at least one half-line

In this section we discuss ground states and nodal ground states for noncompact
graphs with at least one half-line. Since for such kind of graphs the bottom of the
spectrum of —d?/dz? on HL(G) always satisfies

all the results of this section will hold for every A € (0, +00).

The prototype cases in this context are given by the real line and the half-line,
about which everything is known (see e.g. [98, 214]). Since the ground states on
R play a very important role in what follows, we recall briefly their main features.
On the real line the only nontrivial L? solutions to (2.1) are the solitons and are
unique up to translations and sign (see Appendix C). Denoting by ¢, the unique
positive and even soliton, for every A > 0 we have

S\ - — J,\(qb)\) = ve}\I/})\f(R) JA(U),

namely the solitons are the ground states on R (see e.g. [214, Proposition 3.12]).
Similarly, on the half-line (with Z = &) there is a unique nontrivial L? solution
(up to sign) to (2.1), given by the so-called half-soliton 1y, i.e. the restriction of
¢x to RT. It is the ground state, and

. 1
Ia(y) = veﬁf?(fm Ta(v) = 3x. (2.13)

If Z = {0} (the vertex of the half-line) there are no nontrivial L? solutions to (2.1),

as any nontrivial solution of —u” 4+ Au = |u[P"?u on R that vanishes at the origin

corresponds to a periodic orbit in the phase plane associated to the equation and
thus is not in L?(RT).

For a general graph with half-lines, a first marker of the importance of the level
sy is given by the following straightforward property.

Proposition 2.19. Let G € Gy contain at least one half-line and A > 0. Then

1 :
357 < vler/l\;z J(v) < s,. (2.14)

Proof. The inequalities can be easily proved using rearrangement techniques (based
on the Pélya-Szegd inequality, see Appendix B), arguing exactly as in the proof of
[19, Theorem 2.2]. O
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In the search for ground states, it is crucial to understand whether one can
reverse the second inequality in (2.14) (see e.g. the discussion in [19, 21] in the
context of energy ground states of prescribed mass). In [19, Theorems 2.3-2.5], the
authors individuated a topological condition on G under which this can actually
be done. To state it, we recall that V., denotes the set of vertices at infinity of G.
Note that every vertex at infinity is a vertex of the graph G, but is not a point of
the metric space G. The assumption introduced in [19] is:

for every e € E, every connected component of the graph (V,E\ {e}) (1)

contains at least one vertex v € V.

In [19, Theorem 2.3] the authors proved that, if G satisfies assumption (H), then
for every u € H'(G) there results #u~'(¢) > 2 for almost every t € (0, ||u||«). The
main consequence of this (originally proved in [19, Theorem 2.5] for the problem
of prescribed-mass ground states) is described in the following result.

Theorem 2.20 ([120], Theorem 2.6). If G € Go satisfies assumption (H) and
A >0, then
I =

and it is never achieved, unless G is isometric to R or to a “tower of bubbles”
shown in Figure 2.2.

In this chapter the setting is different from that of [19] and [120] for at least two
reasons: first, the boundary conditions are more general and the presence of the
set Z must be taken into account; second, we are also interested in nodal ground
states. For these reasons it is convenient to reformulate and generalize assumption
(H) in a form that is more suited to handle the questions under study. As in the
presentation of the chapter, consider the set

F(G) = {e €E ’ at least one connected component of (V,E\ {e})

has no vertices in Voo U Z }

and the assumptions

#F(G)

0, (HO)
4F(G) < 1.

IN

Note that (HO) and (H1) are, respectively, the assumptions in (i) and () in
Theorem 2.6. From now on, with a slight abuse of notation, we denote the graph
(V.E\ {e}) simply by G \ e.
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To investigate the relations between assumptions (H0) and (H), it is convenient
to define a new graph G in the following way. If Z = @, we set G = G. Otherwise,
we replace every (finite) edge e ending at a vertex of Z by a half-line, still called
e. We obtain in this way a new graph G = (\7, E) that has the same number of
vertices and edges as G. The only difference is that edges of G terminating at
vertices of Z are replaced, in G, by half-lines terminating at vertices in V..

Then it is easily seen that
G satisfies (HO) <= G satisfies (H). (2.15)

Indeed, to say that G satisfies (H0O) means that there are no edges in E whose
removal generates a connected component without vertices in Vo, U Z, namely
that for every e € E, every connected component of G\ e has a vertex in V, U Z.
But this, read on G, means that every connected component of G \ e has a vertex
in \700, which is (H) for G.

Furthermore, to say that #F(G) = 1, namely that F(G) = {e} for exactly one
edge e, means that the graph G \ e decomposes as

G\e=Gx UG, (2.16)

where Gx is connected and has no vertices in Vo, U Z, while G’ is connected and
contains all the vertices of Vo, U Z. Also, there are no edges other than e that
permit a decomposition like (2.16). We note that, as G has at least one half-line,
the unique e € F(G) can never have a vertex in Z. However, e can be a half-line.
In this case, though, G \ e = Gk U {vs}, where vy is the vertex at infinity of
the half-line e. Thus in this case the graph G is made of a set of bounded edges
without vertices in Z and a single half-line attached to it.

The next result plays a key role in the proof of some of the subsequent results.
Roughly, it states that any graph satisfying #F(G) = 1 can be turned into a graph
satisfying (HO) by attaching to it a suitable half-line.

Lemma 2.21. Let G € Gg be a graph with at least one half-line satisfying
#F(G) = 1. Lete be such that F(G) = {e} and Gk be the connected component
of G\ e as in (2.16). Choose a vertez v in Gr and define a new graph G, by
G, = G U h, where h is a half-line attached at v. Then G, satisfies (HO).

#Shorthand for (VU {vs }, EU {h}), where vy is the vertex at infinity of h.

Proof. Let vy be the vertex at infinity of h and assume by contradiction that
#F(G,) > 1, namely that there exists &€ € F(G,). We claim that & # h. Indeed,
removing h from G, would leave vy, isolated, splitting Q~U\h into the two connected
components G and {vs}. Since both of them contain vertices in V., this violates
the definition of e.
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Similarly, it cannot be € = e: removing e from G,, and recalling that A is attached
to Gy, would decompose G, into connected components as (Gx Uh)UG', violating
again the definition of € as before. We are left with the case where € is different
from both h and e. In this case we have the decomposition

gv\g:: GKUQ/7

with obvious meaning of the symbols. Notice that, by construction, the half-line
h is attached to G'. Removing h and v, from G’ does not disconnect it and, since
G contains at least another vertex in Vo, U Z, we see that G\ ({vs}, {h}) is not
empty. Therefore Gx and G’ \ ({vo}, {h}) are both nonempty, connected, disjoint
and their union is G \ €, namely € € F(G). Since we also have e € F(G), this shows
that #F(G) > 2, violating the assumption. H

We can now prove that the assumptions (HO) and (H1) are sufficient to rule
out the existence of ground states and nodal ground states respectively, as stated
in Theorem 2.6.

Proof of Theorem 2.6. We split the proof into two parts.

Part 1: proof of (2.7) and (2.9). Up to taking absolute values, it is sufficient to
work with nonnegative functions, which we do without further warnings. Since G
contains at least one half-line, Proposition 2.19 guarantees that inf,epr, J(v) < s,.
To prove the reverse inequality under assumption (HO), let G be the graph defined
after the statement of assumptions (H0)—(H1).

_ Since, as metric spaces, G C G, every function u € H 1(G) extended by 0 on
G \ G can be seen as a function u € H'(G). Plainly,

||17||Lq(§> = ||ul|zag)y for every ¢ € [1, 400, ||ﬁ'||L2(§) = ||u/|| L2(g)-

This implies that & € A(G) and since G satisfies (H) (because G satisfies (HO0), see
(2.15)),
g p — 7)1P ~ = m > 1 f —=
J(u) = =lulltog) = #llally, g = /(@) = ut J(v) = sx
by Theorem 2.20. As this holds for every (nonnegative) u € Nz, (2.9) is proved.

Let us assume now that for some nonnegative v € Nz we have J(u) = s,.

Considering, as above, the function & € N(G), we see that J(u) = J(u) = sy,

namely that @ is a ground state for J on N'(G). As such, @(z) > 0 for every z € G,
which shows that Z = @, namely that G = G. We then conclude by Theorem 2.20.

Part 2: proof of (2.8) and (2.10) We first prove (2.8). By density, for every
e > 0 there exists a nonnegative u; € Nz(G) with compact support such that

< inf .
J(up) < ot J(v) +¢
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Similarly, there exists a nonnegative us € N(R) with compact support such
that J(ug) < sy + €. By taking a translation of uy (if necessary), we can make
sure that its support, identified with an interval on some half-line of G, does not
intersect the support of u;. We then define w € H'(G) by

w(z) = up(x) if x € G\ supp(us),
—ug(z) if z € supp(us).

Obviously, w € N7°? and we have

J(w) = J(ur) + J(uz) < sy + inf J(v) + 2e.
UENZ

Since ¢ is arbitrary, we conclude.

Let us now prove the reverse inequality in (2.10) under assumption (H1). If
#F(G) = 0, then G satisfies (H0) and Theorem 2.6 (i) shows that inf,cpr, J(v) = sy,
so that the inequality to be proved reads inf,cymed J(v) 2 255

Given any u € N3¢, applying Theorem 2.6 (i) to u™ and u~ immediately yields
J(u) = Jub)+ J(u™) > 2sy,

the inequality being strict since both u™ and w~ vanish somewhere on G. This
ensures that nodal ground states do not exist in this case.

Suppose now that #F(G) = 1. Let e be the unique element of F(G) and
consider the decomposition (2.16):

G\e=GrUg.

Given a vertex v of G, for every u € N3°¢, at least one among u* and u~, say u*,
vanishes at v. Let G, be the graph constructed in Lemma 2.21, obtained attaching
to v a half-line h. Since u™ vanishes at v, it can be extended to a function @™
simply by defining it to be 0 on h. Clearly, 4+ € N3(G,) and, since G, satisfies
(HO) by Lemma 2.21, there results J(a") > sx. Then

Jw)=Jut)+ J(u") = J@") + J(u") > sy +Ui€I/1§Z J(v),

concluding the proof of (2.10).

It remains to show that the infimum is not achieved when #F(G) = 1. To this
end, it suffices to observe that the inequality used above, J(a™) > s,, is in fact
strict. Indeed if J(ut) = s) = inf, g o/ (v), then 't is a ground state on G, and
hence it cannot vanish anywhere, contrary to the fact that «™ =0 on h. [

Remark 2.22. The assumptions of Theorem 2.6 are sharp. Indeed, Theorem 2.26
below shows that there exist graphs G satisfying #F(G) > 1 that admit ground
states, while in Theorem 2.34 and Remark 2.36 we exhibit graphs G satisfying
#F(G) > 2 that admit nodal ground states.
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Theorem 2.6 shows that nonexistence of ground states or nodal ground states
can be determined by purely topological properties of the graph. The situation
for existence is, on the contrary, more involved.

In some cases, existence results for ground states based solely on the topology
of the graph can be easily obtained when Z = &, as for example if G has a finite
number of edges. In this respect, there is not much to say since the techniques
developed in |21, Section 3] for the problem of prescribed-mass minimizers of the
energy work in the present setting as well, as we now briefly show.

For the reader’s convenience, let us first recall with the next lemma a standard
relation between the action of a function and the number of pre-images of each
value it attains. These properties are stated in [120, Propositions 2.2 and 2.§]
and are consequences of standard rearrangement techniques on graphs. For this
reason, we omit the proof of the lemma.

Lemma 2.23. Let G be a metric graph whose measure is infinite. Let u € N z
for a given real X > 0 be such that w > 0 on G and that #u='(t) > K for
almost every t € (0,maxgu) and for some K > 1. Then Jy(u) > Ks,/2.
Furthermore, if equality holds then,

e for almost every t € (0, maxgu), #u '(t) = K;
o the support of u has infinite measure;

o u~Y(t) has zero measure for all t € (0, maxg u).

Since in what follows we are going to use Theorem 2.3, we prove the following
characterization of J*(G; 7).

Proposition 2.24. Let G € Gy be a noncompact graph with a finite number
of edges and A > 0. Then
IX(G; Z) = s, (2.17)

Proof. By density, for every e > 0 there exists u = u. € N(R) with compact
support such that J(u) < sy + «.

For every n large enough, the function w,(z) := u(x — n) is supported in Rt
and, as such, it can be seen as an element of Nz by placing its support on a half-
line of G and then extending it by 0 outside its support. Clearly, u,, — 0 in H*(G)
and liminf, J(u,) < s) + €. Since ¢ is arbitrary, the “ <” part is proved.

For the reverse inequality, let (u,), C Nz be a sequence converging weakly to
0 in HY(G) with Jy(u,) — J°(G; Z). We can assume u, > 0 for every n since
otherwise we replace it by |u,| that is still in N;. By weak convergence, we also
see that u, — 0 in L® (G). Hence, if £, denotes the maximum of w,, on the set of

all bounded edges of G, clearly ¢, — 0.
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Therefore, letting v, := (u,, — &,)", we see from Proposition 2.13 that v, # 0
for every n large enough. Since G contains at least one half-line, by construction
#u1(t) > 2 for every t € (0, maxv,) and every n, since v, vanishes on the set of

all bounded edges, and the same holds for my(v,). So J(m\(v,)) > s by Lemma
2.23. Furthermore, as n — 00,

_ lonll3 A+ Allealls _ a5+ Alunl3
loalle = llunllp +o(1)

na(vn)P 2 =1+o0(1), (2.18)

entailing
53 < T(ma(va) = T (ma(va)vn) = sema(@a) 0all} < s2(140(1)) |y = T (un)+o(1),

from which we obtain liminf, J(u,) > s,. Since this holds for every sequence
converging weakly to 0, the proof is complete. O

Remark 2.25. The assumption that the graph has a finite number of edges in
Proposition 2.24 cannot be removed. This can be seen considering for instance
the following example. On a real line we insert, for each integer £k > 1, a node
vk at the point of coordinate k and a terminal edge Ly of length k, by identifying
v with an endpoint of L, (Figure 2.5). By density, for every € > 0 there exist
k > 1 and u, € N(RT) with compact support in [0, k] such that J(u) < % +e.
Since ug can be considered as a function on the edge Lj, we obtain a sequence
(ug)r € N(G) that converges weakly to 0 and such that hmkinf Ia(ug) < % +e.

This proves that J{°(G) < %. By Proposition 2.19, we obtain in fact J3°(G) = %-.

Figure 2.5: The graph G described in Remark 2.25

Having established (2.17), Theorem 2.3 yields existence of a ground state on
a noncompact graph with a finite number of edges as soon as one can prove that
inf,enr, J(v) < sy. Observe that this condition is analogous to the one appearing
in the fixed mass case. As we anticipated above, such inequality can be shown to
hold for a number of graphs with Z = & exploiting only topological properties, by
the use of the “graph surgery” techniques developed in |21, Section 3.
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Figure 2.6: Some graphs with Z = @ admitting ground states. (A): line with a
pendant; (B): signpost; (C): tadpole; (D): 3—fork.

Theorem 2.26. For every A > 0, every graph G depicted in Figure 2.6, for
every length of its edges, satisfies

Proof. The inequality can be proved starting with a soliton on R, using suitable
rearrangement techniques, exactly as in the final part of [Section 3][21]. The basic
idea is that, on each of these graphs, one can construct explicit functions built from
pieces of the positive even soliton ¢, on R and pieces of its monotone rearrangement
on RT, then projected on the Nehari manifold.

For instance, on the tadpole, such a function coincides on the loop of the graph
(of total length L) with the restriction of the soliton to the interval [—L/2, L/2],
and on the half-line with the monotone rearrangement on R™ of the restriction of
the soliton to R\ [-L/2, L/2]. The construction on the other graphs in Figure 2.6
is analogous. Since rearrangements always lower the normalizing factor ny defined
in (2.12), it is then easy to check that these functions realize action levels strictly
smaller than that of the soliton s,. Existence of a ground state follows then from
Theorem 2.3. O

When Z is not empty, the existence of a ground state is harder to obtain
and further conditions of metrical nature have to be imposed. Indeed, the next
theorem shows that, if a graph hosts a ground state, the diameter of the set B of
all bounded edges cannot be arbitrarily small. Recall that diam(B) is given by the
supremum of lengths of the shortest paths between any two points of B.
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Theorem 2.27. There exists a constant C > 0 depending only on A > 0 and
p such that, for every G € Go with at least one half-line and every Z # & such
that inf,epr, J(v) is achieved, we have

diam(B) > C,
where, as above, B is the set of all bounded edges of G.

Proof. Let u € Nz satisfy J(u) = inf,epn, J(v). As usual, we can assume that
u > 0. Let us show that u attains its L*°-norm in B. Suppose by contradiction
that u instead attains its maximum at y on a half-line h. Then #u~'(t) > 2 for
every 0 < t < maxu. Indeed, t is attained at least once on h and once on a path
v joining y to a point in Z. Thus Lemma 2.23 and Proposition 2.19 imply that
J(u) > sy = inf,en, J(v).

Let us show that the inequality must be strict, which gives the desired contra-
diction. If it was not, Lemma 2.23 would imply that #u~'(t) = 2 for almost every
t € (0,maxu). Since u already has two preimages on h Uy, that means that u
must be constant on G\ (hU~). This contradicts the last assertion of Lemma 2.23
unless G = hU~. But this last equality is neither possible because for the half-line
with a zero Dirichlet boundary condition, there are no nonzero solutions as it was
mentioned at the beginning of this section.

Let then & € B be such that ||u||« = u(Z). By the Cauchy—Schwarz inequality,
(2.11) and Proposition 2.19, letting z be any vertex in Z, we have

e = u(2)] = () — u(=)] < /dian(B) o2 < /iamn(B)/ 2

which, coupled with Proposition 2.13, yields

1 P
C < lully < ullz?ul} < 5 diam(B)5 (2,

for a suitable constant C' > 0 depending on A and p only, and we conclude. O

Remark 2.28. Comparing Theorems 2.26 and 2.27 highlights the effect of the set
Z on the existence of ground states. One may wonder whether Theorem 2.27 can
be improved to obtain a universal lower bound involving only the total length of
the edges with a vertex in Z, rather than the whole set B. However, this cannot be
done in general: it is easy to exhibit graphs where ground states do exist and the
length of the edges with vertices in Z is arbitrarily small. To see this, let G be any
given graph with Z = @ and such that inf,carg) J(v) < s5 (e.g. any of the graphs
in Figure 2.6). Exploiting for instance the approximation procedure described in
Remark 2.16, one can construct a function u € N(G) so that J(u) < sy and the
support of u is contained in a suitable neighborhood of B.
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In particular, there exists M > 0 such that the restriction of u to each half-
line of G satisfies u = 0 on [M, +00). For every ¢ > 0, let then G, be the graph
obtained by attaching a single edge of length ¢ at the point x = M of one of
the half-lines of G, and assume that the vertex of degree 1 of this edge is the only
vertex in Z. Clearly, one can think of u as a function in Nz(G,) for every ¢, so that
infyen, (g, J(v) < J(u) < sy, thus implying existence of ground states in Nz (G,)
by Theorem 2.3 and Proposition 2.24.

In the case of nodal ground states, it is not even needed to have Z # @ to
recover the analogue of Theorem 2.27.

Theorem 2.29. There exists a constant C' > 0 depending only on A > 0 and
p such that, for every G € G with at least one half-line and every Z such that
infycnmod J(v) is achieved, we have

diam(B) > C,
where, as above, B is the set of all bounded edges of G.

Proof. Let u be a nodal ground state. Observe that if u™ attains its L°-norm
on a half-line, as in Theorem 2.27, we prove that Jy(u%) > s\. Hence, we have
Ia(u) = J(ut) + Ja(u™) > s + infuen, (@) Ja(v), which contradicts (2.8). The
same is valid for w~. Hence both u™ and w~ attain their L*®-norm on B only.
Thus u changes sign in B and as such, has a zero in B. We then conclude as in
Theorem 2.27 working on u*. O

In view of Theorems 2.6-2.27-2.29, it is clear that a suitable combination of
topological and metrical features is needed to guarantee existence of ground states
with Z # @ and nodal ground states. Towards this direction, we conclude the
discussion of this section with two general procedures to construct graphs where
ground states and nodal ground states do exist. The first one is genuinely of
metrical nature, in that it is completely independent of the topology of the graph.
The second one mixes topological and metrical properties.

In the next statement, by pendant we mean a finite length terminal edge whose
vertex of degree 1 is not in Z.

Theorem 2.30. There exists a constant C' > 0 depending only on A > 0 and
p such that, for every noncompact graph G € Go with a finite number of edges,

1) if G has a pendant of length a > C, then inf,cnr, J(v) is achieved;

2) if G has two pendants of lengths a1, ay > C', then inf,prnoa J(v) s achieved.
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Remark 2.31. Observe again that the assumption that G has a finite number of
edges cannot be removed. This can be easily seen as follows. For point 1) it is

enough to consider the graph G in Remark 2.25, for which }\I/lf(g) J(v) = %’\
veNy

Therefore, if u were a (positive) ground state, by Lemma 2.23, almost every
t € (0,maxu) would be attained only once on G, which is incompatible with
the presence of vertices of degree 3. For point 2) one can simply consider any
periodic graph, since such graphs admit no nodal ground state by Theorem 2.7.

Remark 2.32. Observe that in Theorem 2.30 the constant C' is the same for ground
states and for nodal ground states and depends on the presence of the pendants
but not on the rest of the graph. This will be of great help in section 2.6.

Proof of Theorem 2.30. Let 1, € H'(RT) be the positive half-soliton satisfying,
by (2.13), J(¥y) = sx/2. By density, there exists a function u; € N (R™) supported
in some interval [0, C] such that

3
J(uy) < 15

(for example, one may take (1), —d)" with ¢ small and then project it on N, (RT)).

Part 1) Let G, be a graph with at least one pendant of length a. If a is larger
than C', we may consider [0, C| as contained in the pendant, identifying x = 0 with
its vertex of degree 1. Extending u; by 0 on the remaining part of G,, we obtain
a function u; € Nz(G,) such that

J(u) = J(uy) < isA.

The existence of a ground state follows from Proposition 2.24 and Theorem 2.3.
Part 2) We denote by G,, 4, a graph with two pendants ey, es of lengths ay, as
and we show that if a; > C' and ay, > C, then

inf J() < J*®(Gayan; Z)+ inf  J(v) (2.19)

vGNgOd(gal,aQ) UENZ(gal,az)

which, via Theorem 2.3, establishes the existence of a nodal ground state. Notice
that, by Propositions 2.19-2.24, for every ai, as,

1
J* ai,a aZ = ) inf J > = )
(Gara23 Z) = 5 vt (v) 2 58

so that

3
0 -7 inf > —8).
J (gahaw ) + UENZIFGal,ELQ) ‘](U) = 23)\

Now, using the same u; as in 1), we define
uy () if x €[0,a1] C ey,
w(x) =4 —u(x) ifz€[0,ay] C e,

0 elsewhere on G, q,.
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Clearly @1 € N3°%(Ga,.a,) and
3
J(ﬁl) = 2J(u1) < §S>\.

This proves (2.19) and concludes the proof. [

We now discuss the second procedure to find nodal ground states. The idea is
to take two graphs admitting ground states and connect them by the addition of a
faraway edge. So, let G!, G? be any two noncompact graphs with a finite number
of edges for which infyep  (giy J(v) < sx. Given L > 0, we glue together G' and G?
by taking a new edge of length 1, attaching its first endpoint to the point x = L
on a half-line ' of G! and its second endpoint to the point £ = L on a half-line
h? of G%. We call G, the resulting graph (see Figure 2.7) and we let the set Z;, of
vertices of degree 1 in Gy, with homogeneous Dirichlet conditions be given by the
union of the corresponding sets of vertices in G! and G2.

L

L

Figure 2.7: Example of a graph G as in Theorem 2.34, constructed starting with
two graphs in Figure 2.6. If the vertical edge on the right is sufficiently far from
the pendants of the graph, nodal ground states exist.

Lemma 2.33. Let A > 0 and G', G2, G, be the graphs described above. Then

L—00veNz, (Gr) vEN ,1(GY) " veN

lim inf J(v) = min ( inf J(v), inf - J(v)) :

Proof. Without loss of generality, assume that

= inf J < inf J =: Co. 2.20
= (”)—veﬁ;(gz) (v) =t (2.20)

For every € > 0 there exists a function u. € Nz (G') with compact support such
that J(us) < ¢; + e. For every L large enough, we can view u. as a function in
Nz, (Gr), after extending it to zero on Gy, outside its support. Therefore

limsup inf J(v) <limsup J(u:) = J(u.) <c;+¢
L—oo VENZ,(GL) L—00

and since ¢ is arbitrary we deduce that

lim su inf JWw) <c¢. 2.21
Lg)oopUENZL(gL) ( )_ ! ( )
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We now prove a complementary inequality. For every L, let u;, € Ny, (Gr) satisfy

1
< inf — 2.22
Jus) < _nt o J0)+ (2.22)

and notice that by (2.11), (2.21) and (2.22), uy, is bounded independently of L.
Let

ur(xp) = hlrg[ionL] up(x), wup(yy) = hgggonL] ur(x)

and set
6p = max (ug(wr), ur(yr)) -
Since uy, is uniformly bounded in L?*(Gr), §; — 0 as L — oo.

Consider the function (u, —d.)" € Hy, (Gr), which does not vanish identically,
for all L large, by Proposition 2.13. Exactly as in (2.18), n) ((ur, — 1)) < 140(1)
as L — oo.

Set v, = mx ((ur, — 0r)"). Now vy, € Ny, (Gr), it vanishes at xp, y;, and

J(vr) = seny ((ug, = 6.)*)" [(ug — 5 8 < s2(1 + o(1) Jur ||} = J(ur) + o(1)
(2.23)
as L — oo.

We now cut Gy, at z; and vz, splitting it into three parts G C G', G- C G2
and G* = G\ (G' UG"). We call v; (i = 1,2) the two vertices of G3 created on hi
(see Figure 2.8).

g' 1 g?

g’ v2
o———— 0 ———— 0

Figure 2.8: The graph G, of Figure 2.7 splits into the three graphs G, G- and G.

We can use vy, to construct a function v; € H,,(G') by setting

vi(z) =

{UL(JZ> if v € Gl,

0 elsewhere on G!

and in the same way we contruct a function v € H}.(G?). Finally, we call v}

the restriction of vy to G3. Setting Z* = {v;,v5}, by construction there results
3 1 (o3

vy € Hs(G7).
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If v} # 0, then there exists 6; € R so that v} € N, 7:(G"). Taking 6; = 0 if
vi = 0 and recalling that v;, € Nz, (Gr), we obtain

s, IEllz, Izl
loeld ™ flvcllz ™ llocl3

Furthermore,
J(vr) = se([loplls + 17 15+ 03 |5 > 5 max {[[op |5, o7 |15, v ]2}

Since, by (2.24), A is a convex combination of the 6,’s, at least one of the three
will satisfy 6; > .
If 0, > X, by Remark 2.14, s||vp ||? > ¢1. I 65 > X, by (2.20), »[|[v7[[Z > 2 > 1.
If 63 > A, %||v%||g > infy, 465 J > sx > ¢ since G? satisfies (HO) and by the
assumptions on G'. In each case we deduce, via (2.23), that
J(ug) > J(vp) +o(1) > ¢ +0(1)
as L — oo, so that by (2.22),

limLinf ue/\/izrif(gL) J(v) > limLinf(J(uL) - 1/L> > c.

In view of (2.21), this ends the proof. O

Theorem 2.34. Let A > 0 and G, G® and G}, be the graphs considered above.
If L is large enough, then there exist nodal ground states on Gy,.

Proof. Without loss of generality, we assume that

min( inf J(v), inf J(v)) = inf J(v).
veN,1(G1) veN ,2(G?) veN,1(G1)

Let € := %(3,\ —inf,en,,(62) J(v)). By Lemma 2.33, we choose L so large that

inf  J(v)> inf J(v)— 2.25
v g (v)_veﬁ(gl) (v) —e (2.25)

and that there exist nonnegative u* € N:(G?), with compact support satisfying

JuH) <  inf J )
(W)= b, J0)+e

In particular, there is M > 0 such that the restriction of u’ to each half-line of G°
vanishes on [M, +00). Hence, for every L > M, we define w : G, — R as
ul(z) ifxe gl
w(z) == —u?(z) ifz € G
0 elsewhere on Gy, ,

where with a slight abuse of notation we still denote by G!, G? the corresponding
subgraphs of Gy.
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Clearly, w € Nggd(gL) and, by (2.25) and the choice of e, we have

inf J) < J(w) = J(ub) + J(u?
el g, 70 S ) = ) TG

< inf Jw)+ inf J(v)+2e
veN ;1 (G1) vEN ;2(G2)

< inf  J(v) + sy,
UENZL(gL) () A

implying that nodal ground states exist by Theorem 2.3 and Proposition 2.24. [

Remark 2.35. Concrete examples of graphs fulfilling the hypotheses of Theorem
2.34 can be produced starting for instance from any of the graphs in Figure 2.6
(see e.g. Figure 2.7). Note that, since inf,cpr,g) J(v) < sx implies #F(G) > 1, by
construction we have #F(Gr) > 2.

o0 @ o0

Figure 2.9: A graph with #F(G) = 2 where nodal ground states never exist,
independently of the length of the edges.

Remark 2.36. Theorem 2.6 (ii) and Theorem 2.29 show that, if (H1) holds, or if the
set of all bounded edges of G is too small, nodal ground states never exist, whereas
Theorem 2.34 proves that there exist graphs with #F(G) > 2 and a sufficiently
large compact core where nodal ground states do exist. However, even though the
former provides sufficient conditions for nonexistence, the latter are not sufficient
conditions for existence. It is in fact not difficult to produce examples of graphs
with #F(G) = 2, and compact core of arbitrary size, where nodal ground states
do not exist.

For instance, consider the graph in Figure 2.9. If u is a nodal ground state on
this graph, we know that either u is identically equal to zero on the two half-lines
or it has constant sign on them. Assume thus that u > 0 on the half-lines. Then,
since u™ is not identically zero, u™ vanishes on the set B of the bounded edges of
G at least at a point different from the vertex of the half-lines. We then have that
u™ has always at least two preimages for every ¢ € (0, maxu™) by Proposition 2.38
and hence J(u"™) > sy by Lemma 2.23. In view of Remark 2.15, as u~ € Nz(G)
vanishes somewhere on the graph, we have also that J(u™) > inf,epr,g) J(v). This
implies that

— T(u- - :
Jw)=Ju )+ J(u") > vejl\Ilef(g) J(v) + sy,

which contradicts (2.8).
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2.5 Graphs with infinitely many bounded edges

In this section we extend our discussion about ground states and nodal ground
states to graphs with infinitely many edges whose length is uniformly bounded.
In particular, we focus on two subclasses of such graphs that have already been
considered in the literature: periodic graphs and regular trees.

2.5.1 Periodic graphs

Throughout this section, when we speak of a periodic metric graph we mean a
graph fulfilling |68, Definition 4.1.1]. We avoid reporting the full details of the
definition here. For our purposes, it is enough to recall that, if G is a periodic
graph, then there exists a number n € ZZ! and a compact subset W C G, called
a fundamental domain of G, such that

g: U Wk7

kezn

where W, is a copy of W for every k € Z", and W; N W, contains at most finitely
many points for every ¢ # j. In this case, we say that G is a Z™-periodic graph.

Since we are concerned with problems involving the homogeneous Dirichlet
conditions on a subset Z of the vertices of G, we specify that when G is a Z"-
periodic graph, we only consider here Z"-periodic subsets Z (that is, Z N W} is a
copy of ZNW for every k € Z").

Proof of Theorem 2.7. We address independently the case of ground states and
nodal ground states.

Part 1: existence of ground states. Let (u,), € Nz be a minimizing sequence
such that lim, J(u,) = inf,cn, J(v). Exploiting the periodicity of G and Z, we
can assume with no loss of generality that u,, attains its L> norm on W), for every
n. Since (uy,), is bounded in H'(G), up to subsequences u,, — w in H'(G) and
U, — win L2 (G) as n — oo. Furthermore, u # 0 on G because, if this were
not the case, by the strong convergence of (u,) to u in L*(Wj) we would have

| tn|| oo (@) = |[tn || oo (wy) — 0 as n — oo, contradicting Proposition 2.13.

Let us remark that, if w, — u in L?(G) then, using standard Gagliardo—
Nirenberg inequalities (see Corollary A.8), we deduce that u, — u in LP(G) and,
by weak lower semicontinuity, n,(u) < 1, so that

Jnf J(v) < J(ma(u) = s () |lullp < limselunlly = inf J(v),

i.e. my(u) is a ground state.
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Let us thus show that u, converges to u strongly in L*(G). Let us assume by
contradiction that
lim inf ||u, — ul|3 > 0.
n

Let 6 € R and (\,), C R be such that u € Ny z, u, — u € N,, z for every n.

By the weak convergence of (u,), to u in H'(G), the Brezis-Lieb lemma [86]
and the fact that u, € N, z, we have

n, = o =l = s, =l
Hun - UH%
 ualls = 1 = Wl + 113+ o)
om — w3
M3 = Bl + 1)
Fim — w3
oy OOl o)
Tim — T3
o R gy 4 o) (2.26)
2 .

as n — oo. Applying again Brezis—Lieb lemma, we obtain

veifr\l/£2 I(v) = lim sef|uy, ||) = Hm se||u, — ullp + >|lull}. (2.27)

Keeping in mind that A > 0, we distinguish three cases.
o If 6 > )\, then, by Remark 2.14,

, e P P> : '
lim s |un — ullb + sellullh > sef|ullh > ve%f,z Jo(v) > veljr\lff,z Jr(v)

o If 6 = A\, we see from (2.26) that A\, — X\ as n — oco. Therefore, using again
Remark 2.14,

f J,(v)+ inf Jp(v) =2 inf Jy(v).

. o P> limi .
h}ln %Hun U’Hp + %”qu e hmnlnfvejl\%\n,z vENy. 2 veN) z

o If 6 < A\, we have liminf, \,, > A\ and, similarly,

: o P liming :
lim sel|uy — ul[ 4 s([ul[; > lim inf ve}&fn,z Ix, (v) > UElnf,Z I (v).

In all three cases, (2.27) yields a contradiction.
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Part 2: nonexistence of nodal ground states. By Theorem 2.4, it is enough to
show that inf,cymea J(v) < 2infyen;, J(v). To this end, given € > 0, let u € Nz be
such that J(u) < inf,epr, J(v) +e. With no loss of generality, we can take such u
to be nonnegative, compactly supported on G and attaining its L°° norm on W)
(it is for instance enough to apply Remark 2.16 to a suitable ground state of J in
N7z, that exists by the first part of the proof). Hence, there exists M > 0 such
that supp(u) € Ujg<m Wi Let then 4 € Nz be a translation of u on G such that
supp() € Ujg>m Wi and define w : G — R as

u(r) if = € supp(u),
w(x) == —u(xr) if z € supp(u),
0 elsewhere on G .

By construction, w belongs to N2°? and we have
J(w) = J(u)+ J(u) <2 inf J(v)+ 2e.
UENZ
Given the arbitrariness of € > 0, we conclude. n

Remark 2.37. Observe that J*°(G; Z) = inf,cn, J(v) for every periodic graph G
and every set Z with the same periodicity. This is the reason why it is not possible
to rely directly on the abstract result of Theorem 2.3 to prove Theorem 2.7.

2.5.2 Regular trees

Recall that a regular tree is an acyclic, noncompact metric graph with edges all
of the same length and vertices all of the same degree d > 3 (unrooted tree), with
the possible exception of a single vertex of degree 1 (rooted tree). Note that, if G
is an unrooted tree, then necessarily Z = & since every vertex has degree at least
3, whereas if G is a rooted tree either Z = & or it coincides with the root of G (i.e.
the unique vertex of degree 1).

We divide the proof of Theorem 2.8 in two parts, proving first statements
(i)—(ii) on ground states and then statement (iii) on nodal ground states.

Proof of Theorem 2.5. We split the proof in several steps.

Step 1: ground states when G is an unrooted tree. Let (u,), € N be such
that lim,, J(u,) = inf,cpn J(v). Exploiting the symmetry of G, it is not restrictive
to assume that u, attains its L norm in the same fixed edge of G, for every n.
Indeed, the problem is invariant under any isometry of G and the isometry group
of the tree G acts transitively on the edges of G. Hence, arguing as in the proof
of Theorem 2.7 shows that the weak limit in H*(G) of (u,), provides a desired
ground state for J in \V.

Step 2: ground states when G is a rooted tree and Z = &. Let 1 be the root of
G, d > 3 be the degree of each vertex of G different from the root, and G be the
unrooted tree obtained by gluing together d copies of G at their roots.
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Let us first prove that

J¥(G)= inf J@)= inf J(v). 2.28
(G) = dnf g J(w) = nf J() (2.28)

In order to prove the equalities in (2.28), given any function v € Ngy(G),
we construct a sequence (uy), € N3(G) converging weakly to 0 in H'(G) by
translating u along G and extending it by 0 on the remaining part of the graph.
This proves that J*(G) < inf,eny,,g) J(v)-

Next, let (u,), € N(G) be a sequence converging weakly to 0 in H'(G) and
such that J(u,) — J*(G). Since u,(r) — 0 by L2.(G) convergence, we can
assume without loss of generality that each w, satisfies u,(r) = 0, namely that
un € Niyy(G). This shows that J*(G) > inf,en,,(g) J(v), and the first equality is
proved.

To prove the second equality, notice that any u € N)(G) can be seen as
an element of N (G), after extending it by 0 on G \ G. On the other hand, any
u € N(G) with compact support can be considered (when translated in such a way
that 7 ¢ supp(u)) as an element of N,1(G). By density this is enough to conclude
the proof of (2.28).

By (2.28) and Theorem 2.3, in order to prove the existence of a ground state,
it is sufficient to show that

inf Jw)< inf J(v). 2.29
A (v) o (v) (2.29)

To this end, let u € N'(G) be a positive ground state of J in A/(G), whose existence
is guaranteed by the previous step. Take a vertex v of G and split the graph at v
into d disjoint rooted trees G;, i = 1,...,d. For every 7, let u; > 0 be the restriction
of u to G; and \; € R be such that u; € Ny, (G;). Since v € N(G) and u > 0 on G,

we have

so that

U
Z | ZHLQ G) _ max \; .

[l 15

Hence, there exists j € {1,...,d} such that ny(u;) < 1.
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Since each G; is a copy of G, we then have

veif&fg) J(v) < J(m(uy))

— %nx(uj)p”ujuip(gj)

d
< %Z ||Ui||1£p(gi)
i=1

— P
= %HuHLp@)

that is (2.29).

Step 3: ground states when G is a rooted tree and Z # &. Since Z coincides
with the root of G, as in the first part of Step 2 we have

inf J(v)= inf J(v),

vENZ(G) veN(G)

where G is the unrooted tree corresponding to G as above. That the problem on G
has no ground state follows by the fact that, if u were a ground state in Nz(G), it
would be also a ground state in N'(G), as any function on G vanishing at the root
can be regarded as a function on G as well after extending it by 0. Since this is

impossible because ground states never vanish on G, we conclude.

Step 4: nodal ground states when G is an unrooted tree or G is a rooted tree
and Z # @. If G is an unrooted tree, exploiting again its symmetry, it is easy to
adapt the argument developed in the proof of Theorem 2.7 to show again that

inf J(w)=2 inf J(v),
veENMod(G) veN(G)

and likewise, if G is a rooted tree with Z # &, that

inf J(w)=2 inf J(v).
vENZOU(G) vENZ(G)

This implies that nodal ground states do not exist by Theorem 2.4.

Step 5: nodal ground states when G is a rooted tree and Z = &. Since, given
any u € N™? at least one between ut and u~ vanishes at the root r, it follows

that
inf J(w)= inf Jw)+ inf J(v).
veNmod(G) veN(G) UEN{T} (9)

Arguing as in the proof of Theorem 2.4, this immediately implies that nodal ground
states do not exist. O]



2.6. QUALITATIVE PROPERTIES OF NODAL GROUND STATES 219

2.6 Qualitative properties of nodal ground states

The first result of this section concerns the nodal domains (i.e. the connected
components of G \ u~'(0)) of any minimizer u in N}%(G).

Theorem 2.38. Let G € Gy and X > —wz(G). Let u € N2 be a nodal
ground state. Then u has exactly two nodal domains.

Proof. Assume for contradiction that there are at least three nodal domains. Up
to a change of sign, we can make sure that on at least two of them w is positive, and
we call G; one of the two. Since u solves (2.1), multiplying by u and integrating
on G; we have

WP Al = ) e = wndog, + [ (—u" 4~ [uPPu)ude =0, (2.30)
G1 G1

because on 0G; either v = 0 or ' = 0 (this happens at vertices of degree 1 not
in 7). Now, we define v € H}(G) by

o(x) = uw(z) ifxeg\ G,
~ o if z € Gy,

and we observe that v~ = v~ € Nz and that v* (which is not identically zero by
construction) satisfies

L@ A2 = o) de
——/ YR At =ty de = [ (P Al [uf?) da
g1

by (2.30) and because u* € Nz. Therefore v € N3°* and
J() = vl gy = #llullLog) = llullfng,) < 2lullzog = J(w),
violating the minimality of w. m

To conclude, we are left to prove Theorem 2.9. To this end, we will actually
prove three independent statements, the full proof of Theorem 2.9 then following
by their combination. Each of these statements exhibits a graph supporting a
nodal ground state with nodal set respectively given by

1) k isolated points;
2) m > 2 half-lines all attached to the same vertex;

3) n line segments all attached to the same vertex.
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These three constructions, though mutually independent, can all be carried
out on the same kind of graph, that we now describe. Given a positive integer N
and L > 0, let vy, v9 be two vertices joined by N edges eq,...,en, each of length
L. Attach to v; a pendant and a half-line and do the same to vs. In this way
we obtain the graph Gy, depicted in Figure 2.10. Throughout, we fix A > 0 and
the length of the two pendants so that nodal ground states in NGy ) exist
(independently of any other feature of the graph), which is possible by Theorem
2.30.

Proof of 1). Here we show that, for a suitable choice of L, the graph G, admits
a nodal ground state u such that u~!(0) consists of k isolated points.

Proposition 2.39. For every positive integer k, there exists L > 0, depending
on A and k, such that, for every L > L, every nodal ground state u on Gy, 1, has
a nodal set of the form u=(0) = {xy, ..., 21}, where z; belongs to the interior
of the edge e;.

To prove this proposition we consider also the graph G, made of k 4 1 half-
lines and a pendant all attached at the same vertex. The length of the pendant
of Gi11 coincides with that of the two pendants of Gy ;. Hence, by Theorem 2.30,
ground states exist in Ny (Gry1).

U1 (%

Figure 2.10: The graph Gy 1 with N =5

Lemma 2.40. For every positive integer k, we have

lim inf J(v)= inf J(v).
L—00 vEN(Gr.1.) vENA(Gk+1)

Proof. The argument is similar to that in the proof of Lemma 2.33. Using suitable
compactly supported functions in Ny(Gyy1), one immediately checks that

limsup inf J(v) < inf  J(v).
L—oo VENA(Gk,L) VEN N (Gk+1)
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To show that
liminf inf J(w)> inf J(v), (2.31)

L—oo veNx(Gk,L) VEN (Grt1)

it is enough to note that, if u;, € Ny(Gy 1) satisfies

1
J < inf J -,
(UL) - UE/\}AI%gk,L) (U> * L
then
max min |ug(z)| — 0 as L — o0.

1<i<k w€e;

This allows one to obtain (2.31) working exactly as in the proof of Lemma 2.33. [

Lemma 2.41. If L — oo, then

limsup inf  J(v) <2 inf J(v).

L—oo veNTY (G 1) VENA(Gr+1)

Proof. The proof follows the same lines as the one of Theorem 2.34. m

Proof of Proposition 2.39. Let u be a nodal ground state in N7°%(Gy, 1.).

Step 1: for L long enough, either u = 0 on the pendants or it has no zero on
their closure. Assume by contradiction that u Z 0 on a pendant p, but u(zg) = 0
for some zy on p. With no loss of generality, let u > 0 at the vertex of degree
one of p. Outside p, u < 0 thanks to Theorem 2.38. Denoting as usual by |p| the
length of p, since u is a solution to (2.1), we have u™ € N, (0, |p|) with u*(|p|) = 0,
so that

Jw?t)y> inf Jw)> inf J(v).
veENX(0;]p]) vENA(Gra1)
v(|pl)=0
This is because the pendant of G 1 can be identified with the interval [0, [p|], but
u™ is not a ground state in N, (?kﬂ) as ground states never vanish.

Letting then

§:= inf Jw)— inf J@)>0
ve./(\l/}‘()(],\gl) VENA(Gr+1)
v(|p|)=

and recalling that u~ € Ny(Gy 1), it follows

inf  Jw)=Ju)=Jw )+ Ju")> inf Jw)+ inf J(v)+9,

veNTod (G, 1) vENL(Gk,L) vEN(Grt1)

contradicting Lemmas 2.40-2.41 for L large enough.
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Step 2: there holds u(vy)u(ve) < 0. Assume that this is not the case. Since u
solves (2.1), on any of the two half-lines either u = 0 or it never vanishes.

Combining with Step 1, this implies that there exist i € {1,...,k} and Z,
Ty € e; U {vy, vo} with w(Z1) = u(Z2) = 0 and, for all = € (Z1,Z3), u # 0. Without
loss of generality, let u > 0 on (Z1,Z5). By Theorem 2.38, we know that u < 0 on
the remaining part of the graph and u~ € N,(Gy.1), while we can think of u™ as
a function in Ny (R) with compact support. Hence we have

ol T =T ) >kt (),

which contradicts Theorem 2.6.

Step 3: conclusion. The previous steps ensure that u~1(0) C Ufil e; and that it
is a finite union of points by uniqueness of the solution of the Cauchy problem for
(2.1). The uniqueness of the zero of u on each e; follows then by Theorem 2.38. [

Proof of 2): here, we prove the following result.

Proposition 2.42. Let m > 2. There exists a graph G that admits a nodal
ground state u such that u=*(0) is the union of m > 2 half-lines attached at
the same vertez.

The graph G is obtained from the graph G, ;, attaching m half-lines at a suitable
point. Before proving Proposition 2.42 we establish the following lemma.

Lemma 2.43. Let G be a noncompact graph with a finite number of edges.
Let G be a graph obtained from G attaching m > 2 half-lines hy, ..., hy, at one
of its points p. If there exists a nodal ground state in N7°%(G), then

inf Jw)> inf J(w). 2.32
vENTOY(G) ) vENTOH(G) ®) (2:82)

Proof. Let @ be a nodal ground state on G and assume without loss of generality
that u(p) > 0. Denote by u the restriction of @ on G and by ¢; the restriction of
u to the half-line h;, fort =1,...,m.

If u(p) = 0, since @ solves (2.1), each ¢; vanishes identically. Hence, u belongs

to N7°4(G), J(u) = J(u) and (2.32) follows.

If a(p) > 0, each ¢; coincides with a portion of the same soliton ¢,. With a
slight abuse of notation we denote by ¢;(p) the outgoing derivative of ¢; at p along
hi. Note that ¢;(p) < 0 for every i. Indeed, if on the contrary we had for instance
¢y (p) > 0, then the restriction of 4 to the union of the h;’s would contain at least
one full soliton ¢y, so that [|@]|7, .4, > [[all5-
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This would lead to

inf _ J(v) = J(w)
veENTY(G)

= s(||a 1} + @)

> %H@Hg + inf _J(v)

veNA(G)
=sy+ inf _J(v)
veNL(G)
which contradicts (2.8).
As, for all © € {1,...,m}, ¢; is a solution to (2.1), we have in particular
Qbi € Ngz(hz) with
0, — Jn, 9% dz — fhz(¢;)2 da
' Jn, 9% da
¢ dr + Gu(p)(p) + Jy, ¢V
fhi ¢12 dz
_ AJw ¢ dz + 6i(p)4i(p)
fh,- @2 dx
<A

since ¢; is a portion of ¢ and ¢;(p) < 0. Letting then p be the number such that
ut € N,(G), there holds

- R
T g 5 2,

which, combined with the preceding inequality, yields pu > A.

Since, analogously to Remark 2.14, for a given A the map
M 2 A2
> f ! =|lv* = "(C)s
po 5l + 50 + 51 W Pl
where
NSUG) = {v e H'(G) | v € N,(G) and v~ € NA(G)}
is increasing, we have

inf _ J(v)
vEN;\LOd(g)

J (@)
([l p + la )
se((lulp + lu=ll)

inf J(v)
veENTSHG)

> inf  J(v),
vENTY(G)

AVARAY,

which concludes the proof. O]
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Proof of Proposition 2.42. Consider the graph G, ; with L > L which is given by
Proposition 2.39. On this graph, by Theorem 2.30 and Proposition 2.39, we have a
nodal ground state u with u=!(0) = {x}. Let now G be the graph obtained from
Gz, attaching m half-lines at the point z and let w € N7°%(G) be the function
obtained extending u by 0 on each of the additional half-lines.

By Theorem 2.30, nodal ground states exist on G and, by Lemma 2.43,

inf  J(v)=Ju)=J@ > inf J(v)> inf  J(v).

veNTO4(Gy 1) vENTL(G) - veNTOU(Gy 1)

This proves that @ is a nodal ground state on G and hence the existence of a
nodal ground state whose nodal set is given by m half-lines attached at the same
point. O

Proof of 3): here we prove the following statement.

Proposition 2.44. Let n be a nonnegative integer. There exist a graph G,
a subset Z C NV \ Vo of its vertices of degree 1 and a nodal ground state
u € NYY(G) such that u='(0) consists of n line segments attached at the same
B (Q)Q/(p—%'

point, each of length smaller than or equal to 5 (5
Similarly to construction 2), the graph G will be obtained from G, ;, attaching
n line segments at one of its points. To do this we need the next lemma.

Lemma 2.45. Let G be a noncompact graph with a finite number of edges. Let
G be a graph obtained from G attaching n line segments sy, ..., s, at one of
its points p. Assume that each line segment has a length smaller than or equal
to a number S > 0 and ends at a vertex with the Dirichlet boundary condition.
Suppose also that u and S are such that @ is a nodal ground state on G and

L oN2/(-2)
that S < N o] (%) . Then

inf _J(v) > inf J(v).

vENTH(G) vENTHG)

Proof. We proceed in the same way as in the proof of Lemma 2.43. With no loss
of generality, let u(p) > 0. Denote by u the restriction of @ to G and by u; the
restriction of u to s; for every ¢. Moreover, let u(p) be the outward derivative of
u; at p along s;. Note again that, as u is a nodal ground state, u;(p)uj(p) < 0.
Indeed, if this were not the case, we would have u}(p) > 0 and, since u; satisfies

the Dirichlet condition at the end of s;, by a phase plane analysis we would have

1/(p—2
u;i(To) := max u; > max ¢, = (%) /(p )‘
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Considering the first zero z; € s; of u; it would then follow

1

1/(p—2) 0
() o = wto) = [ (o) as < Vil < 5@

which contradicts the choice of S. The rest of the proof follows as in that of Lemma
2.43. ]

Proof of Proposition 2./4. The proof is the same as the one of Proposition 2.42,
using Lemma 2.45 instead of Lemma 2.43 and observing that, by Theorem 2.30,
J(u) < 2s,. m

Remark 2.46. Graphs fulfilling Theorem 2.9 can be obtained combining ad libitum
the constructions 1), 2), 3). The general result is a graph as the one depicted in
Figure 2.11.

O 0O 00 o0 00

. AV -

Figure 2.11: Example of a graph as in Theorem 2.9 hosting a nodal ground state
whose nodal set (thick on the picture) is made of two isolated points, two groups
of three and four line segments respectively, and a group of five half-lines.
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Chapter 3

A new approach to prescribed
mass (nodal) solutions of (NLS)

3.1 Presentation of the chapter

The present chapter focuses on normalized solutions of nonlinear Schrodinger
(NLS) equations with homogeneous Dirichlet boundary conditions on bounded
domains, namely solutions of the problem

—Au+ Au= |[uP?u inQ
u=0 on 052 (3.1)

HU||2L2(Q) = M-

Here, 2 C RY is a connected bounded open set, A and y are real parameters, and
the nonlinearity exponent satisfies

2N
N =2

The attribute normalized for a function u solving (3.1) comes from the fact that
its L?-norm (usually called the mass) is prescribed a priori. In our setting, this
means that the parameter p > 0 is given, whereas A (sometimes called the chemical
potential or the frequency) is an unknown of the problem. As is well known, the
problem has a variational structure, since weak solutions of (3.1) are critical points
of the energy functional E : H}(Q) — R

peE (2,29, 2F= (2" =0 if N=1,2).

1 1
E(u,Q) = §HVUH%2(Q) - *||U||I£p(sz)
p
on the L2-sphere

M@ = {u € HYD) |l = 1}

A arising then as a Lagrange multiplier.

The study of normalized solutions for NLS equations gathered a constantly
growing interest in the last decades. In particular, among all solutions with fixed
mass, a specific attention can be naturally devoted to least energy normalized
solutions, i.e. functions u solving (3.1) and satisfying

E(u,) =inf {E(v,Q) | v solves (3.1) for some A € R}.

227
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In the seminal papers [99, 183] least energy positive solutions are identified for
the problem on the whole RY in the L*-subcritical p < 2+ + and L2-supercritical
p>2+ % regimes, respectively. When p < 2+ %, these least energy solutions can
be found by solving the minimization problem

inf  E(u,RY),
uEM, (RN)

which is attained for every p > 0. Conversely, when p is L2-supercritical this is no
longer possible, as the energy E is unbounded from below on M, (RY) for every
i, and different approaches (e.g. of mountain pass type) are needed. Since [183],
normalized solutions on RY have been largely investigated in various settings (see
e.g. |46, 48, 51, 55, 190, 194, 195, 245, 303, 304, 329| and references therein) and
a comprehensive theory is by now available.

On the contrary, on bounded domains the literature is more limited, to date,
and the general portrait is less understood. Given the boundedness of the domain
QQ, in the L%-subcritical regime p < 2 + % least energy solutions always exist and
they are again the global minimizers of E on the whole set M, (€2). The same is
true for masses smaller than a threshold (independent of ) in the L2-critical case
p=2+ %.

When p > 2 + %, instead, even existence of positive solutions (not necessarily
least energy) is more involved, because many crucial properties of the problem on
R are no longer available on bounded domains (as e.g. the invariance under dila-
tions of the ambient space). To the best of our knowledge, a complete description
of the set of normalized positive solutions is available only when 2 is a ball and it
is given in [259] (similar results have then been obtained also for NLS systems in
[260]). As for general domains, existence results for solutions (not necessarily pos-
itive) with fixed Morse index have been derived when p is L*-supercritical in [273,
274], whereas in [269] specific positive solutions are constructed for large masses
when p < 2 + %, small masses when p > 2 + %, and masses close to an explicit
value when p = 2 + %.

The aim of the present chapter is to fit in this research line focusing on the
following questions:

1) how to find least energy normalized solutions in the L?-supercritical regime?
2) how to find normalized nodal solutions?

As far as we know, to date both questions are essentially open. As for 1),
the only available result we are aware of is the already mentioned one on the
ball reported in [259], that identifies the normalized solution with minimal energy
among positive ones. Even in this special setting, it is not known whether this is
also the least energy solution among all solutions with the same mass. For domains
other than the ball, nothing seems to be known.
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The situation concerning 2) is even worse, due to the lack of general existence
results for normalized nodal solutions. Actually, all papers in the literature either
restrict their attention to positive solutions, or do not allow to recover any specific
information on the sign of the solutions under exam.

Though at a first sight questions 1) and 2) may appear somehow far from each
other, a common feature that may perhaps explain the lack of results in both
directions is the absence of suitable variational frameworks to tackle them.

This is readily understood when looking for L?-supercritical least energy solu-
tions, for which we already observed that it is not possible to simply minimize F
on the whole manifold M, (2) (as one does in the L?-subcritical regime).

Such a difficulty is all the more severe for normalized nodal solutions, for which
a proper variational framework involving the energy is not available even when p
is L2-subcritical. For instance, one may be first tempted to consider

inf  E(u,Q),
ueEM,(Q)
uT#0

where ™ and v~ = min(u,0) are the positive and negative parts of u, but it is
evident that this number is never attained, as it coincides with the infimum of F
on the whole M, (2) (with no sign constraint). Even a slightly more sophisticated
approach considering the two-parameter minimization problem

inf E(u,Q),
ut €My, (Q),u™ €My, (Q)
H=p1t+p2

leads to seemingly insuperable difficulties.

In this chapter, we tackle both 1) and 2) using a unified approach: we take
advantage of already available existence results for solutions of the problem

{—Au + A= [ulP~2u  in Q (3.2)

u=0 on 0f

for a given A € R, that is (3.1) without the mass constraint, and we characterize
the dependence on A of the mass of such solutions. Indeed, for a fixed A € R, it is
well known that positive (up to a change of sign) solutions of (3.2) can be found
variationally e.g. by considering (for any p € (2,2*)) the minimization problem

= inf Q
o= gl .9

for the action functional Jy(-,Q) : H}(Q) — R

1 A 1
Ia(u, Q) = iuqu%Q(Q) + 5”“”%2(9) - ];HUHZP(Q)
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constrained to the associated Nehari manifold
NA(Q) = {u € Hi()\ {0} | J4(u, Q)u = o}
—{w e B\ {0} | 1Vulz(0) + Ml = Nl |
Similarly, when looking for nodal solutions one can consider the problem

nod L
/SO ).—Nig}if )J,\(u , ),

where

NP(Q) = {u e H)(Q) | u* € /\/’A(Q)}

is the nodal Nehari set. Depending on the value of A, existence of solutions of these
two problems, usually called action ground states and nodal action ground states
respectively, is essentially well known (see Section 3.2 below for further details).

The main contribution of the present chapter is the following complete charac-
terization of the masses of all action and nodal action ground states.

Theorem 3.1. Let Q C RY be open and bounded and, for every p € (2,2%),
let

M,(Q) = {||u||%2(9) ‘ u € Ny(Q) and Jy(u, Q) = Ta(\) for some \ € R}

MgOd(Q) {HuHLz ‘ u € NPUQ) and Jy(u, Q) = T5°UN) for some ) € R}
)

(3.3

be the set of masses of all action ground states and nodal action ground states,
respectively. Then

(i) if p <2+ . then My(Q) = M%(2) = (0, 00);

i) if p = 2+ then there exist 0 < ,,u”Od < oo such that either M, = (0, u
N P P
or M, = (0, i), and either M"* = (O pned)y or Mot = (0, ,u”“d],

(iii) if p > 2+ +, then there exist 0 < ju,, ui** < oo such that M, = (0, j1,)] and
Mnod (O Mnod]'

Notice that Theorem 3.1 holds for any bounded open subset 2 in RY, and this
high generality makes its proof far from trivial. Indeed, taking for granted the
existence of action ground states (resp. nodal action ground states) u, at fixed A,
one may be tempted to try to characterize the set M, (resp. M;Od) by studying
the map A — [Jux || L2



3.1. PRESENTATION OF THE CHAPTER 231

However, in principle such a map is not even well defined, as ground states
need not be unique, and in any case its regularity is by no means guaranteed.
Actually, in other contexts where the dependence on A\ of the mass of a curve of
solutions wuy is relevant, it is common to assume from the very beginning to work
with a C! curve of solutions (as one does e.g. in the standard stability theory for
Hamiltonian systems [172, 301, 330]). For ground states on a general bounded
domain, this level of regularity is too strong.

Instead, the proof of Theorem 3.1 does not require any regularity assumption
of this sort and exploits a different perspective. Roughly, we will show that M,
(resp. M;}Od) is the range of the derivative of the action ground state level Jgo

(resp. of J5°%) so that Theorem 3.1 can also be seen as a Darboux-type theorem
for Jo and J3°¢ (see Remark 3.19).

Let us now discuss the impact of Theorem 3.1 on questions 1)-2) above. With
respect to 2), since even the existence of one nodal solution of (3.1) at prescribed
mass p is in general an open problem, we have the following result, that is an
immediate corollary of Theorem 3.1.

Theorem 3.2. Let Q C RN be open and bounded, and p € (2,2*). Then
(i) if p <2+ %, there exists a nodal solution of (3.1) for every u > 0;

(i) if p=2+ %, there exists a nodal solution of (3.1) for every u € (0, u°d),

p
where (" is as in Theorem 3.1(ii);

nod]
’

(7ii) if p> 2+ %, there exists a nodal solution of (3.1) for every p € (0, uy

where (2°* is as in Theorem 3.1(iii).

Remark 3.3. Clearly, a statement analogous to Theorem 3.2 can be given for nor-
malized positive solutions of (3.1) too, with g, in place of ug"d. When p <2+ %,
this does not extend the existence results for positive solutions already available
in the literature. On the contrary, it is more relevant in the L2-supercritical case.
Indeed, in this regime, our approach provides a simple technique to exhibit normal-
ized solutions for a whole interval of masses (0, i1,] and, as far as we know, similar
results have been previously obtained only through more technically demanding

constructions (see e.g. [273]).

Since Theorem 3.2 provides regimes of nonlinearities and masses for which
the set of normalized nodal solutions is not empty, it is then natural to wonder

whether one can identify the least energy nodal solutions, i.e. u solving (3.1) such
that u* # 0 and

E(u,Q) = inf{E(v,Q) | v is a nodal solution of (3.1) for some A € R}.
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Actually, our method allows to answer in the affirmative to this question in the
L2-subcritical and L2-critical regimes. To state this result, let

‘ ) 1 9 1, 2+4/N
PN = QuGJ{/?(fRN) <2||VU||L2(RN) + §||U||L2(RN) T9r 4/N|| evingyy |- (34)

Theorem 3.4. Let Q C RY be open and bounded, and either
(i) p<2+ 4 and > 0; or
(ii) p =2+« and p < 2uy, where py is the number in (3.4).

Then there exists a least energy normalized nodal solution with mass p. More-
over, every least energy normalized nodal solution w is a nodal action ground
state in N7°4(Q), where X is the number associated to u in (3.1).

Theorem 3.4 says that, in the above regimes, least energy normalized nodal solu-
tions are nodal action ground states. Observe that, at the critical power p = 2+ %,
we are able to prove this fact only for masses strictly smaller than the threshold
2un < ,u”Od although nodal solutions exist for every pu < um’d (Theorem 3.1).

Remark 3.5. Again, the analogue of Theorem 3.4 can be stated and proved for
least energy normalized positive solutions. In this case, solutions with minimal
energy exist for every mass when p < 2+ & > and for every mass strictly smaller
than gy when p = 2 4+ 4 +»> and they are also action ground states in N, (Q) for
suitable A\. However, thls is already well known, since in this range of p and p it is
easily seen that E admits global minimizers on H ;(Q), and that such minimizers
are also action ground states was recently proved in [129, Theorem 1.3].

Remark 3.6. Combining our results with those of [259], we obtain a perhaps un-
expected consequence. When 2 is a ball, p = 2+ 4/N, and for u € [un,2un)
there exist least energy normalized nodal solutions with mass p, by Theorem 3.4.
By [259, Theorem 1.5], there are no positive solutions of mass p. This means that
least energy solutions of mass p are nodal.

Theorem 3.4 (and its counterpart for positive solutions) gives no insight in
the L2-supercritical regime. However, it makes perfect sense to wonder whether
normalized solutions with minimal energy are action ground states also when p >
2+ %. At present, we are not able to answer this question for any general bounded
and open set € in RV, but we can partially solve the problem at least for star-
shaped domains of RY. The next theorem summarizes our results in this direction,
that provide our main contribution with respect to question 1) above.
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Theorem 3.7. Let ) be bounded, open, smooth and star-shaped, p € (2 + %, 2*),

and i, ,ug"d be as in Theorem 3.1. Then there exists a least energy normalized
solution for every p < pp, and there exists a least energy normalized nodal
solution for every p < ,u;“’d, Moreover, there exist i, < p, and C, > 0 such
that every least energy mnormalized solution uw with mass p < i, is an action
ground state in N\(S2), where X is the number associated to w in (3.1) and
satisfies A < C,. Analogously, there exist ﬁ;wd < ug"d and C’;wd > 0 such that
every least energy normalized nodal solution v with mass p < ﬁZOd s a nodal
action ground state in N7°4(Q), where X' is the number associated to v in (3.1)

and satisfies N < C;}Od.

Note that Theorem 3.7 not only shows that, in certain regimes of masses, least
energy solutions are again action ground states, but it also proves that the cor-
responding frequency A of such ground states is bounded from above uniformly
in A. In fact, in the L2-supercritical regime it is not difficult to show that ac-
tion ground states have small masses both when A is close to —v; and when A is
large. Theorem 3.7 suggests that, even though they have the same masses, small
frequency ground states are energetically convenient. This kind of property had
been observed before when €2 is a ball (see [259, Theorem 1.7 and Remark 6.4]),
and to some extent one can interpret Theorem 3.7 as a first step towards a proof
of a result of this sort for general domains.

It is an open problem to understand whether the content of Theorem 3.7 re-
mains true when €2 is not star-shaped. Note that, in the proof of Theorem 3.7
reported in Section 3.5 below, the star-shapedness assumption plays a role not
only to show that action ground states are least energy normalized solutions, but
also to prove that a least energy normalized solution actually exists.

To conclude, we wish to point out that the argument developed in the present
chapter is not limited to NLS equations (3.1) with a pure power nonlinearity and
homogeneous Dirichlet conditions at the boundary. On the contrary, since it can
be generalized to other boundary conditions or nonlinearities, the chapter actually
provides a new approach to the study of normalized solutions of NLS equations,
that one can try to exploit whenever a suitable Nehari manifold associated to the
problem under exam is available. Moreover, this work can be seen as a further step
in the investigation of the relation between the action and the energy approaches
to the search of solutions of NLS equations, thus extending the first analyses in
this direction recently started in [129, 190].
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The remainder of the chapter is organized as follows. Section 3.2 recalls some
known facts and proves preliminary existence results for nodal action ground states.
Section 3.3 provides a detailed analysis of the nodal action ground state level J3¢,
whereas Section 3.4 gives the proof of Theorem 3.1 on the masses of action ground
states. Finally, Section 3.5 completes the proof of the main results of the chapter,

namely Theorems 3.2-3.4-3.7.

Notation. Throughout, we will use shorter notations for norms as ||u||,, avoiding
to write the domain of integration whenever it is clear by the context.

3.2 Existence results for nodal action
ground states

This section discusses existence and non-existence of nodal action ground states
on open bounded subsets 2 of RY. We recall that, if € is smooth, existence of
such states has been proved in [53, Theorem 1.1]. Hence, here we limit ourselves
to prove some basic estimates that allow us to extend this already known result
to general open and bounded sets (without regularity assumptions).

We start by recalling the picture for action ground states. The following result
concerning the action was proved in [129, Theorem 1.5, Lemma 2.4 and Remark
2.5]. Here, 7, denotes the first eigenvalue of —A with homogeneous Dirichlet
conditions at the boundary of 2.

Proposition 3.8. For every p € (2,2%), the following properties hold.

(i) For every A < —vy1, Jo(A) = 0 and action ground states in N1(2) do not
exist.

(it) For every A > —vy1, Jo(A\) > 0 and action ground states in Ny(Q) exist.

(iii) The function Jqo : R — R is locally Lipschitz continuous and increasing on
[_717 +OO)'

(iv) Letting Q,(X\) = {||ull3 : u € Ni(R2) and J\(u, ) = Ta(N\)}, there results

lim jQ()\ + 8) — jﬂ()\)

e—0t £

1
= 5 inf Q,(N)

< Laup Q1) = tim X =T

e—0— £

Moreover, for every \ outside an at most countable set, all action ground
states have the same mass (i.e., Q,(X\) is a singleton).



3.2. EXISTENCE RESULTS FOR NODAL ACTION GROUND STATES 235

Remark 3.9. Tt is well known that the threshold —~; appearing in the preceding
result is also a threshold for the existence of constant sign solutions. Precisely, if
A < —m1 then (3.2) has no nonzero solutions u with u > 0. It is also well known
that if A > —v; and u is a nonzero solution with v > 0, then u > 0 in .

We now establish a similar picture for nodal action ground states. In this
setting, a major role is played by the second eigenvalue 7, of —A with homogeneous
Dirichlet conditions at the boundary. Requiring only A > —~, poses some problems
that one does not encounter in the study of signed ground states. For instance, the
inequality ||[Vul|3+ Allu|[3 > 0 does not hold for every u and checking it for a given
u requires some care. Also, we will have to estimate the norms of the positive and
negative parts of functions separately, something that is not directly readable from
the functional Jy. For these reasons we proceed with single statements instead of
collecting them all together as in Proposition 3.8.

We recall that, given A € R and v € H}(Q) such that ||[Vul[3 + Mul? > 0,

defining
V|2 + Allul2\ 77
o - (I A

[ullz

we have ny(u)u € N,(2). We also recall that if u € (), then

B Q) = lully = (IValf + Nulf),  k=5--. (35

a fact we will tacitly use in the proofs.

Remark 3.10. The fact that nodal action ground states in N7°¢(Q), when they
exist, are solutions of problem (3.2) is well known (see e.g. [52, Proposition 3.1}).

The next proposition is the nodal analogue of Proposition 3.8(%).

Proposition 3.11. For every p € (2,2*) and every A\ < —v,, J5%U\) = 0
and nodal action ground states in N7°4(Q) do not exist.

Proof. Fix any A < —v, and let o € H}(Q) be an eigenfunction corresponding
to 72 = 72(Q). Denoting by QF := {x € Q | ¢o(xz) > 0} and Q™ := {x € Q|
@a(x) < 0}, there results, as is well known, v5(Q2) = 1 (27) = % (Q7). Then, by
assumption, A < —v(Q7) = —y,(27). By Proposition 3.8(i) we deduce that

nod : + : —
A) < f (v, f  J(v,Q7)=0.
Ja" ) < veNn (@) A >+v€/\1/£\1(§2*) A0, )
Since J&°Y(\) is always nonnegative by (3.5), we see that J#°¢(\) = 0. Further-

more, again by (3.5), if u were a nodal ground state in N7°¢(Q), we would have
|lu||, = 0, which is impossible as 0 ¢ N7°4(Q). O
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In the following, let

HVUHg
weHHQ\{0}  [Jull,

C(p) =

Proposition 3.12. For every p € (2,2%), there exist positive constants Cy, Cy
such that for every A > —s,

TN < CL (A + 72)72 (3.6)
I3 (A) = Cymin (1, A : 72) (3.7)
2

Proof. To prove (3.6), notice that when A > —, if 0o € HJ (1) is an eigenfunction
associated to s, then [|[V||3 + All¢s |12 = (A + 72)||¢F]|2 > 0, so that ny(¢3) is
well defined and n,(¢3 )3 + na(@s )ps € N794(Q). Hence,

Ta™ () < n(ma(93)ed +males )9z, Q)
= rna(p3 )Plles I + knalez )Plles 15
o ||90§||2>P2p2 (||¢2—||2>i%
= KA+ 72)7 2 ( + -
D) ( ot o,
= 01()\-#72)”%27

which is (3.6). To prove (3.7) we use an argument taken from [74]|. Given u €
N794(Q)), we notice that, plainly, there exists s € (0,1) such that

g = su’ + (1 —s)u”

is L?-orthogonal to the eigenspace E; associated with ~;. Since ny(u,) is well
defined, we see that the function v := ny(us)us belongs to Ny(Q2) N B, and we
write it as v = au™ + fu~ for some a, 8 > 0.

Then, as u* and u~ belong to N,)(Q),
I (v,Q) = Jy(aut, Q) + L (Bu™,Q) < L(u™, Q) + Jn(u", Q) = Jr(u,Q), (3.8)

since, by definition of Nehari manifold, Jy(tu®, Q) < Jy(u*, Q) for every ¢t > 0.
Now, if A > 0, obviously

IVoll3 < Vol + Alloll3,
while, if X\ € (—7,0),
A+ 7

V2

A
Vo]l = Voll; + %HWIE < Vo]l + Allvll;

because v € Ff-.
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From the two preceding inequalities we obtain

. A7 _
mm(L - IVll3 < Vol + Aol = [lo]lh < Cp) 77| Volls,

so that )
P A p—2
IVl > c<p>p—2mm(17 ”2) ’
Y2
Thus,
. A+
0, 2) = w(IVv] + Xollg) = mmin (1,272 )70l
> ﬁC(p)% min(l, At 72>p2,
Y2

which proves (3.7) (with Cy = kC' (p)%) using (3.8) and taking the infimum over
u € N(Q). O

Remark 3.13. For future reference, we notice that an estimate similar to (3.7) holds
for Jq: there exists C' > 0 such that for every A > —~y,

>\+’Yl>pp2

Jao(A) > C'min (1,
2!
To check this, it is enough to notice that, for every u € N)(Q) with A € (—~,0),

A+m

1

A
HVMB=HVM@+;ﬂVMESHVM@+MW%

and proceed exactly as in the proof of Proposition 3.12.

The following “a priori” type result will be used in the proof of existence of
nodal action ground states on arbitrary domains and will also provide a useful tool
for the next sections.

Proposition 3.14. Let (Q,),>1 be a sequence of connected open sets such
that 0, C Qnyq for all n and Q = U,>; Q. Let (o)1 C© (=72, +00) be
a sequence converging to X € (—vy2,+00), where vo = 72() is the second
Dirichlet eigenvalue of —A on €.

Suppose that, for every n, u, € H}(Q) is a nodal action ground state in
N2oU(Q,,), extended by 0 on Q\Q,. Then, up to subsequences, (uy), converges
in HY(Q) to a function u, which is a nodal action ground state in N7°4(Q) and

Tim 5 an) = T5(N) = (. Q). (3.9)
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Proof. Let ¢y € H}(4) be an eigenfunction corresponding to v5(Q1) > 72(9),
extended by 0 to 2. Since for every n > 1

IV 112 + cnllez I3 = (12(Q0) + )l 113 > (12(Q1) — 12() 2 [I2 > 0,

we see that the numbers n,, (¢3) are well defined. Therefore

JOCn (uﬂ? Q) = ’I)E./\/'(l;‘}cfl‘(ﬂn) ‘]Oén (/U’ Qn)

< Ja, (nan (03 )3 + N, (03 ) 03 5 Qn)
(b 2\ 72, (llezll )™
= r(72() + )" < + - ;
( ) 13 1l [y

from which we deduce (the sequence «, being convergent) that .J,, (u,,$2) is
bounded. By (3.5), this implies that wu, is bounded in LP(€2) and hence in L?(2),
because 2 is bounded. Again by (3.5), we obtain that w, is bounded in HJ(£2)
Therefore, up to subsequences, (u,), converges weakly in H}(Q2) and strongly

in LP(Q) to u € H}(Q). Noticing that, if u, € N2°¥(€,), then we also have
u, € N2°4Q), (3.7) shows that

Kl|ullh = & 1im unllh = lim J,,, (Un, Q) > lim inf NS

p

p—2 A ;71%2
> (5 lim inf min (1, m) = Cymin <1’ + 72) 50
! 72 V2

because a,, — A > —7,. Therefore u # 0.

Given any ¢ € C(2), we have supp(y) C Q, for all n large enough, and since
by Remark 3.10 u, is a solution of (3.2) in €2,, with multiplier «,,

/ Vu, -V + ozn/ Up :/ |un\p_2uncp
Q Q Q

for all n large enough. Letting n — oo, we see that u solves problem (3.2) with
A = lim,, ay,.

Next we show that u is nodal. Assume by contradiction that, say, v > 0. Then,
by Remark 3.9, A\ > —~,. Since, as above, uX € N, (), by Proposition 3.8 we
see that

Kllu”|[h = K lim 1w, 15 = lim Jq,, (u,,, ) > lim inf Jo(om) = Ja(A) > 0,

i.e. a contradiction. Hence, u € N7°¢(Q).
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It remains to prove that v is a nodal action ground state and that (3.9) holds.
First notice that, by the already proved convergences of u, and «a;,, — A,

lim To ) = lim o, (U, Q) = lim Ellualp = sllull2 = Ja(u, Q) > T5*4N),
(3.10)
because u, € N7°4(€,) and u € N7%(€).

We now establish the reversed inequality. To this aim, given any ¢ > 0, it is
easily seen, by density, that there exists a function v € N7°%(2) NC>(£2) such that
Ja(v, Q) < JEo4N) +e. Since v has compact support in 2, actually v € N7°4(Q,)
for every n large enough. Now, as n — o0,

_ Vo]l + anflo* )13

+112
nan<v+)p_2_ o[ -
vTlp

lo* 1l

=1+ (an — ) =1+o0(1),

and the same for n,, (v™). In particular, n,, (vH)ot +n,, (v)v™ € N, (Q,) and

jf?:d<an> S ‘]an (nan <U+)U+ + nOén (U_)U_’ Qn) = I{nan (/U+>p||v+||g + Rnan (U_)pH/U_”g

< (1 o(W)llol2 = (14 0(1))r(v.2) < (1 -+ 0(1)) (F5(N) +<).

from which we obtain
lim T2 (an) < TG*(A) + e

Recalling that ¢ is arbitrary and coupling with (3.10), we see that w is a nodal
action ground state and (3.9) holds. This also shows that the convergence of u,
to u is strong in H} () and completes the proof. O

We can now prove that nodal action ground states exist on arbitrary bounded
open sets € when A > —7(2).

Proposition 3.15. For every p € (2,2%) and every X > —v,, nodal action
ground states in N34 () emist.

Proof. A proof that nodal action ground states exist when A > —v; can be found
in [93, 318]. This result was extended in [53, Theorem 1.1] to cover all A > —,,
assuming € is smooth (regularity is used to turn N7°¢(Q) into a manifold, see [53,
Lemma 3.2]). Here we slightly extend [53, Theorem 1.1] to arbitrary domains.

Using [119, Proposition 8.2.1], there exists a sequence of connected and bounded
open sets €2, with smooth boundary such that €, C Q,,; for all n and Q =
Uns1 . Let X > —5(2). By inclusion, 75(€2,) > 72(2) for all n > 1, so that
A > —7(Q,). By [53, Theorem 1.1], there exists a nodal action ground state
u, € N7°4(Q,). Applying Proposition 3.14, the sequence (u,), converges, up to
subsequences, to a nodal action ground state in N7°¢((Q). O
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3.3 The level of nodal action ground states

In this section we collect some properties of the nodal action ground state level
that will be used later on. We begin by a lower bound on the L” norm of positive
and negative parts of nodal action ground states.

Lemma 3.16. For every o > —7y there exists ¢, > 0 such that, for all X > «
and all uw € N7 Q) such that Jy(u, Q) = J5°%N), there results

[w]lp > can (3.11)

Proof. We argue by contradiction. Assume then that there exist sequences (\,),
and (uy), such that, for every n, A, > « and u, € N7*(Q) is a nodal action
ground state such that, for instance,

lullp — 0 (3.12)

as n — oo. Observe that this implies that Jo(\,) — 0 as n — oo, so that
limsup,, A, < —v by Proposition 3.8. Hence, (\,), is bounded and, up to sub-
sequences, we may assume that A, — a for some a > «. In particular, a > —~s.
Then, Proposition 3.14 implies that, up to subsequences again, (u,,), converges in
H'(Q) to some nodal ground state u in N°¢(Q). In particular, u™ # 0. Since
(uw,h), converges strongly in LP(§2) to u™, this contradicts (3.12). O

We can now provide an analogue of Proposition 3.8 in the nodal setting.

Proposition 3.17. For every p € (2,2%),

i) J3d: R — R is locally Lipschitz continuous and increasing on [—a, +00);

it) for every A > —~q, let

Q) = { Il | w € NZ™(©) and Jy (1, 2) = T3(0) .

Then,
nod __ gnod
lim sup Jg*(A+e) = Ja™ (N < linf QZOd()\)
e—0t € 2
1
< s Q)
nod _ 7qnod
< liminf S A+ =TGN g 4
e—0~ g

Furthermore, for almost every X\, all nodal action ground states have the same
mass (i.e. Qn°Y () is a singleton,).
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Proof. To establish i), note first that the continuity of J3°¢ follows directly by
Proposition 3.14 taking 2,, = Q for every n.

Since J3°¢ = 0 on (—o0, —7»] by Proposition 3.11, to obtain the desired mono-
tonicity of J4°? we only have to prove that J#°¢ is increasing for A > —v,. To
check this, it is enough to show that every A > —v, has a neighborhood where J5¢
is increasing. To this aim, let A > —~5 be arbitrarily fixed. We claim that there
exists 0 > 0 such that, for every a, f € (A — 0, A\ + ) with a < 3, if ug € NgOd(Q)

satisfies Jg(ug, Q) = J5°%(3), then ||Vu§||§ + a||uéc||§ > (. Indeed, since 2 is

bounded and p > 2, |Julls < C||u||, for every u € H(Q), with C' = |Q|p2;zv2 Hence,

IVuzls + alluzllz = IVulls + Blluzlly + (o = B)llusllz = lluzly + (o = B)llus 3
> [luzlly + C*(a = B)lluzll; > 0

if 3—a (namely 0) is small enough (note that, by Lemma 3.16, [|uj ||, are uniformly

bounded away from zero if 8 is bounded away from —~,). This shows that n, (uzﬁt)

is well defined. So, letting o, 8 and ug be as above and noticing that na(ug) <1,
we have

T57(0) < Ja (ma(w)uf + na(uz)uz, @) = & (na(up) 3 1] + naluz)”|s 7
< wlluglly = Ja(us, ) = T3 (), (3.1

which shows that J#°¢ is increasing around every \ > —v,.

To complete the proof of 4), it remains to show that J4°? is locally Lipschitz
continuous. To this end, we first prove (3.13). For the first inequality, let A > —v5
and let u € N7°4(Q) be any function such that Jy(u, Q) = J5°4()\) (at least one
such nodal action ground state exists by Proposition 3.15). For every € > 0, we
have, as in (3.14),

T5 A+ €) = TgN) < nelmnae (0 4 mapa(u”Ju™,02) = Jy(0, Q)
= | (e = )l I+ (e = 1) 7]

Since, as € — 0T,

+12

Ty ep |lu=ll3

5N (U ) - +O(€>a
e p—2|lu*|p
we have
nod nod Ep ||U’Jr ||g +

A — ) < p
g9 - g < 0 (L o))

ep |lu||3
(L o)) Il

p—2
g
= Jjull3 + ofe).
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Therefore, for all u € N794(Q),

lim sup
e—0t

jnod(}\ + 5) - nod()\) 1
@ 0TS 2 Y <l

proving the first part of (3.13).

The argument for the last inequality in (3.13) is the same, after noticing that
nate(u) > 0 for every negative ¢ small enough.

We can now prove that J3°? is locally Lipschitz continuous on [—vs, +00) (the
claim is trivial on (—oo, —73]). Note first that, by the first inequality in (3.13), the
fact that |lully < C|lullb = 2pCTE*U(N)/(p — 2) if u is a nodal action ground state
in A7°4(2) and the continuity of J#°¢, for every compact interval K C [—7s, +00)
there exists a constant L > 0 such that

Tg(A+2) = g () _ L
€ -2

sup lim sup (3.15)

AEK  e—0t

Then, given a € K, consider the function f(3) := J5°4(B) — J5°a) — L(B — «),
defined for every 5 € K such that § > «. Assume by contradiction that there
exists # such that f(8) > 0. Since, by definition of f and L, f(s) is smaller
than f(a) = 0 for every s in a right neighborhood of «, then f would have a
minimum point Bjﬂ the interior of K. But this is impossible, since at $ it should
be Timsup 8B +2) = T8%I(5)
e—0t €
positive on K, that is J5°¢ is L-Lipschitz continuous on K. This completes the
proof of 7).

> L, contradicting (3.15). Hence, f is non-

Finally, since J3°¢ is locally Lipschitz continuous, it is in particular differen-
tiable for almost every A > —vo. If J#¢ is differentiable at some ), all inequalities
in (3.13) are equalities, and Q;}Od()\) is a singleton, concluding the proof of 7). [

We now turn to the asymptotic behavior of JHo%(\).

Proposition 3.18. Let py be the number defined in (3.4). Then

iy | TR e (2.2+ %),
lim S22 =y ifp=24 4, (3.16)
A—+400 A ) 4
0 ifpe (24 4.27).

Proof. 1t is just a slight variant of [129, Lemma 2.4], where the analogous properties
are proved for Jg. We will therefore be rather sketchy here. For every pu > 0, set

= inf FE(u,).
olp) = _igf | Bl
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In [129, Proposition 2.3], it has been shown that for every p € (2,2%), every A € R
and every p > 0,

Ja(A) = Ea(2p) + A

(be careful that in [129] the manifold M,,(€?) is defined as the set of functions in
Hg(©2) whose L? norm is equal to 2u, whereas here functions in M, () have L?
norm equal to ). If u is any element in N7°4(Q2), then u* € Ny (Q) and, by the
previous inequality,

Taking the infimum over u € N7°¢(Q) we conclude that for every p € (2,2*), every
A € R and every pu > 0,

TGN N) = 2 (Ea(2p) + M) - (3.17)
We now distinguish cases according to the value of p.
Case 1: p € (2,2+4/N). It is well known that in this case Eq(2u) is finite for
every u > 0. Therefore, by (3.17),

jnod()\)

lim inf <% > lim inf 2a(2p) + M)
A—+o00 A—+00 A

= 2/.

Since p is arbitrary, the conclusion follows.

Case 2: p=2+4/N. By [129, Lemma 2.1], Eq(un) = 0, so that again by (3.17),
for every A > 0, we have

Jaed(\) > 2 (sz) + A“QN) — A,

yielding J#°4(A)/X > py. Conversely, in [129, Lemma 2.4] it is shown that, for
sufficiently large A, there exists a function vy € N,(£2) compactly supported in a
small ball B contained in € and such that |[vy||2 = uy and E(vy, B)/XA = o(1)
as A — +oo. Let wy be a translation of v, supported in another ball contained
in Q but disjoint from B. Clearly, vy — wy € N7°Q), [|ux — wy||3 = 2uy and
E(vy —wy,Q)/A=o0(1) as A — +00. Hence,

jéLOd()\) JA(U)\ —U})\,Q) E(U)\ —wA,Q)—F)\,uN

lim sup < lim sup = lim = UN
A——+00 A—+00 A A—+00 A ’

and Case 2 is proved.

Case 3: p € (2+4/N,2%). Again as in [129, Lemma 2.4|, for large A\ we can
construct a function vy € N)(€) supported in a small ball B C 2 and such that
J(vx, 2)/N — 0 as A — +oo (thanks to p > 2+4/N). It suffices now to define wy
as in Case 2 to see that vy —wy € N7°%(Q) and

nod — 9]
Jim sup T3 (\) < lim Ia(va —wy, Q)
A—+o0 A—+00 A A—+o0 A

Since (for A > 0), J5°%(A\)/X > 0 by (3.7), the proof is complete. O
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3.4 Proof of Theorem 3.1

The purpose of this section is to prove the characterization of the masses of all
action ground states and nodal action ground states as stated in Theorem 3.1.
To this end, recall the definition of the sets M, (), M°*(Q2) given in (3.3), and

note that
= UM, M) =1 e,

AER AER

where Q,(\), Qp°(\) are the sets in Proposition 3.8 and in Proposition 3.17, re-
spectively. Furthermore, for every p € (2,2*), we denote

iy :=2sup {JH(\) | T is differentiable at A}, (3.18)
pn°t =2 sup {( JEeN (X)) | J5ed is differentiable at )\}, (3.19)

and we recall that py is the number defined in (3.4).

Remark 3.19. We will see that although Jqo (respectively J&5°¢) may fail to be
differentiable on a set of measure zero, every value p € (0, 541,) (vesp. (0, 3un°%))
is achieved by J, (resp. (J&°?)’). This is the Darboux-type property we mentioned
in the Introduction.

The rest of this section is devoted to show that p,, ,u;“’d above provide the
desired thresholds of Theorem 3.1, and that they are equal to 400 when p < 2+ %
and finite when p > 2+ %. Since the argument is exactly the same both for action
ground states and for nodal action ground states, here we report it in details only
for the nodal case. The argument is divided in the following series of lemmas.

Lemma 3.20. For every p € (2,2%), let

nod __ gnod
g(A) == lim inf Ja" A +e) = Ja" (N and  g:=2supg(N). (3.20)

e—0- € A€R
Then the following holds.
1) if p e (0,9), then € My (Q);

2) if p > g, then p & M7 ().

Proof. Note first that, by Proposition 3.15 and Proposition 3.17, g > 0. We fix any
p € (0,7) and we take X such that u < 2g()\) < g. Note that if g is not attained,
then \ exists by definition; if g is attained, we take X such that 2g(\) = g. Since
1 < 2g(N), there exists § > 0 such that for every e € (—4,0),

R8I+ 2) = Tyl ()

3

> (2000,
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or

Ta (4 €) < T5 ) + 7 +29(N). (3.21)

Define now the function f, : [—72,A] = R as
FulN) = Ta(3) = A

Since f, is continuous, it has a global minimum point A € [~7,, A]. Notice that
A # —v, because, by (3.6), f.(A) < fu(—72) in a right neighborhood of —v,.
Similarly, A # X\ because for € € (—6,0), by (3.21),

By BY 0 v € no BY K< €
Fu) < Juhte) = TN+ 2) = EX = S < Ta(0) + Z(n+29(3) = EX = S
_ 2a(\) — _
= i\ +e g(i“ < fuV).
Therefore A € (=, A) and f,,(A4¢) — f,(A\) > 0 for every |¢| small enough. Now,
if e <O,

TE A +e) = T5™ ) p_ TE O +e) = pA/2 —ep/2 = TN + pA/2
€ 2 B ~ €
_LO+9 A0
€
whence
nod (Y _ gnod(
2 lim sup TG (A +¢e) = T5*(N) <
e—0~
The same computation, for € > 0 leads to
nod nod
211m1nfj ()\+€) Ja ( ) > .
e—0t g

These inequalities, coupled with (3.13) show that J&°? is differentiable at X and
that (J2°Y)(X) = p. Thus, every nodal action ground state in Nﬁwd(Q) has mass
p, and g€ M4(Q). This proves 1).

To prove the second statement, just notice that if 4 > g is the mass of a nodal
action ground state u in some N7°%(Q2), then by (3.13),

nod __ gnod A
g < p < supQr(A )<2hménf‘7 ()\+€2 T3 ()
e—0~

=29(\) <7,

which is impossible. [
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Remark 3.21. The main argument in the proof of the preceding lemma consists
in minimizing, given g, the function f,(A) = J5°A) — X over the compact set
[—v2,A]. This approach is used to unify the three cases of p L?-subcritical, L>-
critical or L?-supercritical. We note, for future reference, that for L?-subcritical p
and all g, or for L?-critical p and p < 2uy, the function f, can be minimized on
[—72, +00), obtaining then a global minimum. Indeed, in these cases f, is coercive,
as one immediately sees by writing

iy = (FER 1)

and taking into account the asymptotic behavior of J7°¢(\)/\ described in (3.16).
Actually one can easily see that f, can be minimized on R (as J4°%(\) = 0 for
A< —72).

Lemma 3.22. For every p € (2,2%), let g(\) and g be as in (3.20). Then,
recalling (3.19),

Proof. We provide a proof for completeness. Let A C R be the set of points where
Jaed is differentiable, so that ,u”Od = 2sup(J3°?). Obviously, for every A\ € A,
A

(JE(X) = g(\), and therefore

g = 2sup(J5°*")'(A) = 2supg(A) < 7.
AEA AEA

Conversely, let A € R and observe that, for every ¢ < 0, since J5°? is locally
Lipschitz continuous,

T - T+ o) = [ (T (o)

< () sup (Jg*)
AN[A+e, )

< (-¢) Sup(f“’d)

nod

o
2

Dividing by —e > 0 we obtain

jnod(}\+€) jnod( ) luzod
5 - 27

whence
jrwd()\ + 8) - jéwd<)\) < nod

— 'p

2g(A\) = 2liminf

e—0— €

Since this holds for every A € R, we obtain g < ,u’wd m
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Remark 3.23. In view of the previous lemma, the conclusion of Lemma 3.20 can
be written as

1) if p € (0, %), then p € M} Q);

p

2) if > p7o?, then p ¢ MP%(€2).

Lemma 3.24. There results

nod = +00 pr<2+4/N
P <400 ifp>2+4/N.

Proof. First let p < 24+4/N. By Remark 3.23, it is enough to show that there exist
nodal action ground states of arbitrarily large mass. We will do it by estimating
from below the mass of elements of N7°¢(2) in terms of X. To this aim, take any
u € N7°4(Q). By the Gagliardo-Nirenberg inequality

o )
[ullp < K llull3*IVully, ao=N (2 _ 1) |

noticing that a < 2 since p is L*-subcritical, using the Young inequality and
writing p = ||ul|3, we deduce that

2—« p—a_2 2— Q@ pa «
IFall3 + M = ully < K, 205 5 + S Vulld = K= Sk + S vul

Therefore
— X p—a

2
wo < (1= S ) Iulf+ o < 15, =2,

whence p > CAP2 — +00 as A — +00.

Assume now that p > 2 + 4/N and take again u € N7°¢(Q). Denoting by C
(possibly different but) universal constants, by (3.6) we notice that

p=lull} < Cllully = C (FgN)" < COA+72)72.

This shows that u is bounded when A ranges in a bounded subset of R. By (3.16),
J&ed(N\) /X is bounded on [1,+00) since p > 2+ 4/N. Therefore, for every A > 1,

1
A= Mullz < [[Vull3 + Alulls = [lull} = ~Jg*'(3) < C

and the proof is complete. O
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Remark 3.25. We notice that, when p = 2 + 4/N, recalling (3.4),

/’LZOd Z 2/1'N

Indeed, for every A\ > —,, since J5°? is locally Lipschitz continuous,

nod

T = [ (@ de < o+ 7)™

so that, by (3.16),

jnod( ) ‘ A 4 Yo Mnod Iunod
— < P
py = Jlim = s lim ey 2

Proof of Theorem 3.1, nodal case. Point (i) follows by Lemmas 3.20-3.22-3.24.

When p > 2+ 4/N, the same results Show that z°¢ is finite, that (0, u1*?) C
M7%(€2), and that M7 (Q)N(ui*?, +00) = @. This proves point (ii) for p = 2+ .

To complete the proof of point (ii7) too, we are left to show that u”"d eM ”Od(Q)
when p is L?-supercritical. To this aim, let u, ,u’wd and let u, be a sequence of
nodal action ground states of mass j,, in some N A"nod(Q), with A, € (—72, +o0) for
every n. We notice that no subsequence of A, can converge to —v,, since in this
case, for such subsequence (not relabeled), we would have

2 2 nod 2/
pn = lually < Clluallz = ¢ (1770w =0

by the continuity of J&°¢. Similarly, no subsequence of A, can tend to +oo, because
we would have

Anpln, < HVUnH% + Anltn = HunHZ = jmd( n),
entailing that 1, < +J5°\,)/A\n — 0 as n — oo by Proposition 3.18 (since
p>244).
Therefore, we can assume that, up to subsequences, \, — A\ € (—7,, +00) as
n — oo. Then, by Proposition 3.14, up to subsequences we have that u, converges

in H}(Q) to a nodal action ground state u € Ny°(Q). Since |[ul]3 = 2%, we see
that ;2° € M7°4(Q) and the proof is complete. O

3.5 Proof of Theorems 3.2-3.4-3.7

In this section we prove the main results of the chapter regarding normalized
nodal solutions and least energy normalized solutions, i.e. Theorems 3.2-3.4-3.7.

The proof of Theorems 3.2-3.4 is a consequence of the discussion developed in
Section 3.4. In particular, Theorem 3.2 is a corollary of Theorem 3.1.
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Proof of Theorems 3.4. Fix any p > 0if p < 24+ 4/N or p € (0,2uy) if p =
2+ 4/N (where py is as in (3.4)), and let X be a global minimizer of the function
fu(A) = JGe4N) — BN (see Remark 3.21). Take u to be a nodal action ground
state of mass pu corresponding to A (when p =2+ %, the fact that such a u exists
for every u < 2uy is guaranteed by Remark 3.25). Let then w be any other nodal

solution of (3.1), for some A, € R. Then

_ o H nod o H : nod - H
B(w, Q) = (0.9) = 520 = T3 () = S > min (7800 - £2)
nod [\ ey ~ 2oy ~

that is the nodal action ground state u is a least energy normalized nodal solution
with mass pu. Moreover, if w is another least energy normalized nodal solution
with mass p, the previous lines become a chain of equalities, showing in particular
that Jy, (w, Q) = J5°*(Aw), i.e. w is a nodal action ground state in N7°4(Q). O

We are thus left to prove Theorem 3.7. To this end, in what follows we take

4
D> pei=2+ N Q) star-shaped with respect to 0.
As is quite common in the literature, working on star-shaped domains allows one
to profit of the Pohozaev identity. In particular, we will use the following fact.

Proposition 3.26. Assume that Q C RY is bounded, smooth and star-shaped.
Then, for every solution u of (3.2),

N(p _pc)

E(u,Q) >
(u7 )— 4p

ll-

Proof. Up to translating the domain, we may assume that (2 is star-shaped with
respect to 0. As Q is regular, an H' solution u of (3.2) is in C*(Q) and the PohoZaev
identity (see e.g. [310, Chapter III, Lemma 1.4]) implies that

N -2 N AN 1
IVl =l + Gl + [ 10l vdo =0,

where v is the exterior unit normal. Since € is star-shaped, z - v > 0 for every

x € 0L, so that
N —2

2
Recalling that ||[Vull3 + X|ul|3 = |Jul[? because u € Ny(R2), we see that

N AN
IVl = >l + 5l <0,

N-2 N
(55— = 2 )l + Ml < 0
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entailing
by 2
E(u7 Q) = J/\(U, Q) o ||g||2
p—2 p(N—-2)—2N
= ( o 1 )HUHZ
D P
N<p_pc)

= TIIUH? O
Proof of Theorem 3.7. The argument is divided in two steps.

Step 1. Letting pu, the threshold given by Theorem 3.2(7i7), we prove that there
exists a least energy normalized solution for every p < p,. To this end, let © < p,

be fixed and

S, = {u € Hy(Q) ’ u solves (3.1) for some \ € R}

be the set of all solutions of (3.1). Since S,, # @ by Theorem 3.2(4i7), let (u,), C S,
be such that

—Auy, + Aty = |up P, and E(u,,Q) —— inf E(v,Q).

n—o0 veS,

Observe first that, since for all n we have

An An,
E(qu> = J)\n(un7 Q) - ?:U' > _7/17
the sequence (A,), is bounded from below. Furthermore, according to Proposi-

tion 3.26, as u, € Ny, (), we have

N(p - pc)
>
E(un, Q) = 2(p — 2) J)\n(un, Q)
N(p - pc) : N
>
Z 20 =2) wenan) (v, R)
_ N(p B pc)
= 2(]9 _ 2) jRN(/\n>
2N —p(N—2)

Recalling that Jrn(s) = s~ 207 Jra (1) — 400 as s — +00, and since p. <
p < 2%, this implies that ()\,), is also bounded from above and hence, up to
subsequences, A\, — A for some \ € R.

Since (E(uy, ), is bounded and ||u,||2 = p, so is (Jy, (Un, 2))n. As usual, this
implies that (u,), is bounded in H*(€2). Therefore, we may assume that u, — u
in H'(Q) and u,, — u in LI(Q) for every ¢ € [2,2*), showing that u is a solution
to (3.2) of mass pu.
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Moreover, by weak lower semi-continuity,

E(u,Q) < liminf E(u,, Q) = inf E(v,Q),

n—oo vES,

so that u is a least energy normalized solution of mass .

Arguing analogously one can prove that, taking u”"d as in Theorem 3.2 and
letting

S”Od {u € Hy () ‘ u solves (3.1) for some A € R, u™ # O}

the set of all nodal solutions of (3.1), for every pu < u;“’d there exists a least energy
normalized nodal solution, that is u € SI’}Od such that

E(u,Q) = inf E(v,9).

veSpod

Indeed, the argument above here shows again that, up to subsequences, a sequence
(Un)n C S such that E(uy, Q) — inf,cspoa £ (v, ) converges weakly in H(2)
to a solution u of (3.1), and to conclude that w is a least energy normalized nodal
solution it remains to show that u is still nodal. To see this, we notice that, by
strong convergence in L?(Q), u #Z 0. If it were v > 0, by Remark 3.9 we would
have A > —~;. But then,

# lim inf uy|b = liminf Jj, (u=, Q) > liminf Jo(An) = Ja(A) > 0

+

) nor (u; ), converge to zero in LP(€2), contradicting the as-

so that neither (u
sumption u > 0.

Step 2. We are left to prove that, when the mass is sufficiently small, least
energy normalized solutions/least energy normalized nodal solutions are action
ground states/nodal action ground states with frequency uniformly bounded from
above. We give the details of the proof for least energy normalized nodal solutions,
the signed case being analogous.

Set .
o _ 2 nod . 2T )
» 7 Np-p) 7 PIAREEA

Note that, since J5°? is locally Lipschitz by Proposition 3.17 and J5°%(—v,) = 0
by Proposition 3.11, then

~nod

Tt (1) = / Y (Taety (s) ds < (V4 ) sup(7™")' (M),

-2

so that ¢ < p7°?, where 2% is the number defined in (3.19).
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Moreover, by Proposition 3.26 and the definition of X;wd, if u e N7°4(Q) with

A > 2 and [lul3 = g, then

N(p - pc) ||u||p
4p p

. N(p—pc) 2 2
- (I7ull3 + Aull3)

N _
- (p—pe) v
4p

> %u- (3.22)

E(u,Q) >

Let then p < 72°? be fixed. Since p < p2*?, the proof of Lemma 3.20 above
guarantees that there exists a function u € §7°¢ such that E(u, Q) < J5(—2) +
L= Tp, so that

inf E(v,Q) <

veSnod

By (3.22), any least energy normalized nodal solution in SZ"d (which exist by Step

1) must then belong to N7°4(Q) for some \ < XZOd. Since X;wd depends only on
p and 2, this proves that least energy normalized nodal solutions have uniformly
bounded frequency, and

inf F(v,Q) = inf E(v,Q).
vespod vESIINNTOY(Q)
>\<Xnod

P

To conclude, it remains to show that least energy normalized nodal solutions are
always nodal action ground states for u < ﬁpwd. This follows arguing exactly as in
the proof of Lemma 3.20 and of Theorem 3.4, noting that the function

A

Ju(A) == TGN — S

.. . . ~nod . .. .
has a minimum point in (—7s, )\ZO ), since it is continuous, f,(s) < f.(—72) for s

in a right neighbourhood of —~,, and

fu( nod) jnod( nod)

~nod

QM_*M fu(=2). O



Chapter 4

An infinity of normalized solutions

of L?-supercritical NLS equations
on noncompact metric graphs with
localized nonlinearities

4.1 Presentation of the chapter

Throughout this chapter we assume that G is a noncompact metric graph which
belongs to the following class Gy.

Definition 4.1. Let G4 be the class of metric graphs G = (V,E) having:
 a finite number of edges and vertices;

 a non trivial compact core K (defined® as the metric subgraph of G which
consists in all the bounded edges of G);

e at least one half-line.

“See e.g. |21, 297]. We noted the set of bounded edges B in Chapter 2 since on general
metric graphs, B may be noncompact and may even be disconnected. Here, we use the
notation K to insist that I is a compact metric graph included in G.

The notion of metric graph is detailed in [68] and Appendix A.

The chapter is devoted to the existence of infinitely many normalized solutions,
sometimes called bound states, of prescribed mass for the L2-supercritical nonlinear
Schrodinger (NLS) equation with localized nonlinearities on G

—u" + M = k() [ulP2u, (4.1)

coupled with the Kirchhoff conditions at the vertices, see (NLSZ®) below. Here,
A € R appears as a Lagrange multiplier associated to the mass constraint, p > 6
is a real number, G is a metric graph belonging to G4 and'x is the characteristic
function of the compact core K of G.

IThe reader should be warned not to confuse the truncation function x with the constant
» = % — 1 ysed in the two first chapters. To avoid any confusions, we will not use both these

symbols at the same time in the thesis.

253
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We refer to the introduction for a discussion about the history and goals of
the study of nonlinear Schrodinger equations on metric graphs, in particular to
section II.8 for motivations for studying equations with a localized nonlinearity.

Solutions of the equation (4.1) satisfying the Kirchhoff conditions and having
prescribed mass p are often referred to as nmormalized solutions of mass u. They
correspond to critical points of the energy functional E : H'(G) — R defined by

1 1
Emyzzéwﬁm—pﬁmmm, (4.2)

under the mass constraint
/mﬁmzu>o (4.3)
g

It is standard to show that E is of class C* on H'(G). Let us remark that solutions
to (4.1) provide standing waves of the time-dependent focusing NLS on G,

100 (t, 1) = —0petb(t, @) — k() |Y(t, 2)|P~ (¢, z),

via the ansatz ¢(t,x) = e u(x). The constraint (4.3) is meaningful from a

dynamics perspective as the mass (or charge), as well as the energy, is conserved
by the NLS flow (see Appendix F for a discussion of conservation laws for the
time-dependent focusing NLS equation on RY).

Recently, much effort has been devoted to establish the existence of normalized
solutions of nonlinear Schrodinger equations on metric graphs, in the L?-subcritical
(i.e. p € (2,6)) or L*-critical regimes (i.e. p = 6). In these two regimes, the energy
functional E is bounded from below and coercive on the mass constraint. A
relevant notion is then the one of energy ground states, namely of solutions which
minimize the energy functional on the constraint. For the existence of ground
state solutions, the reader can consult [4, 6, 18, 19, 21, 257, 271] for noncompact
graphs G and [89, 124] for compact ones. Some studies are also conducted on the
existence of local minimizers, see e.g. [17, 272].

Regarding problems with a localized nonlinearity as in (4.1), existence and
non-existence of ground state solutions is discussed in [322] and of bound state
solutions in [298] for the L?-subcritical case. We refer to [132, 133] for the same
problem on the L2-critical case.

Moreover, in the L?-subcritical regime, one may obtain the existence of multiple
bound states with negative energy levels by applying genus theory both in the
compact case as in [124] and in the noncompact case with localised nonlinearities
as in [297].

However, in the L2?-supercritical regime on general metric graphs, i.e. when
p > 6, the energy functional E is always unbounded from below. Moreover, due
to the fact that graphs are not scale invariant, the techniques based on scalings,
usually employed in the Euclidean setting and related to the validity of a Pohozaev
identity (see [183] or [48, 49, 181, 303, 304|), are not applicable.
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The features mentioned above imply that the search for normalized solutions in
the L2-supercritical regime is delicate. Recently, in [102], this issue was considered
on compact metric graphs for which the existence of a non-constant solution was
proved for small values of x> 0. In [82], the case of a noncompact graph with a
nonlinearity acting only on its compact core was considered. For any mass, the
existence of at least one positive solution to (4.1) was obtained. Our aim here
is to show that, under exactly the same assumptions as in [82], the existence of
infinitely many, possibly sign-changing, solutions can be obtained for an arbitrary
value of the mass p.

Basic notations and main result

For any graph, we write G = (V,E), where V is the set of vertices and E is the
set of edges. Each bounded edge e is identified with a closed bounded interval
I. = [0, |e|] (where |e| is the length of €), while each unbounded edge is identified
with a closed half-line I, = [0,400). The length of the shortest path between
points provides a natural metric (whence a topology and a Borel structure) on G.
A function u : G — R is identified with a vector of functions {u,}.cg, where each
ue is defined on the corresponding interval I, such that u|. = u.. Endowing each
edge with the Lebesgue measure, one can define [; u(x)dr and the space LP(G) in
a natural way, with norm

[l o6y = D Nuellfn)-
ecE

All those notions are precised in Appendix A. We will consider the Sobolev space

H'(G) made of continuous functions which are H! edge by edge (see section A.4).
We recall that the norm in H'(G) is defined by

||U||§Jl(g) = ||u/e\|%2(e) + Hu€H%2(e)'
ecE

We shall study the existence of critical points of the functional £ : H'(G) — R
constrained on the L?-sphere

H,(G) = {u € H'(G) ’ /g lul? dz = u}.

If u € H,(G) is such a critical point, it is standard to show that there exists a
Lagrange multiplier A € R such that u satisfies the following problem:

—u” + Au = k(z)|ulP"2u  on every edge e € E,

d NLSIOC
> “ (v) =0 at every vertex v € V, (NLSG™)
e dze

where e > v means that the edge e is incident at v, and the notation du/dz.(v)
stands for u,(0) or —u.(|e|), according to whether the vertex v is identified with
0 or |e| (namely, the sum involves the derivatives away from the vertex v). The
second equation is the so-called Kirchhoff boundary condition.
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Our main result is the following.

Theorem 4.2. Let G € G4 be a metric graph and p > 6 be a real number.
Then, for any real number p > 0, Problem (NLSEC) with the mass constraint
||u|]%2(g) = 1 has infinitely many distinct solutions.

Moreover, these solutions are associated to positive Lagrange multipliers
and correspond to a sequence of critical points of the functional E constrained
to H\(G) whose levels go to 4oc0.

In the proofs of [81, 102|, a central difficulty was the of lack a priori bounds on
Palais-Smale sequences for £ constrained to H}(G). To overcome this difficulty, an
approach by approximation (that we will also use in this chapter) was developed.
It consists in considering the family of functionals E, : H'(G) — R given by

1 p 1
E,(u) == 5 /g |u/|? dw — p/’C |ul? de, Yu € HY(G), Vp € {2, 1]. (4.4)
Clearly, a critical point of E, constrained to H,(G) is a solution to
—u”" + M = pr(z)|u|P?u  on every edge e € E,

> du (NLSg©)

(v) =0 at every vertex v € V,
o dze

where \ is the associated Lagrange multiplier. Denoting by m(u) the Morse index
of a solution u € H(G) to (NLS};’Cp) (see Definition 4.11), we establish the following
result.

Theorem 4.3. Let G € G4 be a metric graph and p > 6. For any p > 0, there
exists Ng € Z=1 such that for almost every p € [1/2,1], there exist sequences of
Lagrange multipliers (\))n>n, € (0,+00) and solutions (u))n>n, € H}(G)
to the problem

—(u))" + XNu) = pr(x)|[u) P72 u)  on every edge e € E,

p pp e

dulY (NLSGS™)
> —L@w)=0 at every vertex v € V. e
erv dx@

In addition, ) == E,(u)) ~— T uniformly with respect to p € [1/2,1]

and m(u)) < N + 1.

To derive Theorem 4.2 from Theorem 4.3, one considers, for every fixed p > 0
and every fixed N > Ny, a sequence (u)) ),>1 of solutions to (NLSIQO;;N) where
pn — 17 and shows that it converges to some u" € H(G). Such «" € H,(G) will

be a solution to (NLS§®) such that [ul|Z2g) = -
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The point here is to show that the sequence of solutions (uf)\i Jn>1 is bounded,
which is itself equivalent to show that the sequence ()‘i)\i Jn>1 € R is bounded. In
[81, 102], this step is performed using a blow-up analysis, taking advantage that
uf)\; e H ;(g) are positive functions. This blow-up analysis can be generalized? to
possibly sign-changing solutions. Using this generalized result, we can also deduce
the boundedness of the sequence of ()\f;\; Jn>1 € R from the boundedness of the

Morse indices of the solutions u) € H}(G) (see Lemma 4.32).

Now, let us turn to the proof of Theorem 4.3. It relies on an abstract result,
namely [81, Theorem 1.12]. We recall it here as Theorem 4.12. Applied to our
family of functionals E, : H'(G) — R, it guarantees that, for any p > 0 and any
N € Z=', under some geometric conditions, the functional E, admits, for almost
every p € [1/2,1], a bounded Palais-Smale sequence (u)), )n>1 at level ¢} which has
an “approximate constrained Morse index at most N”.

To be more specific, our strategy to prove Theorem 4.3 is the following. First,
we show that the geometrical assumptions on E,, p € [1/2,1] are satisfied. Second,
we check that the Palais-Smale sequences provided by the application of Theorem
4.12 converge. Finally, we observe that this process guarantees the existence of
infinitely many distinct solutions uf)V cH ;(g) since ciy\] — +o00 as N — +oo.

Let us now provide more information on the first two steps.

The fact that the mentioned geometric assumptions hold is established in
Proposition 4.24. Proving this proposition is a central part of this chapter and
for this we are indebted to ideas from [45, 51, 273]. Our proof of Proposition 4.24
uses the assumption that G has at least one half-line, and it is unclear whether
a similar result would hold for compact graphs. As a result, the noncompactness
of G appears to be essential in the derivation of Theorem 4.3 (see also Remark 4.6).

Regarding the convergence of the bounded Palais-Smale sequences (fon)nzl
provided by the application of Theorem 4.12, an essential element of the argument
is to establish that the associated sequence of almost Lagrange multipliers ()\f)\,[n)nzl
(see page 262) converges, up to a subsequence, to a positive )\i)v € R. This is done in
two steps. First, making use of the Morse type information carried by the sequence
(u)), )nz1, we show that A)Y < 0 is impossible. Here again, we use the assumption
that our graph contains one half-line, see the proof of Lemma 4.31. Second, to
show that A # 0 requires a specific treatment. In [81, 102], the Palais-Smale
sequences consisted of non-negative functions and thus their weak limits (which
are solutions to (NLSECP) with possibly a smaller L? norm than /i) were also
non-negative. It was then rather direct to show that )\fjv > 0, see [102, Remark
1.2] in the case of a compact graph, and [81, Proof of Proposition 1.5] in the case
of a noncompact graph with a localized nonlinearity. In the results presented in
this chapter, the weak limits are likely to be sign-changing.

2 This will be the object of a future joint paper with P. Carrillo, C. De Coster, L. Jeanjean
and C. Troestler.
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Let us remark that, in general, there may exist nonzero solutions of (NLSg®)
whose Lagrange multipliers vanish, as was already observed in [298, Section 4].

A simple example of this phenomenon (taken from [298, Theorem 4.2 and
Remark 4.6]), is given by the tadpole graph shown in Figure 4.1.

Figure 4.1: The tadpole graph

If the loop has a suitable length, one can put a sign-changing periodic solution
of the equation —u” = |u[P"2u on the loop and extend it by zero on the half-line
to obtain a solution of the problem on the whole tadpole graph with a Lagrange
multiplier equal to zero.

To treat general graphs, we make use of ODE techniques in a way which we
believe new in this context. Assuming that A = 0 in (NLSlgofp), we show that the L?
norm of a solution u € H}(G) goes to infinity as E(u) goes to infinity, see Lemma
4.22 for a precise statement.

This observation leads to the conclusion that if the suspected energy level
c]pv € R is sufficiently high, the case )\f)v = (0 cannot happen. Having obtained that
)\]pv > (0 and using that the nonlinearity is compactly supported, we obtain the
convergence of our Palais-Smale sequences and this proves Theorem 4.3.

Remark 4.4. Our multiplicity result (Theorem 4.2) is in sharp contrast to what
has been observed in [297, 298] in the mass subcritical case p < 6.

Indeed, [298, Corollary 3.8] shows that for a graph without cycles (also called
a tree), with at most one pendant (see [298] for the terminology), there are no
solutions to (NLSg®) such that ||u||%2(g) = p when p € [4,6) and g > 0 is small.
Also, in [297, Theorem 1.2], to obtain k € Z=! solutions it is necessary to assume
that p > (k). We have no such limitations in Theorem 4.2.

Remark 4.5. As it was already observed in [297] in the mass subcritical case, the
localization of the nonlinearity on the non-trivial compact core is essential to the
multiplicity results.

Indeed, if the compact core is reduced to a point, G is a star graph, (NLSIQOC) is
linear and the problem has no solution in H'(G) regardless of the value of u > 0.

Moreover, if G is an interval with two half-lines attached to its endpoints and
the nonlinearity is not localized, then solutions to (NLSIQOC) with mass u are the
same as those on R, namely the unique symmetric positive ground state and its
opposite, along with their translations. Since all of those solutions have the same
energy level, we do not obtain an analogue of Theorem 4.2.
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Remark 4.6. Let us mention that the issue of multiplicity, even the existence of
just two non-constant® solutions, is still open for a general compact graph G and
a generic mass g > 0. In [102, Theorem 1.1], only one non-constant solution is
obtained, assuming that p is small enough.

In the compact case, one expects that, to obtain solutions with arbitrarily high
mass, one must consider solutions with arbitrarily high Morse index (see [273,
Theorem 1.2] for a result in that direction for bounded domains of RY).

The remainder of this chapter is organized as follows.

In section 4.2, we recall in Theorem 4.12 the contents of [81, Theorem 1.12]
and explore some of its consequences. In particular, we show that second-order
information on Palais-Smale sequences can be used to obtain uniform bounds from
below on the associated sequences of almost Lagrange multipliers, see Lemma 4.14.
We also derive results which provide abstract conditions allowing to check that the
main assumptions of Theorem 4.12 hold (see Lemma 4.15 and Theorem 4.17).

Most of section 4.3 is devoted to show that solutions of the problem (NLSlgovcp)
with A = 0 have a L* norm going to infinity as their energy goes to infinity (see
Proposition 4.23).

In section 4.4, we prove Proposition 4.24, which shows that our problem can
indeed be treated by an application of Theorem 4.12.

In section 4.5, we give the proof of Theorem 4.3, showing the existence of

infinitely many normalized solutions to the problems (NLSlgO;;N) for almost every

peE[1/2,1].

Finally, in section 4.6, we deduce our main result (Theorem 4.2) from Theorem
4.3, making use of the consequences of the previously mentioned generalized blow-
up analysis.

4.2 An abstract multiplicity result

In this section, we recall in Theorem 4.12 the contents of [81, Theorem 1.12]
and present some of its consequences. We also establish results which permit
to check the two main hypotheses the set defined by (4.7) must satisfy. Indeed,
Lemma 4.15 gives a procedure to prove that this set is non-void and Theorem 4.17
provides a tool to check the key strict inequality (4.8) appearing in Theorem 4.12.

In order to state [81, Theorem 1.12], we need to recall some definitions.

Let (E,(-,-)) and (H,(-,-)) be two infinite-dimensional Hilbert spaces. Let us
assume that £ — H — E’  with continuous injections. For simplicity, we assume
that the injection £ — H has norm at most 1 and we identify F with its image
in H.

3Note that there always exists a constant solution of mass p to (NLSlgO ) on a compact graph.
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We set

|u* := (u,u), ue€ H,

{uuw = (u,u), u€E,

and we define for p > 0:
S, = {ue E ‘ |u)? :M}-

In the context of this paper, we shall have F = H'(G) and H = L*(G). Clearly,
S, is a smooth submanifold of £ of codimension 1. Furthermore, its tangent space
at a given point u € S, is the closed subspace of codimension 1 of E given by:

T.S, = {v ek ‘ (u,v) :O}.

In the following definition, we denote respectively by || - ||« and || - ||+« the operator
norms of £L(E,R) and of L(E, L(E,R)).

Definition 4.7. Let ¢ : E — R be a C?>-functional on F and o € (0,1]. We
say that ¢’ and ¢” are a-Hdélder continuous on bounded sets if, for any R > 0,
one can find M = M(R) > 0 such that, for any u;,us € B(0, R):

19" (u1) =" (u2) |« < M|lur—ua|*,  [|¢"(u1) =" (uz) |l < M |lur—us|*. (4.5)

Remark 4.8. 1f ¢" is a-Holder continuous on bounded sets, then ¢’ is Lipschitz
continuous on bounded sets, whence also a-Hoélder continuous on bounded sets.

Definition 4.9. Let ¢ be a C2-functional on E. For any u € E, we define the
continuous bilinear map D?¢ by:

D2¢(u) = ¢ (u) — ¢'(u)[u]

Jul?

(’)

Remark 4.10. If u is a critical point of ¢ restricted to the sphere S,,, then D?¢(u),
seen as a bilinear form on 7,5, is the second derivative of ¢| s, at u.

Definition 4.11. Let ¢ be a C*functional on E. For any v € S, and any
0 > 0, we define the approximate Morse index by

my(u) = sup{dimL ‘ L is a subspace of 1,5, such that
Vio € L\ {0}, D*o(u)lp, ] < —6lll )

If u is a critical point for the constrained functional ¢[g, and 6 = 0, we say
that this is the Morse index of u as a constrained critical point.
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We may now formulate [81, Theorem 1.12]. Its proof is based on a combination
of ideas from [145, 186] implemented in a convenient geometric setting.

Theorem 4.12. Let I C (0,00) be an interval and let us consider a family of
C? functionals ®,: E — R of the form

&,(0) = A(u) — pB(u),  pel.
where B(u) >0 for allu € E and
A(u) = 400 or B(u) = +00  asu € E and ||u|]| — +oo. (4.6)

We assume that, for every p € I, ®,|s, is even and moreover that @, and
<I>g are a-Hélder continuous on bounded sets in the sense of Definition 4.7 for
some o € (0,1]. Finally, we assume that there exists an integer N > 2 and
two odd functions v; : SN2 = S, where i € {0,1}, such that the set

Ty = {7 € C(0.1] x SN2, 5,) | Vit € [0, 1], ~(t,-) is odd,
Y(0,-) =70 and y(1,-) = 71} (4.7)

is non void. We also assume that, for all p € I, the inequality

chV = inf max ®,(v(t,a)) > max {CI)p(’yo(a)),QDp(’yl(a))} (4.8)

v€El'N (t,a)€[0,1]xSN—2 acSN—2

holds. Then, for almost every p € I, there exist sequences (Un)n>1 C S, and
(Cn)n>1 € R such that, as n — 4o0:

(i) Pplun) — ¢

(i) || @) s, (un) || = 0;
(7i) (uy), is bounded in E;

(iv) M, (u,) < N, where ¢, — 07.

Remark 4.13. If the sequence (u,,), C S, provided by the Theorem above converges
to some u, € S, then in view of points (i)-(ii), u, is a critical point of ®,[g, at
level cf)V . Let us show that the Morse index of u,, as a constrained critical point,
satisfies rho(up) < N. Assume by contradiction that this is not the case. Then, in
view of Definition 4.11, we may assume that there exists a subspace Wy C T,,,S,
with dim Wy = N + 1 such that D?®,(u,)[w, w] is negative for all w € Wy \ {0}.
Since dim Wy < oo, its unit sphere is compact and there exists # > 0 such that

D*®,(u,)[w,w] < —0||lw||* for all w € Wy \ {0}.
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Now, from [81, Corollary 1] or using directly that both ®/ and @] are a-Holder
continuous on bounded sets for some « € (0, 1], it follows that there exists 6 > 0
small enough such that, for any v € S, satisfying ||v — u,| < 9, we have

D?*®,(v)[w,w] < —0||lw|]*/2 for all w € Wy \ {0}.

In particular, for n large enough, ||u, —u,| < ¢ and ¢, < 6/2 (as (, — 07), so the
previous inequality implies

D?*®,(u,)[w, w] < —0||w||?/2 < =Cu||w|)*  for all w € Wy \ {0}.

Remembering that dim W, > N and observing that Theorem 4.12 (iv) directly
implies that, if there exists a subspace W,, C T,,,S,, such that

D*®,(u,)[w,w] < =¢,|lw|?,  for all w € W, \ {0}
then necessarily dim W,, < N. Thus, we have reached a contradiction.
From Theorem 4.12 (ii)—(iii), we deduce in a standard way* that
' (un) + Ap(tin,-) =0 in E (4.9)
as n — 400, where we have set
An 1= = (u) [un]/ . (4.10)

We call the sequence (A,), C R defined in (4.10) the sequence of almost Lagrange
multipliers. The following lemma allows to derive information on such sequences.

Lemma 4.14. Let (up)n>1 € Sy, (An)n>1 € R and (¢)n>1 C [0, +00) with
(o — 0T, We assume that, for a given M € Z=*, the following conditions hold.

(i) For large enough n € Z=', all subspaces W,, C E with the property

O (un)lp, 0] + Ml < =Gallell*  forallp € W, \ {0}, (4.11)

satisfy: dim(W,,) < M.
(ii) There exist A € R, a subspace Y of E with dim(Y) > M + 1 and { > 0
such that, for large enough n € Z=1,

@) (un)lp, ] + Apl* < —Cllgl*  forallp €Y. (4.12)

Then A\, > X\ for all large enough n € Z='. In particular, if (4.12) holds for
any A < 0, then h}?iglf An > 0.

4See [81, Remarks 1.3] or |66, Lemma 3].
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Proof. Let us assume by contradiction that A, < A along a subsequence, still
denoted (\,),. We keep denoting (u,,), and (¢,), the corresponding subsequences.
From (4.12) we have,

" (un) [, ] + Anlip? < @ (), 0] + Al> < —Cllel|>  for all € Y\ {0}.

Now, since ¢, — 07, there exists ng € Z=! such that: Vn > ng, ¢, < . Thus, for
an arbitrary n > ng, we obtain

) (un) [0, 0] + Al < =Gallgl*  forall o € Y\ {0},
in contradiction with (4.11) since dim(Y) > M + 1. O

Let us now focus on deriving sufficient conditions that will imply that the two
conditions imposed on the class of paths I'y in Theorem 4.12 hold.

The following Lemma, directly inspired by [273, Remark 4.5], deals with the
first hypothesis of showing that the set is non void.

Lemma 4.15. Let {uy,...,uy_1} C S, and {vi,...,on_1} C Sy, be two
orthogonal families for the inner product (-,-).
If we define two odd functions vo,71 : S % — S, by

Yo(ar,...,an—1) == Z a;u;, (ay,...,an_1) == Z a;v;,

1<i<N 1<i<N

then, the corresponding set 'y defined by (4.7) is non void.

Proof. We define the subspace U := span{uy,...,un_1,v1,...,0n_1} and we let
d:=dim(U) <2(N —1). Let R: U — U be a linear operator such that Ru; = v;
for i = 1,2,...,N — 1. Possibly after permutation of the family {v,}, we can
choose R such that R € SO(d) (there may be different choices of R). Now, since
SO(d) is pathwise-connected (see e.g. [300, Section 10.5]), there exists a continuous
path 4 : [0,1] — SO(d) such that 4(0) = 1 and 4(1) = R. Let us define the map

v:[0,1] xSV = S, (tar, .. an—1) = Y @A) (w).
1<i<N

By definition, v is continuous and 7(t,-) is odd for all . Since both equalities
7(0,+) = 7o and y(1,:) = 71 hold, v belongs to I'y, which is nonempty. O

We now turn to the second hypothesis, which requires to find conditions to
ensure that the strict inequality (4.8) in Theorem 4.12 is satisfied. At this point,
we shall rely on some results from [45]. In particular, the next Lemma is essentially
[45, Lemma 3.2] and we refer to this reference for a proof.
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Lemma 4.16. Let Ly and L be finite dimensional normed vector spaces such
that dim(L,) < dim(L). Let S:={u e L | ||u|| =1}, « € R and

H:(H17H2>1[0,1]XS—>RXL1

be a continuous map such that, for all t, uw — Hy(t,u) is even, u — Hs(t, u)
is odd, and
Hi(0,u) < a < Hy(1,u), forueS.

Then, there exists (t,u) € [0,1] x S such that H(t,u) = (a,0).

The proof of the next result was inspired by [45, Lemma 3.3], see also [51,
Lemma 2.3].

Theorem 4.17. Let ® : E — R be a continuous even functional, d € Z=*,
and v; : S* — S, i € {1,2}, be two odd functions. Let us assume that the set

= {7 € C([0,1] x 8% S,) ‘ vt € [0,1], ~(t,-) is odd,
7(07 ) =, and 7(17 ) = 71}

is not empty. We assume further that there exists a continuous even functional
J:E—R, 3 eR and a subspace W C E with dimW < d such that

(H1) J(v0(s)) < B < J(71(s)) for all s € S%;
(H2) the inequality

max max{®(o(s)), ®(11(s)) } < inf B(u)

s€Sd u€B

holds, where

B:={ueS,nW"|Ju) =3}
Then, the inequality

c:=inf max P(y(t,s)) > iglf?@(u) (4.13)

V€T (¢,5)€[0,1]xS?
holds.

Proof. Let v € T' be arbitrary and P : E — W be the orthogonal projection. We
define

h:S, = RxW :uw (J(u),Pu) and H:=ho~vy:[0,1] xS*—RxW.

Setting L := R¥*!, S :=S% L[, :=W and a := 3, we see that L, S, L, « and H
satisfy all the conditions of Lemma 4.16.
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Therefore, there exists (tg,so) € [0,1] x S such that H(t,s0) = (3,0), which
means that y(to, so) belongs to B. Thus,

max  D(y(t,s)) > P(y(to, So)) > inf D(u),

(t,s)€[0,1]x S ueB

which proves that (4.13) holds since v € I' is arbitrary. O

4.3 A Pohozaev type identity and
its consequences

In this section we focus on deriving properties of solutions to (NLSlgofp) when

A = 0. Observe that, we are assuming that the compact core is non trivial.
Thus, G has at least one bounded edge so that there is at least one edge where
the nonlinearity is acting. Some considerations in this section are slightly more
general than what is needed to prove Theorem 4.2.

First, let us recall that if u is solution to —u” + Au = p|u|P~?u on some interval
I C R, then the function

H,(z) = §(u'(x))2 + Vi(u(x)) where Vi(u):= g|u|p — ;\|u|2
is constant on I. Indeed, H/(x) := u/(x) - (u"(x) + V{(u(z))) = 0. We call this
constant H, the ODE energy® of the solution u on I.

Proposition 4.18 (Pohozaev identity on metric graphs). Let G be a metric
graph with finitely many edges (bounded or not). Let p > 2, X € R, and
u € HY(G) be a solution to (NLSlgovcp). For each bounded edge e of G, let the
ODE energy of the solution u on e be given by

A

Ha(e) i= Hula) = 3l @) + Zfu@)l = Su@P, (414

where x is an arbitrary point of e. Finally, let us define

P,(u) = Z le] Hy(e) (4.15)

e is a bounded edge of G
where |e| is the length of the edge e. Then, one has

1 A

p
S llz2g) + llruling = 5 lullzeg) + Po(w).

®One needs to be careful not to confuse it with the energy functional E. Note that the
quantities £ and H are related through the Pohozaev identity.
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Proof. Let e be a bounded edge of G. We identify it with the interval [0, |e|].
Integrating (4.14) on e, we get

1 p A
S+ 2l = Sl + lel Hufe) (4.16)

Note that (4.16) also holds when e is a half-line if in this case we set |e| H,(e) :=0
since k|, = 0 and u € H'(G). We end the proof by taking the sum of (4.16) over
all edges of G (whether bounded or not). O

Lemma 4.19. Let G be a metric graph with finitely many edges (bounded or
not). Let p > 2 and A € R. Let w € HY(G) be a solution to (NLSlg‘”Cp). Then,

one has ( 6) 5
p— 2 p—
E = — 2 -—P

where P,(u) is defined by (4.14)—(4.15).

Proof. First, let us note that multiplying —u” + Au = pr(z)|ul/P"u by u and
integrating over G (taking into account the Kirchhoff boundary conditions), we get

129 + AllullZaig) = pllsullfsg)- (4.17)

From Proposition 4.18 and (4.17), we obtain

—2)A 2p
u||? = L ul|? 4+ ——P,(u),
o120, = <5 Il + -5 Pl
2pA 9 2p
PH"&U”ip(g) = mHUHm(g) + mPpW)-
Thus,
Loz P (P—06)A, p—2
Ey(u) = 5”“ ||L2(g) - EH"{'UHIZ/P(Q) = m”unw(g) + mpp(u)- O

Let us now establish some relationships between the ODE energy H, of a
solution u on an interval and its L?>-norm in the case A = 0.

Lemma 4.20. Let a« > 0 and p > 2. Let u : R — R be a T-periodic® solution
of —u" = alulP~?u for some 7 > 0. Let H, be the ODE energy of u. Then,

T (pHN\?? T T DH, N 2/P
8( . ) = Sl < [ \u(x)‘degTHuH%m:7-< - ) . (4.18)

%.e. so that u(x 4+ 7) = u(x) for all x € R; 7 may not be the minimum period.
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Proof. 1t is advantageous to consider that we are studying periodic solutions of
the equation of motion in the potential well, defined by

o
Viu) := —|ulP,
(w) pl

since the equation reads v’ = —V’(u). The ODE energy of u, given here by
H, =1iW)*+V(v),
is constant with respect to time. We immediately obtain that

[ullz~/2,
[ oo /2.

N[

( (z))? < H, —V(||u||p=/2) for all z € [0,7] such that |u(z)| >
> H, — V(||u||p=/2) forall z € [0,7] such that |u(z)| <

Therefore, a particle in the potential well always has a smaller speed (in absolute
value) when going through the region [—|u|eo, —|t|oo/2] U [|t]0o/2, [tt]oo] than when
going through the region [—|u|x/2, |tt|so/2]. Since both those regions have the
same length, we deduce that

|A] > %7’ where A := {x € [0, 7] ‘ lu(z)| > %HUHLOO}

as the particle spends at least half its time in the zone where it has a slower speed.
Regarding the inequalities in (4.18), the upper bound is trivial and the lower
bound follows from the inequalities

,
[ @ de > [ u@)?de > dulf~ 1Al > bl

The equalities in (4.18) follow from the fact that, for periodic solutions, one has

allullze
Hy = V([lull =) = pL :

since the derivative of the solution vanishes at maximum or minimum points. [

Lemma 4.21. Let o > 0 and p > 2. The solution of —u" = alulP~?u with
initial conditions u'(0) = 0 and u(0) = ug > 0 is T(ug)-periodic, where

) e CP) 2py2
( 0) : \/a 0

for some constant C(p) > 0. Its ODE energy is given by H, = V(ug) = %ug.
Moreover, it is (up to time translations) the unique solution of the ODE with
this energy, and the unique solution of the ODE with this period.
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Proof. 1t is a standard fact (see e.g.[33, p. 18]) that the period is given by

The claim about the energy follows from the definitions. The fact that the set
{(w,v) € R?| L0 + V(u) = h}

is empty for h < 0, is {(0,0)} for h = 0, and is a simple closed curve for h > 0
implies that no other solutions have this same energy since by a phase plane
analysis we obtain that there is a unique orbit of energy h for every h > 0.
We then deduce from the previous computations that this orbit corresponds to a
solution of period C(a, p)uéfp / 2, which ends the proof as the map

(0, +00) = (0,400) : ug + Cla, puy *'*

is decreasing, so all orbits correspond to solutions with different periods. O

From here we may deduce that functions with a high ODE energy necessarily
have a high L? norm.

Corollary 4.22. Let { > 0, 0 < a <@ < 00 and p > 2. For every u > 0,
there exists H > 0 such that if u : [0,€] — R is a solution to

—u" = alulP~u with o € o, @] and H, > H,

then ,
[ @)z = g
0 u

Proof. Lemma 4.21 implies that if the ODE energy H, > H, then
uo > (pH /a@)'/?,

SO

(2—p)/(2p)
C H
r(ug) < S (24 .
vala

Thus, if H is large enough, u is periodic with a period 7 less then ¢/2. There
thus exists some interval [0, k7] C [0,/], with k € Z=! and kT > ¢/2. Thus, u
is k7-periodic and its ODE energy is at least H. Lemma 4.20 implies that the

L?-norm of u on [0, k7] can be made arbitrarily high taking H large enough. [J
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The last result of this section will be crucial to rule out the possibility that the
Lagrange multiplier associated to a weak limit of some Palais-Smale sequence is 0.

Proposition 4.23. Let G be a metric graph with finitely many edges (bounded
or not) and p > 2. Let (up)n>1 € HY(G) and {pn)n>1 C [1/2,1] be sequences
such that u,, is a solution to (NLSlgO’Cp) with p = p, and A =0. If

E, (u,) = 400,

then
||Un||L2(g) — OQ.

Proof. 1t is sufficient to prove that, up to a subsequence, ||u,||z2g) — co. Indeed,
replaying the argument on an arbitrary subsequence of (u,), will give a sub-
subsequence which converges to infinity, which is equivalent to the claim.

Since E,, (u,) — 400 and A = 0, Lemma 4.19 implies that P, (u,) — +o0.
Let eg € E be a bounded edge such that (., H,, (ey) > (.H,, (e) for all bounded
edges e € E. Given that E is finite, it is possible to select ey independent of n,
taking subsequences of (u,), and (p,), if necessary. Since

P, (u,) < card(E) {.,H,, (eo),
we deduce that H, (ey) — +00. Now, using Corollary 4.22 with v = u,, a = p,
and [0, (] = eg, we deduce that ||| 12y — 00, thus ||u,||2(g) — 0. O

4.4 Infinitely many minimax levels for F,
for almost every p € [3, 1]

This aim of this section is to prove the following result.

Proposition 4.24. For any i > 0 and p > 2, there exists Ny € Z=! so that if
N > Ny, there exist functions yo,n and 1 n such that the family of functionals

1

Eszl(g)—>R:u'—>;/g\u’F—Z/K]uP’, pe B
satisfies the assumptions of Theorem 4.12. In particular, the set
Ty = {y € C((0,1] x SN2, HL(G)) | ¥t € 0,1], ~(t,") is odd,
7(0,-) = Yo and ¥(1,-) = 71 n}

18 non void.
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Moreover, defining

c,]DV = inf max E,(v(t,s)),

YEL'N (t,5)€[0,1]xSN—2

the inequality
cfjv > max max{Ep(yo(s))),Ep(%(s))}, (4.19)

seSN-2
holds for all p € [%, 1]. Furthermore, cf)V ﬁ +o0 uniformly with respect
—+00
to p € [1/2,1]. In particular, there are infinitely many distinct values of c)).
Remark 4.25. Let us note that the levels cf)V are real numbers for every N > N,

and every p € [L,1] since they are defined by infima over nonempty sets (thus
chV < 400) and that inequality (4.19) implies that cf)v > —00.

2
We consider Theorem 4.12 with &, = E,, E = H'(G), H = L*(G), S, = H,(G).
If we set
A(u) / |/|dr  and B(u p/ |ul? dz,
then assumption (4.6) holds, since we have that
uwe HY(G), lullm@ — +o0 = A(u) = +oo.

Let E} and EJ denote respectively the free first and second Fréchet derivatives of
E,. Note that B”, whence E7, is min{p — 2, 1}-Hélder continuous on bounded sets
of H'(G). In view of Remark 4.8, this implies that assumption (4.5) holds. As
such, it only remains to show that the two hypothesis posed on I'y hold. This is
where Lemma 4.15 and Theorem 4.17 will come into play.

The next lemmas provide orthogonal families that will be used in Lemma 4.15.

Lemma 4.26. Let G € Gy be a metric graph, p > 2 and p > 0. For any
S > 0, there exists a sequence of functions (@;)i>1 such that for any i,j € Z=!
and any p € [3,1]:

(i) @i € Sy, @il =B, Elp:) = B*/2;
(it) @; has compact support and supp(y;) Nsupp(yp;) = @ for i # j;
(iii) for any N > 2 and a € SV72, we have H(Z < a«p‘)/
- ) 1<i<N Wit LQ(Q)
Ey(Licicn @i, G) = B2/2.

= 3 and

Proof. Let ¢ € C*(R) be a function supported on the interval (0,1) such that
l¢ll72r) = # For t € [0,+00), we define a function ¢ by

ol (z) =t 2p(tx). (4.20)
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If we now view ¢ as a function in H'(G) whose support is contained in a half-line
which we identify with [0, 00), we can define

p

p1:=¢" with 7= —F.
€'l 229y
The function ¢ satisfies (i). Indeed, for any t > 0, ||¢*||12g) = [|¢|lr2g) = 1, and

a direct calculation yields

¥4 l1Z20) = TN I72q) = B*. (4.21)
Finally, since ¢, is supported in the half-line, we have

2

Eylon) = gl = -

wi(x) ==y (x— i_l).

T

Define now, for i > 2,

Since the ¢; are translations of ¢ they still satisfy (i). Also, we observe that
i-1 i

by definition supp(y;) C (Tv ;) and so they all have disjoint compact supports.

This is (ii). Finally, we observe that for a € SV—2

‘ ( Z ai@i)
1<i<N

from which (iii) follows, ending the proof. O

= > a4 l¢iliag = 5%

[2(g) 1<i<N

Lemma 4.27. Let G € G4 be a metric graph, p > 6 and p > 0. For any fized
integer N > 2 and any given values of § > 0, b > 0, there exist functions
Q1,0+, PN, compactly supported in K, such that for alli,j € {1,...,N} and
all p € [1/2,1]:

(i) & € Sus | Gillr2) > B:
(i) supp(@;) Nsupp(@;) = @ fori # j;

(iii) if a € SN2 then |[(Sh<ien aii)

g 2 B and By(Sicicn aii, G) <.

Proof. Let e = [0,]e|] be any bounded edge of G. Let ¢ € Cffo((O, \e]/N)) be
any function such that |¢| 2y = p. Using the notation (4.20), we notice that
supp(¢') C (0, le|/N) whenever ¢ > 1. Let us define the functions

1
séi::sot(:v—(z N)|e|>, i=1,...,N,

where ¢t > 1 will be chosen later.
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Let us note that

i (i —1le] ile|
supp(pi) € <N’ N> )

so the functions @; have disjoint supports and point (ii) is satisfied. Viewing now ¢;
as functions in H'(G) supported in e, we may compute the energy of the function
d1<ien Gi; With a € SN=2 as follows:

1 N 2 N-1 P
Ep( > ai@i) =3 > ;| dr — B/ > aip| dx
1<i<N e li=1 P Jeli=1

2 ) /|e|/N ' ptP=2)/2 lel/N

—5 Y @[ P Yl [ el
2 528 o p 1<i<N 0

< N2 B CtE=22 |||, ) -

- 2 2p t—too

where €' := mingegv-2 > 1<y |@;[P. Thus, for all b € R, there exists Ty > 0 such
that for all £ > T}, we have Ep( do1<i<N a,-gé,-) <b Asa result, if we choose

t ;= max {1, ,ﬁ,TO} ,
1l z2(g)

the functions @; satisfy all of the desired properties. Indeed, ¢; € H ;(g ) and from
(4.21) we have

1811 20) = &'l 2g) > B, (4.22)
which implies point (i). Finally, the choice of ¢, (4.22) and the equality

2

Z Clz'@;;

1<i<N

= > @@z
[2(g) 1Si<N

show point (iii), ending the proof. ]

Now, let (Viv) y>1 be a sequence of linear subspaces of H!(G) with dim(Vy) = N
which exhausts H'(G) in the sense that

U W

N2>1

is dense in H'(G). We remark that for separable Hilbert spaces, such as H'(G),
such a sequence always exists.

The next lemma is an adaptation of [51, Lemma 2.1].
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Lemma 4.28. For any p > 2, there holds:

Jo [/ + [ul?

Vi (ffulp) N

\

SN =

Proof. We assume by contradiction that there exists a sequence (uy)n>1 C Viy_,
such that |lun|/zr(cy = 1 and that ||uy| m1(g) is bounded. In particular, up to
a subsequence, there exists u € H'(G) such that uy — u in H'(G) (and thus
in H'(K)) and therefore uy — u in LP(K). Let v € H'(G). Because {Vy}ny
exhausts H'(G), there exists a sequence (vy )y € H},(G) such that, for all N € Z=',
vy € Vy_g and vy — v in H'(G). Taking the scalar product in H'(G) we have

[(un, v)| < [(un, v —on)| + [(un, vn)|
= [(un,v — )|

< lunllarg)llv — vnlla1g)

— 0.
N—o0

It follows that uy — 0 = u, in contradiction with ||uy||Lrxc) = 1. O

We now define

3%2 1/(p—2) 3 (M+I2)p/2
By = (L where L = L(p) := EI?%( W' (4.23)

Lemma 4.28 implies that Sy — oco. Thus, if we define
bY = inf E,(u) where By :={u€ Vi ,NHLG) |12 = Bn}, (4.24)

uEBN

we obtain that
Lemma 4.29. b) — 400 as N — o0, uniformly in p € [1/2,1].

Proof. For every u € By, we have

Bw) =5 [P =2 ([ jur)
/ /)? — <N+fg |U/|2>p/
2

L
S i) o (1 I
2 3582 ( )

ya
2

SAIN]

| \/

| \/

1 1 5
= 5512\7 - 5512\1 P+ BY)

1
= 6512\7 +o(1).
The proof is completed by taking the infimum over By. O
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We are finally in position to prove Proposition 4.24.

Proof of Proposition 4.24. We have already proved that (4.5) and (4.6) hold. Let
(Vi)n>1 with dim(Vy) = N be an exhausting sequence of H'(G) and, for each
N > 2, let us define the values Sy and bf)v respectively by (4.23) and (4.24). By
Lemma 4.28 and Lemma 4.29, both sequences (8y)xy and (b)) y diverge.

Let us consider now a sequence of functions (¢;);>1 as given by Lemzna 4.26
taking 3 = 1 and a set of IV functions (¢;);>1 given by Lemma 4.27, taking 8 = 28y
and b = 1. Moreover, let us define the functions

Yoy : SN Hi(g) Dar, .. an—1) P Y aip
1<i<N

and

Ny SV = H,(G): (ay,....an1) = D a;d;
1<i<N

which satisfy, for every N > 2 and a € SV—2,

{H%,N(CL)IHL?(Q) =1,
Ey(rox(a) = 3,
and
{H%,N(a)/HL?(g) > 28w,
Ey(mn(a)) <

From Lemma 4.15, we know that the set

—_

I'y = {’Y € C(]0,1] x sN-2 Hﬁ(g)) ’ vt € [0,1], ~(t,-) is odd,
7(0,-) =N, and ¥(1,-) = %yN}

is not empty.

Now, we use Theorem 4.17 with & = E,, d = N — 2, J(u) = ||v/||22(g), B = Bn
and W = Vy_5. We easily check that its assumptions ((H1)) and ((H2)) are
satisfied for any N sufficiently large (uniformly in p), thus (4.19) also holds. Finally,
using bf)\[ — 400 as N — oo and (4.13), we get that cf)V — +00 as N — oo. O]

4.5 Proof of Theorem 4.3

This section is devoted to the proof of Theorem 4.3.
As a consequence of Proposition 4.24, we may apply Theorem 4.12 to the family
of functionals given by (4.4).
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From Theorem 4.12 and the considerations just after it (see in particular (4.9)—
(4.10)), for all N € Z=! large enough and for almost every p € [1/2, 1], we deduce
the existence of a bounded sequence (u),)n>1 € H,(G), that we shall simply
denote (uy,),, such that

Ey(uy) — (4.25)
and
E)(tn) + An(tn,-) = 0 in the dual of H}(G), (4.26)
where ]
Ap = —;E;(un)[un] (4.27)
Finally, there exists a sequence ((,), C [0,400) with (, — 07 such that, if the

inequality

/g '+ (A = (0 = Dprla) |unP~?) ©* dz = B} (un) [0, @] + Mallpl72(g)
< =Gllelin, (4.28)

holds for any ¢ € W, \ {0} in a subspace W, of T, H(G), then the dimension of
W,, is at most V.

Since the sequence (u,), C H'(G) is bounded, passing to a subsequence we
may assume that there exists u)) € H'(G) such that

u, —u in H(G), (4.29)

P
Up, — uiv in L], (G) for all r > 2. (4.30)
Observe also that, since (u,), € H'(G) is a bounded sequence, it follows from
(4.27) that (A\,), € R is bounded. As before, passing to a subsequence, there

exists )\2\7 € R such that lim A, = )\i,v.

n——+oo
The sequences (A))y>1 C Rand (u))y>1 C H,(G) are the candidates to prove

Theorem 4.3. We begin by verifying that the limit uY € H'(G) solves (NLSlgoff;N).

£

Indeed, using (4.26) and the fact that 1_131 Ao = A, we get
0 = lim (E)(un) + An(tn, -)) [0
= lim [/ u;n'—i—/\n/ unn—p/ |un|p_2unn]
n—oo g G e
- /g(ufjv)’n' + )\f)v /g uf)vn — p/}C |ui,v|p_2uf)v77 (4.31)

for every n € H'(G). We have thus proved the claim.

We now focus on proving the strong H!-convergence of the sequences (u,), to
ensure that the limits uf)V belong to the mass constraint H ;(g ).
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Proposition 4.30. The following convergence holds:
J O e N T
In particular, if XY > 0, the sequence (uy), converges strongly in H'(G).
Proof. First, rewriting (4.26) as
o(1 :/u;’— /unpfzun —l—)\n/un
Wil @) = | " = p | Jal™uan | Ul
= / Uy — p/ |t [P U + Aﬁ,V/ Ut + (A — Aﬁ’)/ U,
g K g g

we obtain

Lt = o [ Jualum + XY [wm = ollnllin. (432

Now, taking the difference between (4.32) and (4.31), choosing n = n,, := u, — uf)v
and taking into account (4.30) and that (7,), is bounded, we deduce that

o(1) = o(1)||1nl 1 (g)
= [ (o= Yt = o [ (Jeal? 2 = b =20 Y+ XY [ 1= ),
= [ (o= )Y+ X[ (= 01 )

—/‘un uf)v)' +)\,]ov/g|un—uév|2+0(1),

which proves the claim. O

In order to apply Proposition 4.30 we need to show that the assumption )\f)v >0
holds. We will do this in two steps. In first place, we will show that )\f)v < 0 is not
possible by making use of Lemma 4.14. The following result will aid to check that
its assumptions hold.

Lemma 4.31. For any A < 0 and d € Z=!, there exists a subspace Y of H'(G)
with Aim(Y') = d such that, for allw €Y,

A
B (wn)w,w] + Multag) = [ 10/ de 2 [ fuf*de < 3wl

Proof. We proceed similarly to the proof of Lemma 4.26. Let us take ¢ € C*(R)
with supp¢ C (0,1) and such that [;"|p|>dx = 1. Viewing ¢ as a function in
H'(G) whose support is contained in a half-line which we identify with [0, 00), we
define (using the notation of (4.20)) ¢1 := ¢", where 7 > 0 is taken small enough
so that

A
Pl llawe + A < (719 2wz + 1) (4.33)
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A computation shows that

le1ll2g) = 1, 161120y = 72 11¢' [l 2(9) -

We define now, for ¢ > 2,

wi(T) == 1 (x— i_l).

T

Since supp(y;) C (%, %), all the ¢; have disjoint supports. Let Y C H*(G) be
the subspace generated by ¢1, ..., 4. Any element w € Y can be written as

1<i<d
where 04, ...,60; € R. By direct calculations, we have

/g|w’|2dx+>\/g w|? de = 72( 3 93||¢||12(R)) +>\< 3 93)

1<i<d 1<i<d

= (Pl + ) X O

1<i<d

Similarly, [[w||3g) = (T?1¢'72r) + 1) Xi<i<a 07 Therefore, (4.33) implies that

Sl Pz [ ful?de = (@ +X) Y 67

1<i<d
A
< 5(72”90/“%2@) +1) Y 67
1<i<d
>\ 2
= §||wHH1(g)'

The fact that w vanishes outside the half-line justifies the equality in the claim,
ending the proof. O

Let us observe that the codimension of T, H}(G) in H'(G) is one. Thus, if
inequality (4.28) holds for every ¢ € W, \ {0} for a subspace W,, of H'(G), then
the dimension of W, is at most N+ 1. Let A < 0. Let Y be the space of dimension
d = N + 2 provided by Lemma 4.31. We may thus apply Lemma 4.14 to obtain
that

A

Combining Proposition 4.30 and (4.34

N >o. (4.34)
),

we get that

n—oo

[ =y — 0.
g
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Using in addition (4.30) and recalling that the nonlinearity acts only on I, the
compact core of the graph, we obtain that E,(u,) — E,(u)). In particular, in
view of (4.25), it follows that

E,(ul) =cl). (4.35)

Let us now prove that )\f)v = ( is not possible either, assuming that N € Z=! is
large enough uniformly in p € [1/2,1]. It is here that we will use what has been
developed in section 4.3. For the sake of contradiction, assume that there exists
a subsequence (u)*)>1, with Ny — +o0 and pj, € [1/2,1] for all k, such that
the weak limits uf)\;’v € H'(G) have an associated )\Zf which is 0. By Proposition
4.24, c]pv converges to 400 as N — oo, uniformly with respect to p. Thus, we
deduce from (4.35) that E,, (u)*) — +00 as k — co. This is in contradiction with
Proposition 4.23, since (u)*)i>1 € H,(G). In conclusion, we have A} > 0.

Finally, let us show that the Morse index m(u, Ny of u as a solution to (NLSlOC M)
satisfies m(u)’) < N + 1. We recall that the Morse mdex of a solution u € H 1(9 )
of (NLSlgO’Cp) is defined as the maximal dimension of a subspace W C H'(G) such
that Q.(¢) < 0 for all ¢ € W\ {0}, where

= [P+ (A = nl@)(p = Dplul=?) ¢ da.

We also note the relationship between the Morse index of a solution to (NLSlOC )
and the Morse index as a constrained critical point (refer to Definition 4.11) via
the equality

D?*E,(u))[w, w] := B (u))[w, w] + A (w, w)
—/ W2+ (AN = (0 — Da(@) ) P2)w?] de, (4.36)

valid for all w € HY(G). Smce ul, — u) as n — oo, we know from Remark 4.13
that the Morse index of u € H 1(g) as a constrained critical point is less than
N. In view of (4.36) and recalling that H}(G) is of codimension 1 in H'(G), we
deduce

m(u)) < N+ 1. (4.37)

Summarizing what has been observed so far, we can finally prove 4.3.

Proof of Theorem 4.5. For any p > 0 and any N € Z=! sufficiently large, we have
shown that the particular bounded Palais-Smale sequence, satisfying (4.25)—(4.28),
provided for almost every p € [1/2,1] by Theorem 4.12 is converging. Thus, there
exists a sequence of couples {()\fjv, ul)} € (0,+00) x H\(G) which are solutions

(NLSIOCN). By (4.35), we also know that E(u)’) = ¢}’ converges to +0co as
N — 00. The estimate (4.37) completes the proof. O
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4.6 Proof of Theorem 4.2

Let ¢ > 0 and N € Z=! be sufficiently large. By Theorem 4.3, it is possible
to choose a sequence p, — 17, and a corresponding sequence of critical points
ull € Hy(G) of E,, constrained to H,(G), at the level ¢)) and having a Morse
index m(u)) ) < N + 1. Additionally, the Lagrange multipliers satisfy A > 0.

To prove Theorem 4.2, it suffices to show that the sequence (u)), € H,(G)
converges. For this, the key point is to show that (u)) ), € H'(G) is bounded.
The monotonicity of ¢) as a function of p € [1/2,1] implies that {c) ), is bounded
since it belongs to [c] ,c{\b] with ¢V, cf;Q € R (see Remark 4.25). In addition, the
Kirchhoff boundary condition

2 2
/g’(uﬁi)/ —|—/\i,\i<uN) dz :pn/lc‘ui)\;‘pdx

Pn

implies that

1 1 AN
N:E N :(—)/ N/2d _ _PnT
b = Bn)) = (5= 7) [y do - 2

so that
N

L1 N2 Ny Aok
== u de =c, +-—"—.
(5-) L 1erar =+ =

Thus, if (A ) C (0, +00) is bounded, then (u?) ), € H'(G) is bounded as well. To
conclude the proof of Theorem 4.2, it suffices to make use of the following result.

Lemma 4.32. Let G € G4 be a metric graph, and p > 6. Let us assume that

(pn)n C [3,1] is a sequence converging to 1. Let (A\n, un)n>1 € R x HY(G) be a

sequence of solutions to

—u" + M = pr(z)|ulP"2u  on every edge e € E,

> ul(v) =0 at every vertex v € V,

exv

and satisfying additionally, for some p > 0,
/ || dz = p, for alln >1
g

and whose Morse indices m(u,,) are bounded. Then, the sequence (\,), C R
s bounded from above.

The previous lemma is a consequence of the generalized blow-up analysis that
we mentioned in section 4.1 (see footnote 2 on page 257).
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Chapter 5

The near-linear regime p ~ 2 and
solutions vanishing identically on
edges of compact metric graphs

5.1 Presentation of the chapter

Let G = (V,E) be a compact metric graph, namely a graph having a finite
number of edges, all bounded. As in Chapter 2, we are interested in solutions of
the nonlinear Schrédinger equation, with mixed Kirchhoff and Dirichlet conditions.

Given two real numbers A > 0 and p > 2 as well a (possibly empty) set Z of
vertices having degree one, we consider the nonlinear problem

—@”" + At = |a[P724  on every edge of G,
@ is continuous on g,
da NLS
> (v)=0 for every v € V\ Z, (NLSg.z)
o de
a(v) =0 for every v € Z,
where (f—gi(v) is the outgoing derivative along the edge e incident at the vertex

v, and e > v means that the sum is extended to all such edges. If Z = @, we
assume that A > 0. Let us recall that solutions of (NLSg #) correspond to critical
points of the action functional J on the Sobolev space HL(G) (see its definition
in equation (2.3) and the following discussion on page 182).

We will consider the “near-linear regime”, namely the asymptotic study of
the problem when p — 2. In this case, we expect that the sequence (yx)g>1 of
eigenvalues! of the spectral problem

—u” + Au=~u on every edge of G,

u is continuous on G,

d
Z . (v) =0 forevery v e V\ Z, (P2)
e>v dxe
u(v) =0 for every v € Z

will play a significant role.

I As for bounded domains of RY, the spectrum of a quantum graph consists only of isolated
eigenvalues having finite multiplicity, see e.g. |68, Theorem 3.1.1].

281
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For every integer £ > 1 and every real number p > 2 close to 2, we want to
relate solutions of the nonlinear problem (NLSg ) to the eigenfunctions of the
spectral problem (P,) with eigenvalue 7. In order to have a better view of the
behavior of the solutions as p — 2, let us consider the rescaling u := 7,:1/ (p _2)12,

corresponding to solutions of the nonlinear problem

—u”" + M= yi|ulP72u  on every edge of G,
u is continuous on G,
d
> d“(v):o for every v € V\ Z, (Po)
exv e
u(v) =0 for every v € Z.

Remark 5.1. The solutions of (NLSg z) and of (P, ) are in bijection by a simple
rescaling, so that any (existence, multiplicity, symmetry, etc.) results obtained on
(Pp ) translates to a result on (NLSg 7).

We now need to introduce some terminology and notation. Let (¢;)1<i<n, be
an L2-orthonormal basis of the eigenspace Ej, associated to 7, so that

Ey = span{y1, ..., ¢n, }

We define the two orthogonal projections

Pg, : L*(G) = Epcuvr Y (u| @i)r2g)ei

1<i<ng

and
Py L*(G) = Eif tu v u— Pg, (u),

where

Bl = {w € L*(G) ’ Vo € Ek,[;wgp = O}.

Definition 5.2. A function ¢, € Fj is a solution of the reduced problem on
Ej if and only if
Pg, (p.Inp.]) = 0.

Remark 5.3. For this whole chapter, we will (implicitly) extend all expressions of
the type “|u|*In|u|”, @ > 0, by 0 when u = 0, i.e. |u|*In |u| will be understood as
an evaluation of the continuous function

0 if u =0,

R—R:u~—
lu|*In|u| if u # 0.
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A first link between (Ps) and (P, ) is given by the following result.

Proposition 5.4. Let k > 1 be an integer, (p,)n>1 C (2,+00) be a sequence
of exponents which converges to 2 and (u,,)n>1 C HL(G) be a sequence of
nonzero solutions to the problems (P, r). Assume that (u,, ), converges weakly
in HL(G) to a function u, € HL(G). Then, u, belongs to Ey, u, is a solution of
the reduced problem, and the convergence holds strongly in H? on every edge.

Two main questions arise.

(Q1) Given a solution of the reduced problem, under which conditions is it a limit
of a sequence of solutions to (P,x) asp — 27

(Q2) Can one obtain local uniqueness results around a solution of the reduced
problem in the asymptotic regime p ~ 29

Before going any further, let us specify our functional setting. We will consider
H, the function space given by
du
dz.

H:= {u € H,(G) ‘ u € H*(e) for alle € E;

ev

@):omumUev\Z}

We will endow H with the norm ||ul|g := /> .ce HuH%{Q(e) for u € H. The space H

is a Hilbert space when equipped with this norm, since H? convergence implies?
pointwise convergence of u.(v) and of %(U) forallveV\ Z.

Given a fixed integer k£ > 1, we define the map

F{@ﬁﬁxﬂ — L2(G),

5.1
(p.u) s au— >

For any p > 2, the solutions of problem (P, ) are given exactly by the functions
u € H such that F'(p,u) = 0. Note that the image of F is included in L>°(G), thus
into L?(G), since u and |u|[P~2u are continuous on G, which is compact.

Using the previous notation, our goal can be stated easily.

We want to relate the roots of u s F(p,u) with those of u— F(2,u).

Implicit function theorems® are natural tools to study the dependence of roots
of a function on a parameter.

2Remark that convergence with respect to the norm of H implies convergence in C!, and in
particular in H! and LP (for any p € [1,+00]) on all edges of the graph (identified with closed
intervals).

3See e.g. [206] to know more about the use of implicit function theorems and Appendix E for
statements of such results under minimal regularity assumptions.
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However, we will not be able to use them directly to study the dependence of
roots of F' with respect to p. Indeed, the map u +— F(2,u) “vanishes too much”
since its set of roots is the whole vector space Ej, thus none of its roots are such
that the linear map u +— 0, F(2,u) is invertible.

Such a situation is quite frequently encountered in nonlinear analysis. A well-
known strategy to solve the issue is to use a Lyapunov-Schmidt reduction. Roughly
stated, this method consists in studying higher order terms while applying implicit
function theorems in order to treat situations where the linearized equations have
a nontrivial kernel. We refer to [206, Chapter 1] for a presentation of this method
(see also [277] for an application of this method to the study of concentrated
solutions). Such a method was already considered to study the p ~ 2 regime on
bounded domains of RY, see [174, 294].

A quite serious inconvenience occurs.

A Implicit function theorems require regularity! A

Checking that the regularity properties required by the Lyapunov-Schmidt
method are satisfied will be done in Section 5.2.

The argument relies in an important way on the fact that we are working in
dimension one and that the convergence in the norm of H implies C* convergence
on every edge.

As we will see, functions vanishing identically on some edges will cause a lot of
trouble and will often need to be excluded in our “general results”.

More precisely, an important set in our study is given by*

S = {u € H | min inf (]u|e(x)\ + \u"e(x)]) > O}, (5.2)

ecE zce

where u. is the restriction of u to edge e, parametrized® by the interval [0, |e]].
Namely, a function v € H belongs to S if and only if all its roots are simple®. We
observe that the set S is open” in H.

Let us remark that an eigenfunction in some eigenspace Ej belongs to S if and
only if it does not vanish identically on any edge of the graph.

4We write a double infimum over edges e € E then over x € e and not directly over x € G
because there are several derivatives associated with the same point x if = is a vertex.

5So that uTe(m) is a “standard” derivative for a function defined on a real interval.

6Since u is C! on each edge and G is compact.

"Because the map u — mineeg infoee(uje ()| + [ul.(x)]) is continuous with respect to the

convergence in C' edge by edge, in particular with respect to the one in H.
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For solutions belonging to S, one may consider the following definition.

Definition 5.5. A solution ¢, € E; N S of the reduced problem on Ej is
nondegenerate if and only if the map

Ey = By : v P ((1+In]g.))0)
is invertible.

Remark 5.6. A more “practical” way to formulate the previous condition is to
check whether the nj x n; matrix

([a+mlede;)
g 1<4,j<ng

is invertible. Let us note that the integrals make sense since In |p,| belongs to
L?(G) (see Lemma 5.12 below) and since the eigenfunctions ; are bounded.

Remark 5.7. If dim E;, = 1, then all solutions of the reduced problem in F, NS
are nondegenerate. Indeed, in this case, a function ¢, € E, NS\ {0} is a solution
of the reduced problem if and only if

| le.Pm .l dz =0,
g

It is nondegenerate if and only if

/g lpu?(1 4 In|ep.|) dz # 0.

However, using the previous equality, this last integral is equal to [4 |04 |? dzr, which
is positive (as 0 ¢ S), showing that ¢, is nondegenerate.

We will prove the following theorem in Section 5.2. It provides answers to the
questions (Q1) and (Q2) for eigenfunctions belonging to S.

Theorem 5.8. Let k > 1 be an integer and let ¢, € E, N S.

(i) Non-existence. If the eigenfunction p, is not a solution of the reduced
problem, then there exists a neighborhood U of (2, ¢.) in [2,400) x H so
that problem (P, 1) has no solution in U with p > 2.

(ii) Existence, uniqueness and non-degeneracy. If the function ¢,
is a nondegenerate solution of the reduced problem, then there exists a
neighborhood U of (2, ) in [2,4+00) X H and a number € > 0 so that
for all p € (2,2 +¢|, there exists a unique u, € H so that (p,u,) belongs
to U and so that u, is a solution of problem (P,). Moreover, the map
(2,24¢) = H : p— uy, is continuous.
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Several questions arise.
(Q3) How restrictive is the hypothesis “p, € S” in applications?
(Q4) Are there solutions which do not belong to S ?

Regarding question (Q3), a result of G. Berkolaiko and W. Liu implies that,
on compact graphs, eigenfunctions are simple and nonvanishing on edges® for a
generic choice of lengths of edges, in the sense of the Baire category (see [69,
Theorem 3.6]).

However, such an answer is somewhat disappointing. Indeed:
 a specific example is never generic;

« examples enjoying some symmetries will have some edges of the same length
and thus are not generic. This is in particular the case for equilateral graphs,
those whose edges all have the same length.

In what follows, we will not provide an “abstract” alternative to Theorem 5.8
for eigenfunctions vanishing on some edges. Instead, we will focus on question
(Q4) and on solutions of (P,;) vanishing identically on edges, that we already
encountered in Chapter 2 (see Theorem 2.9). To this end, we will study the cases
in which nodal ground states vanish on edges of compact star graphs in detail.
Section 5.3 is dedicated to the study of such graphs.

All the preceding chapters use the variational approach in a way or another.
This naturally leads us to the following question.
(Q5) How do action ground states and nodal ground states behave as p ~ 2%

Regarding ground states, there is a general uniqueness result® for the positive
solutions in the asymptotic regime p ~ 2.

Theorem 5.9. Assume that X\ > 0. Then, there exists € > 0 so that for all
p € (2,2 + ¢€), positive solutions of (Pp1) are unique.

The previous result will be obtained combining Theorem 5.8 with suitable a priori
bounds for positive solutions of (P,1).

Regarding nodal ground states, we will show (see Theorem 5.25) that they
converge to global minima'® of the reduced functional J, o : Es — R defined by

T.ale) = 7 [[#@) (1= 2l fo(@)]) da (53)

8With the possible exception of eigenfunctions supported in a single loop of the graph.

9Similar results are true for solutions of nonlinear elliptic partial differential equations on
bounded domains, see e.g.[117, Lemma 1].

10t us remark that critical points of the reduced functional J, o correspond exactly to the
solutions of the reduced problem on FEj5, see Section 5.2.5.
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on the reduced Nehari manifold
N.oi={ue BA{0} | Tp(wlu] = 0},

This adapts to the graph setting a similar result for bounded domains in RY,
proved by D. Bonheure, V. Bouchez, C. Grumiau and J. Van Schaftingen in |74,
Theorem 4]. Although there is “no surprise” here, it is interesting to understand
the relation between nodal ground states and solutions vanishing on edges, when
those exist. This leads us to the following question.

(Q6) If there are eigenfunctions vanishing identically on edges of the graph in the
second eigenspace Fsy, is it possible that nodal ground states converge to an
eigenfunction which belongs to S asp — 27

It turns out that the answer to question (Q6) is positive'’.
Indeed, in Section 5.4, we will consider the tetrahedron graph'?, the equilateral
graph G; depicted hereunder.

U3

V2

Vo

U1

Figure 5.1: The tetrahedron graph Gy, an equilateral graph made of four vertices
Vg, V1, Uz, v3 and six edges of length one.

For the tetrahedron graph, it turns out that F5 has dimension three, that
some eigenfunctions in Fs vanish identically on edges but that the minimizer of
the reduced functional J.o on the reduced Nehari manifold /\/'*72 does not vanish
identically on any edge. This implies that nodal ground states are unique (up to
sign and symmetries) as p ~ 2 and nonvanishing on edges (i.e. belong to 5).

1 Contrasting what will be observed for compact star graphs in section 5.3.

12We decided to call this graph the “tetrahedron” due to its natural embedding into R3
depicted in Figure 5.1. In graph theoretical terms, this is the equilateral complete graph K4 on
four vertices.
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In Section 5.4, we will more generally be able to characterize all critical points
of J.2 and prove that there are four families of critical points, where elements of
the same family are obtained from one another using the symmetries of the graph:

o global minima of J. o on the reduced Nehari manifold N, 5, corresponding to
the limits of nodal ground states and nonvanishing on edges;

o local minima of J, 2 on N, o, vanishing on one edge of the graph®’;
o saddle points of J.o on N, o;
o global mazima of T, on N, .

We will see that all those critical points are generated by suitable symmetries of
the tetrahedron via the principle of symmetric criticality.

Classifying the critical points of 7, 2 is not an easy task. Even though all the
expressions that have to be considered are explicit, this appears to be difficult to
do “by hand”. Therefore, we will perform this step via a computer-assisted proof,
using interval arithmetic to produce certified numerical computations.

Now, let us turn to the proofs of our “general” results.

5.2 The near-linear regime: general theory
5.2.1 Why do solutions of the reduced problem show up?

First of all, let us see how the reduced problem shows up naturally.

Proof of Proposition 5.4. For all n and all v € H}(G), we have that

/ / _ Pn—2
(upn | v )Lz(g) + A(“pn | U)LQ(Q) - ’Yk‘/g |upn| upnvdx' (54)

Since weak H' convergence implies strong L™ convergence (since G is compact),
the right hand side of the previous equality converges to (u* | v)r2(g). By weak
convergence, the left hand side converges to (u | v')r2(g) + AM(us | v)r2(g). Since
this holds for every v, u, belongs to Ey. Writing

"o Pn—2
—Up, = Vi tp, [Py, — Ay,

and using that the right hand side converges to (7 — A)u, = —u” in L*(G), we
deduce that u,, converges in H to u,. Now, let us show that w, is a solution of the
reduced problem. To this end, let us use specifically v = ¢ € F), as a test function
in (5.4). We obtain

07 Mg ) o = [ g [, 0

131f ¢, ¢ S is a solution of the reduced problem, the property that it is a local minimum of J 2
on N, 2 holds rather generally, as we will see in Section 5.2.6 where we will prove Theorem 5.24.
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Using u,,, as a test function in the eigenvalue equation —)" + M) = 1), we get

/g(u;nw' + Auy, 1) dz = /g up, ¥ d.

Combining the two previous equalities, we obtain

ty, |72 — 1), 1 dz = 0.
 (f itp,
Dividing by p,, — 2 gives
Pn—2 _ 1 (Pn—2) In [up,, | —1
/ Mumw dz = / ¢ Up, Y dxr =0,
G Pn—2 Gy, (R\(0})  Pn — 2
and taking n — oo leads to

/g(u* In |u*])z/) dz =0,

showing that u, is a solution of the reduced problem. O

5.2.2 Regularity

We want to use methods based on implicit function theorems to study the roots
of the map F' defined by (5.1). To do so, we need to consider derivatives of F' with
respect to p and u. The only problematic term with respect to regularity is the
nonlinear one. In this section, we will thus study the derivatives of the map M
defined by

. {[2,+oo) x H — L*G), (55)

(p, u) = [ulPu.

As we will see, the set S defined in (5.2) plays an important role in the investigation
of the regularity of M.

We summarize our results in the following proposition.
Proposition 5.10. Let M be defined as in (5.5). Then,
e the function M is continuous on [2,4+00) x H.
e the derivative 0,M exists on [2,+00) X H, is given by
OyM (p,u) = [ul’uln |u]

and the map

2
o [[BHo) = 1(O)
(p,u) = JufP uln ful

is continuous on [2,+00) x H.
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e the differential 0,M exists on [2,+00) X H, is given by®
0uM(p,uw)v] = (p = D|ul""*v
for every v € H and the map

M - [2,+00) x H — L(H; L*G))
(p,u) — 0, M (p, u)

is continuous on ((2,—1—00) X H) U2} x S).

?Recalling that 0° = 1.

A classical lemma

The following lemma is classical in nonlinear analysis, see e.g. [154, Theorem 2.6].

Lemma 5.11. Let ¢ > 1 and f € C}(R;R). Then, the Nemytskii mapping

JH = L1(G)

is of class C! and its differential is given by

0N (W)[v] = (x> f'(u(z))v(x)).

The role of the set S

The lemma hereunder will turn out to be crucial and will explain the role played
by the set S defined by (5.2).

Lemma 5.12. Let ¢ > 1. The map

N {5 — L9(G)

u o Injul

is well-defined and is continuous.

Remark 5.13. We adopt the convention In0 = —oo. Let us recall that a function
u € S has only simple roots, so that it is nonzero except at a finite number of
points and that In |u| is finite almost everywhere. The previous lemma claims that
In |u| belongs to L*(G).
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To prove Lemma 5.12, we will need the next lemma.

Lemma 5.14. Let u € C*([0,1]) and ¢ > 0 be so that, for all x € [0,l],
lu(z)| <1 and |u/(x)| > c. Then, for all ¢ > 1,

l 2 rc
/‘ln]u(x)”q dr < 7/
0 cJo

Proof. Up to replacing w by —u, one may assume that «'(x) > ¢ so that u is
increasing in [0, {].

We first consider the case where u has a root £ € [0, 1] (necessarily unique as u
is increasing). Then, the bound on the derivative of u implies that, for all z € [0, ],

ln(s)‘q ds < +o0.

1> |u(x)] > cle —&|. (5.6)
Therefore, one has that
0= In|u(z)| = In(clz — &),

thus
In fu(a)[|" < [In(clz — &))",

Integrating the previous inequality gives
! q 3 q 3 q

/’1n|u(m)|‘ dxﬁ/ lln(ct)‘ dt+/ lln(ct)‘ dt

0 0 0
l
<2
0
2 rd
-2

If u does not vanish in [0,!] then, either u(0) > 0 in which case one has that
1 > |u(x)| > u(0) + cx > cx, and one concludes as above by using £ = 0 in (5.6),
or u(l) < 0 and one has 1 > |u(z)| > |u(l)| + c¢|z — | > ¢|z — | and concludes by
using & = . O]

In(ct) ’q dt

q

ln(s)’ ds.

Now, let us turn to the proof of Lemma 5.12.

Proof of Lemma 5.12. Let u € S. As G is compact, we may reason edge by edge.
We thus assume that u is defined on some interval [0, []. Using the assumption that
inf(Ju| + |v/|) > 0, one has that u has a finite number of roots &,...,& € [0,1],
which we assume to be ordered. We denote R := {&1,...,&}. Then, there exist
some numbers ¢ > 0 and v > 0 so that all intervals [§; — ~, & + 7] are disjoint and
one has, for all z € [0,(] at distance at most v from R, |u(z)| <1 and |u/(z)] > c.
Lemma 5.14 implies that

q 2k [2ev
/ogscgl ‘ln|u(x)]’ dz < ?/0

d(z,R)<v

ln(s)‘q ds.
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Since the map x +— ‘ln |u(:z;)|‘q is continuous and bounded (thus integrable) on the
set {x € 10,1] | d(x, R) > 7}, this shows that In |u| belongs to L(0,1).

The continuity is very similar. Given € > 0, we want to show the existence of
0 > 0 such that for all v € H with ||u — v||g <, the inequality

| Infu| —In|v|||pe < e

holds. Let us reason as above. If § > 0 is small enough, one may find!* ¢ > 0 and
v > 0 so that all intervals [§; — v, &; 4+ 7| are disjoint and, for all v € By(u,d) and
all z € Ui<i<i[& — v, & + 7], we have |v(z)| < 1 and |[v'(z)] > ¢. Thus,

q q q
/ogzgl ‘ln lu(z)| — In |U([E)|‘ dr < 2/0§:}c§l <‘ln |u(x)|‘ + ‘ln |v(a:)|’ ) dz
d(z,R)<~ d(z,R) <~

4k 2¢cy
<)
c Jo

which can be made smaller than $ up to taking v smaller if required. Now, let us
fix the value of 7. Taking ¢ small enough, there exists d > 0 so that

q

ln(s)’ ds, (5.7)

for all v € By(u,?), oi<nf<z lv(x)| > d,
e O

and thus we obtain (still reducing ¢ if needed) that for all v € By (u,d),

3

= (5.8)

sup ‘ln lv| — 1n|u|’q <
<z <l
d(z,R) >y

as convergence in H implies uniform convergence. Using (5.7) and (5.8), we obtain

: q e €
/Jln\u(m)\ —ln\v(x)\‘ dz < 54—12—1 = ¢,

which ends the proof. O
Another important Lemma is the following.

Lemma 5.15. Let h € C*(R) be such that h(0) = 0. Then, the map
L2
Fh : {S - (g>

u > h(u)In|ul
is of class C! and its differential is given, for allv € H, by
OuLn(w)v] = (gn(u) + h'(w) Inful)v,
where qn(s) := h(s)/s if s # 0 and q,(0) := h'(0).

14Recalling that convergence in H implies convergence in C!.
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Proof. We first define f: R — R by f(s) := h(s)In|s| if s # 0 and f(0) = 0. This

function is continuous since

: . h(s) :
i f(5) =ty 2 (sInfsf) = 1/(0) -0 = 0
s#0 s#0

and is continuously differentiable on R\ {0} with f'(s) = qn(s) + h'(s)In|s|. We
note that ¢, is continuous on R, as can be seen by writing

a(s) = [ Wy

S

We remark that for all u,v € R, the function g, : [0,1] — R defined by

() = (gn(u+tv) + R (u+tv)In|u+tv|)v if v #0and u+tv # 0,
Guwll) = 0 otherwise.

is integrable, and one has that

1
flutv) = fw) = [ guut)dt (5.9)
Indeed, this may be proved using the fundamental theorem of differential and
integral calculus extended to open intervals as in [233, Proposition p. 401].
Now, let us consider u € S. We need to show that
[ £+ v) = £u) = () + b(w) I ful)o
sup > 0.

vEBE(0,r) ”UHH r—>0+,

L2

Using (5.9), for any v € H, we have

| f(uv) = £(u) = (an(w) + K (w) Il

- ‘jﬁ1<(qh(u<+—tv)-— an(w))
+ (h’(u +tv) — h'(u)) In |u + tv]

+ h'(u) (111 |u+ tv| — In |u|)>vdt

1
< ||U||L°°(g)/0 [‘Qh(qutU) — qu(u)]

+

P (u+tv) — h’(u)Hln lu+ tv|‘

+ [ ()| fu + o] = In [ul || dt. (5.10)
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Now, we notice that

1
sup /o qn(u + tv) — qp(u) dt

vEBK(0,r)

1
<Gz sup gu(u+v) — qu(u)]| =)
) vEBg (0,7)

——0 (5.11)

r—0t

L2(G

since g, is continuous (hence uniformly continuous on compact sets) and since
convergence in H implies convergence in L*>°. Moreover,

1
sup / (R (u+tv) — h'(u))ln|u+tv|dt‘
veBy (0,r)11/0 L2(9)
< ( sup || (u+v) — h/<u)\|Loo(g)) ( sup [ In Ju+ v||yL2(g))
vEBg (0,r) vEBg(0,r)
— 0 (5.12)
r—0+

since the first supremum converges to 0 as above (see (5.11)) and the second one
is bounded for r small enough according to Lemma 5.12. Finally, we have that

1
sup / ]h/(u)|‘ln|u+tv\ —1n|u|‘dt
UGBH(Ozr) 0 LQ(g)
< [|B' (W)@ sup |[Infu+to] —Inful[[ 1)
vEBg (0,r)
0 (5.13)
r—0+

where we used Lemma 5.12 again. Combining the bound (5.10) with (5.11)—(5.13)
proves the differentiability claim.

To show that I' is C! on S, if suffices to check that the map
S — L*(G) 1 u > qu(u) + B (u) In |u]
is continuous, which is true according to Lemma 5.12 since ¢;, and b’ are continuous.
m
Regularity of M: proof of Proposition 5.10
Proof of Proposition 5.10. We prove all claimed properties one by one.

Step 1. Continuity of M.

We want to prove that if (p,)n>1 C [2,+00) converges to p € [2,400) and if
(un)n>1 € H converges to u € H, then

/\|un|pn*2un A T —() (5.14)
g n (o]

Since convergence in H implies convergence in C(G), one has that, for all x € G,

(@)t (&) —— [u(@)P2u(z).
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Indeed,
o if u(x) # 0, then it suffices to write

[t ()P 21 () = exp((pn — 2) In [t ()] Jun (),
since u,(z) converges to u(x) # 0;
o if u(z) = 0, we deduce that |u,(z)|P"?u,(x) converges to 0 since |u, (z)|P»? is
smaller than 1 for n large and that u,(z) converges to 0.

We also check that

a2t g, < (lulloe +1)°

for every n large enough (since convergence in H implies L convergence).

Combining the pointwise convergence result with the previous L> bound proves
(5.14), using the dominated convergence theorem (as G is compact).

Step 2. Existence of d,M.
Let (p,u) € [2,+00) x H. Let h € R\ {0}, assuming that h > 0 if p = 2. Then,
HM(erhw)—M(p,U) ?

— ulP2uIn |ul

h

L2(9)
exp(hln|u(z)|) — 1
h

2

dx

— 2(p—1)
p— u x .
z€G,u(x)#0 ( ) ’

1
- \u(x)F@’l)-“n|u(x)H2'L/ exp(hs In |u(z)]) ds — 1
z€G,u(z)#0 0

— In fu(z)]

2
dx

2
dx

= s /01 lu(z) [Pt - ‘ln |u(x)|‘ . (exp(hs In |u(z)|) — 1) ds

1
< /;leg xX ?f ) /)
7u( )

where the last step follows from the Cauchy-Schwarz inequality. Now, for every
(x,s) € G x [0,1] so that u(z) # 0, one has that

u(z) [Pt - ’ln |u(a:)|’ : (exp(hs In |u(z)|) — 1)‘2ds dz

lu(x)|" = exp(hsIn|u(z)]) — 1.
h—0
Moreover for every (x,s) € G x [0,1] and every h € R with |h| < 1, we have
lexp(hs In [u(x)]) — 1] < [Jull + 2.

Since = +— |u(:13)|p*1‘ln |u(m)|‘ is bounded on G, we deduce that

1
Lég,u(x)#o /0

showing that 9, M (p,u) = |u[P">uln |ul.

\u(a:)|P—1‘ln \u(a:)”(exp(hs In |u(z)]) — 1) 2d3 dz — 0,
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Step 3. Continuity of 0,M.

We want to prove that if (p,)n>1 C [2,+00) converges to p € [2,400) and if
(un)n>1 € H converges to u € H, then

2
/“un\p“%n In |u,| — [ulP"*uln |u\‘ der —— 0.
G n—oo

Reasoning as for the continuity of M, we can show the pointwise convergence of
the integrand to 0. We can also bound the integrand uniformly on G since the
function s — s1In(s) is continuous at 0 and that (u,), converges uniformly to .

Step 4. Existence of 0, M.

For any p > 2, it suffices to apply Lemma 5.11 with f(u) = |u|P~?u, which is
of class C*(R;R) with derivative given by f'(u) = |u[P~2,

Step 5. Continuity of J0,M.

We want to prove that if (p,)n>1 C [2,+00) converges to p € [2,400) and if
(un)n>1 € H converges to u € H with u € S in case p = 2, then

— 0.

(Pr = Dlua"*0 = (p = Dul""v
L2(g) n—oo

sup
lollz<1

As H is continuously embedded in C(G) (thus L*(G)), it suffices to prove that

n—oo

/g‘(p" = Dun (@)~ = (p = Dfu(z) P~ ‘dr —— 0.

As (uy,), converges uniformly to u, the sequence of integrated functions is bounded
in L>(G) (reasoning as above), thus it only remains to check almost everywhere
convergence in order to apply the dominated convergence theorem.

For any = € G so that u(x) # 0, one has that

(n = Dln (@)% = (pn — 1) exp((pn — 2) In |un(2)]) —=> (p = D]u(z) "~

e}

Now, we observe that:

o if p =2, we assume u € S. This implies that u has only finitely many roots
and we have the convergence a.e. by the above argument. This ends the proof
that 0, M is continuous at (2,u) if u € S,

o if p>2and z € G is such that u(x) = 0, we have
(Pn = Dftn(@) P = (pn — Dltn (@) PP un (2) P

and, for n large enough, |u,(z)[P»~? < 1 while |u,(z)[P? —— 0 = |u(z)|P2.

n—oo

This ends the proof of the continuity of 9, M at (p,u) with p > 2. ]
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5.2.3 Lyapunov-Schmidt reduction
Recalling that
Bl = {w € L*(G) ‘ Vo € Ek,éwcp = 0},

we define
Y :=ENH.

We remark that Y is a closed subspace of H.

The equation F'(p,u) = 0 is equivalent to the system of equations
PEkF<p> U) = O,

Now, we define

= |2, 400) x By xY  — Eg,
(p, ¢, w) = PpLF(p, ¢ +w).

Explicitly, one has that
F(p,,w) = —w" + aw — yw + 1Py (1 = ¢ + wP~?) (0 + w)),

since, using the Fredholm theory (see e.g.[85, Section 6.2]), the linear operator
H — L*(G) : u— —u” + au — yzu is a bijection between Y and Ei.

According to the expression of F', we have that
F(2,,0) = % Pps (1 = |¢°)p) = 0

for all ¢ € E} (since s =1 for all s € R).

Now, we consider ¢, € E;NS. By Proposition 5.10, M is C! in a neighborhood
of (2,¢,), so that F is C! in a neighborhood of (2, ¢,,0). Moreover, one has that

OwF (2, 04,0) = <w = —w"” + aw — 7kw)
since the derivative of the nonlinear term is given by
w = Py (w— 0,N(2,0.)[uw]) = 0.

Therefore, recalling the Fredholm theory, one has that 0, F (2, ., 0) is a linear
isomorphism between Y and Ei-. Using the implicit function theorem (we refer to
Appendix E for precise statements), we obtain the following result.
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Proposition 5.16. Let ¢, € ExNS. There exists a neighborhood V' of (2, ¢x)
in [2,+00) X Ey, a neighborhood W of 0 in' Y = Ei- N H, and a C* map
n:V — W so that for all (p, p,w) €V x W,

F(p,p,w) =0 <= w=n(p,p)

and so that, for all (p,) € V, ¢ +n(p,¢) belongs to S.

We remark that 7(2, ¢) = 0 for all ¢ € E}, since F(2,¢,0) = 0.

Now, for (p,u) close to (2, p.), solving the equation F(p,u) = 0 is equivalent
to finding functions ¢ so that

G(p,¢) == Pu,F(p, 0+ 1(p, ¢))

vanishes. Since 1 is C!, F'is C! on [2,4+00) x S and ¢ + 7(p, ¢) belongs to S for
all (p,p) € V, we deduce that G is a C! map from V to Ey. We remark that, for
all ¢ € Ej, the equalities

G(2,¢) = Pg F(2,0) =0
hold. Now, let us define @ : V' C [2, +o0[x Ey — E) by

Gop) if p> 2,
Qp,p) =172 . (5.15)
0,G(2,¢) ifp=2.

Clearly, when p > 2, finding the roots of ¢ — G(p, ¢) is equivalent to finding the
roots of ¢ — Q(p, ). This implies that, for (p,p) € V and w € W with p > 2,

w) — w =1(p; ¢), w =1(p; ¢),
Flp,o+w) =0 < {G(p,gp)—o — {Q(p,go)—(). (5.16)

Observe that
0,G(2,9) = Pp,0,F(2,0) + Pr,0uF (2,9)[0,1(2, )] = =P, (¢ Inel) (5.17)

using Proposition 5.10 and since 9, F'(2, ) is the linear map u — —u” + au — yu
whose image is included in Fj- so that Pg,0,F(2,¢) vanishes. On the other hand,
for all p > 2, we may write

C;(zz s;) _ G, %01)) - 5(27 ?) _ /01 0,G (2 + 5(p — 2), 9) ds.

Hence, for all p > 2, we have

Qp.g) = [ 0,6+ 5(0—2).9)ds. (5.13)

Using (5.18) and recalling that G is C'(V, E}), we deduce that @ is continuous.
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Now, let us prove the nonexistence result from Theorem 5.8.
Proof of Theorem 5.8, (i). We consider couples (p,u) given by (p,¢ + w) with
(p,p) € V and w € W (using the notations of Proposition 5.16). Then, if p > 2,
up to taking V' smaller, we have that Q(p,¢) # 0 since @ is continuous and
Q(2, p«) # 0 by hypothesis (as @, is not a solution of the reduced problem on Ej
and recalling (5.15) and (5.17)). This contradicts (5.16). O

Our goal is now to prove existence and uniqueness results.
To obtain uniqueness results, we will use the implicit function theorem on the
function ). We therefore need to differentiate ) again.

Proposition 5.17. The function ) : V — W is differentiable with respect to
@ on V' and its differential is given, for all ¥ € Ey, by

0,00, 2)lv] — = Pr (|0 = Dl +np. o) 2 = 1|1 + 0,0, )

if p> 2 and by
0,02 9)lv) = —Pu, ((1+nl¢))0)

if p=2. Moreover, the map

T e (v 0.Q9)[Y))

is continuous at (2, ).

Proof. We proceed step by step.
Step 1. Existence and expression of 0,Q(2, ¢).
For all ¢, one has that

Q(2,9) = 0,G(2,¢) = 7P, (¢ 1n ||
according to (5.17). Therefore,
0,002, )[¢) =~ ((1+n]¢l)v),

using Lemma 5.15 with h(s) = s (note that, since (2, p) € V, we have ¢ € Sa.
Step 2. Existence and expression of 0,Q(p, ) for p > 2.

This follows from the chain rule.
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Step 3. Continuity of 0,Q(p, ) at (2, ¢.).

To prove this, it is enough to prove that

. (p = Dle +nlp, )P = 1{(1 + 9n(p, ¢)
(p74p)lir{12’%) [ R ]( i ) — (1 + In ‘80*’) =0.
L2(9)
Observe that
_ -2 _
(0 = Dl +n(p, so)f_ 2 (L +0m(p.9) (14100
- <(p — e ;77_(22 At (1+mn Iso*l)> (14 9pn(p,9))

+ (1+In|g.)0un(p, ©)-

Let us recall that d,n is continuous and that 0,1(2,¢) = 0. Hence, denoting
@ := ¢ +n(p,¢) and observing that, by continuity of 7, we have

lim D — @ullg =0,
(pp)— (2.04) 17 = @ulla

the result will follow if we prove that

~p— 2
(p— g2 -1

(p,sa)lgflz,@*)/g p—2 - (1 +In |¢*|) dz = 0.
In order to do this, we will prove that
- 2
}}L%/g (p_lﬂw_*'; = — (1+Ine.])| dz=0 (5.19)
and that . y
<p,¢)15?2,%)/g o p__|;0*‘p dz = 0. (5.20)

Let us start with the proof of (5.19). Define g,(s) := (1+s(p—2))|p.(z)[*®2).
For all z € G with ¢.(x) # 0, (i.e. for a.e. x € G as ¢, € ), this function satisfies
9:(1) = (p — 1)|px(2)|P2, 9.(0) = 1, and its derivative is given by

g4(5) = (p = (@) (1 + s(p — 2)) In|pu ()] + 1)

Hence,

J
=

2

(= Dlga(a) P — 1 "

p—2

[ le-@Ie2((1+ st - 2) i outa)] + 1) = (14 nleu@)]) | ds

— (14 Infeu(@)])

2

dzx.
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Using the Cauchy—Schwarz inequality, (5.19) will follow if we prove that

(<1+s(p 2))In [g. (2 )|+1> _ <1—|—1n|<p*(m)|)

The p01ntvv1se convergence of

2
dsdz = 0.

p—2

2

@) (L+ (0~ D) Inl(@)| + 1) = (14 In e (2)])

to 0 as p — 2 for all (z,s) € G x [0, 1] such that y.(x) # 0 is easily obtained.
We can also prove that this function is bounded by an integrable function using
Lemma 5.12. This proves (5.19).

In order to prove (5. 20) let us define for v» € S and for all x € G such that

U(x) # 0, g(s) = [(x)]"P?. Observe that g(1) = |[¢(z)[""*, g(0) = 1 and
g'(s) = [(@)"""* (p — 2) In [¢)(x)|. Hence,

lim / |¢)‘p_2 - |S0*’p_2 do = lim / . |@*’p_2 i dx
(p7¢)—>(21§0*) g p - 2 (p,@)—>(2,(p*) g p - 2
1 2
= dim @) p(@)] @) In . (0)] ds| da
(p,.p)—(2,0+) JG1JO

Using the Cauchy-Schwarz inequality, it remains to prove that

2
lim // — @) In[p(@)|| dsde=0  (5.21)
(@)= (2,0%)

and

hm
—(2,4)

s(p—2) 111 |¢(z)] —In |go*(ac)|)’2ds dz = 0. (5.22)

So, applylng again the Cauchy-Schwarz inequality, we obtain
1
JAAL — (@) In |5(2)
1
[// () — |gp*(:p)|5(17—2)>4dsdx} . U/ (1n|g5(:1:)|)4dsdx].
GJo

By Lemma 5.12; the second factor in the product is bounded and the first one
tends to 0 by the dominated convergence theorem since ¢, (x) # 0 a.e. in G. Thus,
we have shown that (5.21) holds. In order to prove (5.22), let us apply one more
time the Cauchy-Schwarz inequality. We have

U/ "“0 )P0 (In [@(w )!—1n190*(:c)!)‘2dsda:

<[[ [ 1@ asas) - [ [ (@] - mle. o))" dsde],

and we conclude by a new application of Lemma 5.12. O

2 2
ds dx]

2
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We now have all the tools required to prove the existence and uniqueness part
of Theorem 5.8.

Proof of Theorem 5.8, (ii). Let ¢, € Eyx NS be a nondegenerate solution of the
reduced problem. Then (by definition'?), the map Ey — Ej : ¢ — 0,Q(2, ¢.)[¢] is
invertible. Hence, by Proposition 5.17, we may apply the implicit function theorem
(see Appendix E) to the function @ at the point (2, ¢,), ending the proof. O

5.2.4 Asymptotic behavior of positive solutions as p — 2

As we mentioned in the beginning of this chapter, we will prove that positive
solutions of (NLSg z) are unique when p is close to 2. The convenient way to
see this is to consider the equivalent rescaled problem (P,;) and to show the
uniqueness of its positive solutions.

Before proving the uniqueness result, let us prove the following a priori bound!®
on positive solutions of (P,1).

Theorem 5.18. Assume that A\ > 0. Then, for all p > 2, there exists C; > 0
so that for all p € (2,p], all positive solutions of (P,1) satisfy

ullorg) < Cp

where
lullor gy = max{|[ull =gy, 1t [ 1 (9) |-

Remark 5.19. If A = 0 and if there are no Dirichlet vertices, then the problem has
no positive solutions as can be seen by integrating the equation over G, leading to

0= /(—u”) dx:%/up_l dz.
g g

To obtain the a priori bound, we will use the following lemma.

Lemma 5.20. Let p; € Ey be the (unique) positive eigenfunction such that
1|l = 1. Then, there exists E > 0 so that for all u € Hy(G), we have

u
— < Ellu c1(G)-
H%HM) luller o)

Proof. This follows easily noting that ¢; > 0 on G\ Z, and that, for all v € Z,
one has u(v) = p1(v) = 0 and ¢/ (v) # 0. O
15Up to a multiplicative constant irrelevant for invertibility.

16Similar results may be found for instance in [116] where the quasi-linear limit for another
differential problem is studied.
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Proof of Theorem 5.18. Let u be a positive solution of (P,1). Then, considering
1, the positive eigenfunction such that |||~ = 1, as a test function in (P, ),

we obtain
/up_lgol der = / upy deo.
g
1

p—2
Since up?™" belongs to LP~! and since pf~ belongs to L= 2 Holder’s inequality
implies that

1 p=2
[ toar= | PTLobtd <(/ d)(/ d)
P1Adr = [ UP; ¥1 T~ ur 1 dr Y1 AT
g g g g

so that
/guplgol dz < /gcpl dz. (5.23)

Now, let us define (p;)i>0 by p; := 2+3. Let us now prove that for all i > 0, there
exists C; > 0 so that for all p € (p;, pi+1] and for all solutions u of (P, 1), we have
|ull 1y < Ci. If we do so, the theorem will be proved because for any p > 2, there
exists ¢ > 0 so that p € (pl,]rﬂ] and it suffices to take Cj := max{C; | 0 <i < i}.

Let us show that for every i > 0, there exists D; > 0 so that for all p € (p;, pis1],

(p—1)(g;—1

[~ || o < Dillullr g7 where ¢ = -2

pi—1

Indeed,
(p=1)(ai—1)
/g(up—l)ql' dr = /gup 1901(901) SDgp—l)(qz'—l)—l dz.

Using Lemma 5.20, noting that (p —1)(¢; —1) > (p;—1)/(pi — 1) = 1 since p > p;
and recalling that ||1]|z~ = 1, we obtain

g (P—1)(g:—1) _
uP" N dr < (||u F /upl dz
Lty de < (Jlullev o)) [t

(p—1)(g:—1)
< (lullero ) | erde.

where the second inequality follows from (5.23). Therefore, we have

1 (p 1)(!1Z qz
Il < (lullero B ( [orde)”.

We remark that, since p; < p < p;+1, we have

(p—l)(ql_l) < (pl_l/Q)(QZ_l) :1_i<1‘

q; o q; 2p;

Therefore,

(p—1)(g;—1)

1
o < ([ orde) " max(L, £) uleg)
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Multiplying (P,1) by u, integrating and using Holder’s inequality, we obtain

/g u/]? + Mul* dz = v /g uudr <y e |

U,HLPZ',

since p%- —i—i = 1. Now, there exists C; > 0 so we have |[ul|z» < Cj|lul|gr. Since
A >0, min(1, N)|jul|F < g [o/[* + Au? dz, so that
1
lull < CoyalluP ™| za < max(1, [[uflerg) .
Since ||ul|ze < Ci||ul|g and that —u” = uP~' — Au, there exists D; > 0 so that
o
l|lu|lwea < D;max(1, ||u||cl(g))1 i
Since C! is continuously embedded in W29 there exists F; > 0 such that
1—-L
[ullerg) < Eimax(L, [lullerg)) 7,
which proves that |[u|c1(g) is bounded. O

Now, we remark the following easy fact.

Lemma 5.21. All nonzero positive solutions of (P,1) with p > 2 satisfy
[ull gy = 1.

Proof. 1t suffices to note that
yillullZe < 172 + Allullze = llulze < mllullZellullz=. O
We now turn to the proof of Theorem 5.9.
Proof of Theorem 5.9. Let (u,,), € HL(G) be a sequence of positive solutions
associated to (P, 1) with p = p, where (p,), C (2,3) converges to 2.

According to Theorem 5.18, (uy, ), is bounded in H(G). Up to extracting a
subsequence, we may assume that u, — u, for some u, € H(G).

Using Proposition 5.4, we deduce that u, € FE; is a solution of the reduced
problem. According to Lemma 5.21 and since weak H' convergence implies L>
convergence, we deduce that ||u.| p~ > 1. In particular, u, is nonzero.

Since dim E; = 1, u, is the unique positive function in N, ;. In conclusion,
the weak limit is independent of the sequence of solutions (uy, ), € H(G). Using
Proposition 5.4 again, we deduce that u,, converges to u, in H.

Moreover, u, belongs to .S since the first eigenfunction is positive at the interior
of edges of G. Thus, u, is a nondegenerate critical point of 7,.

Now, if there exists another sequence (@, ), € H4(G) of positive solutions
with @,, # u,, for all n, it would also converge to w, in H, contradicting the local
uniqueness of solutions in the neighborhood of (2, u,) shown by Theorem 5.8. [J

Remark 5.22. If the set Z of Dirichlet vertices is empty and A > 0, then 7, = A
and the unique positive solution of (P,;) is the constant function equal to one.
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5.2.5 Variational formulation of the reduced problem

First considerations

Given k > 1, we consider the reduced functional J. : Ey — R defined by

Tei(i0) = i/ggﬁ(x)@ —2In|p(x)|) da (5.24)

Using Lemma 5.11 with the C'(R) function f(s) := s?(1—21In|s|), we deduce that
Jek is Ct on'" By with

VOGS —L,@(x) Infe(z)[¢ () dz (5.25)

for all p,v € Ej.

From this expression, we deduce that an eigenfunction ¢, € Fj is a solution of
the reduced problem on Ej, if and only if it is a critical point of J, k.

Using Lemma 5.15 with h(s) = s and the previous expression for 0,7k, we
deduce that 7. is of class C* on Ej; NS, with second differential given by

Tl el = = [ (14 Infip(a) oo (2)uin () o

From this, we deduce (recalling Remark 5.6) that an eigenfunction ¢, € E, NS
is a nondegenerate solution of the reduced problem on Ej if and only if it is a
nondegenerate critical point of the reduced functional 7 .

The reduced Nehari manifold and its geometry'®

All critical points of J. x belong to the reduced Nehari manifold N . defined by

No = {0 € BAO}| Zal@)le) = 0} = {u e BA{O} [ S.x(0) =0} (5:26)

where
Sk By —>R:ip— —/ ©* In || dz. (5.27)
g

Using Lemma 5.11 with f(s) = —s*In |s|, we deduce that S, j is C* on Ej, with
differential given by

k(@)Y = — /Q(QIH o] + 1)ty d. (5.28)

"Note that Ej is finite dimensional, so that all norms on Ej, are equivalent. Here, one may
for instance use the norm from H and apply Lemma 5.11.
18This section is inspired on 294, Section 2.2] and reuses its notations.
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Moreover, for all ¢ € N, x, we have that

' (@)e] = — /g o dz < 0.

Thus, VS,  does not vanish on N, i, so that N, x is a C*-manifold in Ey. Moreover,
the tangent space to NV, at a point ¢ is given by

T, Now = {0 € B | SL4(9)[0] = 0f. (5.29)

Using Lemma 5.15 with A(s) = s, we deduce that S, is C*> on S. Therefore,
if € N, belongs to S, N, is locally given by a C*>-manifold around ¢. This
will allow to compute Hessian matrices for critical points belonging to S, which
we will do when studying the tetrahedron graph in section 5.4.

For any ¢ € Ej\ {0}, the ray {tp|t > 0} intersects N, x at a single point n.(¢)¢p
maximizing ¢t — J. x(t¢). This value can be computed explicitly and is given by

B fg¢21n|80|d55>
n.(p) = exp( erde ) (5.30)
We define a natural projection map by
Tt B\ {0} = Nkt @ = nu(@) . (5.31)

Then, we can show that
e {U € Bi | lolm, =1} = Nag s @ ma  (9)
is a C!-diffeomorphism between the unit sphere of Ej and N, .

The reduced functional J,  takes a particularly simple form when restricted
to the reduced Nehari manifold. Indeed, for all ¢ € N, equations (5.24) and
(5.26) imply that

Tale) = 1 [ £ @) da. (5:32
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Finally, let us mention a result about tangent spaces to N, at critical points
of ng,k~

Proposition 5.23. If p € N, is a critical point of T, then
T, Nuw = {0 € Ex | (¥ | )12 = 0}.

Proof. This follows directly from the expressions of 7, and of N, k, see the equa-
tions (5.25), (5.29) and (5.28). [

5.2.6 A result about eigenfunctions vanishing on edges

Even if we have to exclude solutions vanishing identically on some edges when
using the Lyapunov-Schmidt reduction (see the hypotheses of Theorem 5.8), we
are able to prove that they are local minima of J.j on N,y in many situations.

Theorem 5.24. Let p, € N, \ S be a critical point of T k.

Let Ey C G be the subset of G on which p, vanishes identically. Let us
assume that if p € Ey is not a multiple of ., then the restriction of ¢ to Ejy
does not vanish identically.

Then, ¢, is a strict local minimum of J. on /\/'*7;6.
Proof. Using Proposition 5.23, we deduce that
To Nog = {0 € B | (¥ | 0)120) = 0} =t (p.)".
We have to show that for every ¢ € (p.)*, small enough'®, we have
To(nalipe + 9) (2 +9)) > Tulp),
where n, is defined by (5.30). Using equation (5.32), we have
T (0o + ) ) = (malon 1) (leuoig) + 1¥l3acq)):

The claim follows if we prove that n.(¢. + ) > 1 for every ¢ € (p,)* small
enough. Recalling (5.30), this amounts to show that

S(p +1) = = [ (oot ¥ Il + vl do

satisfies S(p. + 1) > 0 when 9 is small enough.

Where the choice of the norm does not matter since Fj, is finite dimensional.
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Since ¢, vanishes identically on Ey, we deduce that for all ¢ € {p,)*, we have

S(ps +¢) = S1(¥) + Sa2(¢), where
§i() == [ (oot lo.+ 0] dr,

MMF—AWmMm.

As ¢, belongs to N, and vanishes identically on E,, we have
Si1(0) = —/ (o) In || dz = —/(%)2111 ol dz = S(p.) =0.  (5.33)
G\Eo g

Moreover, using (5.28) and recalling that J/,(¢.) = 0, we have

SUIEEE

0«(2In .| + 1)pde = —/ e pdr = 0. (5.34)
G\Eo g

Since ¢, does not vanish identically on any edge of G\ Ey, using Lemma 5.15 as in
page 305, we deduce that the map Ey — R : ¢ — S;(¢0) is C? in a neighborhood
of 0. Using (5.33) and (5.34), we deduce that there exists C' > 0 so that, for all
1 € Ej small enough, we have

Si(¥)] < CllvlE- (5.35)

Now, we remark that the map (¢,)* — [0, +00) : ¥ > |||/ 12(5,) defines a norm on
(¢s)*t. Indeed, the hypotheses ensure that, if ¢ € (p,)* is such that ||| L2, = 0,
then ¢ = 0. Since all norms on a finite dimensional vector space are equivalent,
we deduce that there exists D > 0 so that

D¢l < 1172k (5.36)

for every ¢ € (p,)t. Finally, if ¥ € {(p,)* is small enough, we can ensure that
9|z (g) < e~“/P. In this case, we obtain using (5.35) and (5.36) that

C
S(p.+1) = Si(0) ~ [ 4 Inflde > Ol + FlllTam, >0
which ends the proof. O

5.2.7 Asymptotic behavior of nodal ground states as p — 2

To conclude this section on “general” results on compact graphs, let us present a
theorem describing the behavior of nodal ground states®® of (P,2) as p ~ 2.

20Namely, the minima of the action functional J,, x(u) := %Hu’H%Q(g) +3 ullFe(g)— 22 ull 7o)

constrained to its associated nodal Nehari set.
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Theorem 5.25. If (p,), C (2,+00) is a sequence converging to 2 and (u,, )n 15
an associated sequence of nodal ground states for (P, 2), then it is bounded in
H(G). Moreover, if (uy, ), converges weakly to u, € Hy(G), then u, belongs
to Ey, is nonzero, is a solution of the reduced problem, minimizes J. o over
N2 and the convergence of (up, )n to u holds in H.

Proof. All claims can be proved as in [74, Section 4], except the convergence in H
which follows using Proposition 5.4. O]

Remark 5.26. Of course, up to suitable rescalings, the theorem above also describes
the behavior of nodal ground states of (NLSg 7) as p — 2.

5.3 Compact star graphs

In this section, we will study in detail a family of examples, compact star graphs
with Dirichlet conditions. Namely, given an integer m > 2 and positive numbers
Ly>Ly>Ls>Ly>---> L, we consider a metric graph G; made of a node v
to which are attached m edges ey, ..., e, of lengths Ly, ..., L,, ending at Dirichlet
vertices vy, - -+ , Uy, (see Figure 5.2).

Figure 5.2: Graph G; when m =5

We will study the ground state and the nodal ground state of our problem on
this graph. Namely, we consider the problem

—u” + Au = |[u[P"?u  on each edge ey, ..., en,
u is continuous at vy,

2.

1 Sism dae,
u(v;) =0 for every 1 < i < m.

(UO) = Oa
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As understood in the previous section, the first point consists in the study of
the first two eigenvalues of?!

—u" = yu on each edge eq,...,e,,
u is continuous at vg,
du (Specg, )
Z d <UO) = O’
1<i<m 9Te;
u(v;)) =0 for every 1 < i < m.

Subsequently, we will examine ground states and nodal ground states in this case.
We recall that

1 A 1
g, (u) == 5”“’”%2@5) + 5”“”%2@5) - ];HUHIip(gS)a

NG = {u € HG)\ (O} | I3y + Alulltaey = 6l
w(v) = 0 for all i € {1,...,m}},
NZ(G) o= {u € H'(G,) | u* € NA(G)
H:= {u € H*G)| Y =

152m Az,

(vo) and u(v;) = 0 for every 1 < i < m}.

The space H is a Hilbert space when equipped with the H?(Gs)-norm.
5.3.1 The two first eigenvalues and eigenspaces of (Specg )

Proposition 5.27.
e The first eigenvalue 1 of (Specg ) belongs to (O, (W/L1)2).
Moreover, the corresponding eigenfunction can be chosen positive on Gs.

o If Ly > Ly, the second eigenvalue vy, belongs to ((W/Ll)Q, (7T/L2)2) and the
associated eigenspace has dimension 1.

The corresponding eigenfunction has a single point of e; as nodal set.

o If there exists © > 1 such that L1 = --- = L; > L; 1, the second eigenvalue
of (Specg,) is given by vo = (m/L1)? and the associated eigenspace has
dimension i — 1.

Moreover, the corresponding eigenfunctions are identically equal to 0 on all
the edges e; for j > i.

21'We may take A = 0 in this section since A simply “shifts” the spectrum without changing
the eigenfunctions.
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Proof. Considering on each edge the representation of the solution with the origin
on the vertex v; for 1 < i < m (i.e. the vertex with the Dirichlet condition), we
see that the solutions of (Specg ) are given by u;(z) = a;sin(y/7x) for 1 <i <m
where v, aq, . .., a,, satisfy

aysin(y/y L1) = -+ = o sin(/y L),

Zai cos(y/7 L;) = 0. (5.37)

Step 1. First eigenvalue. Let us observe that the function f defined by
f(x) :=>_ cot(x L;)
i=1

is continuous, decreasing on (0,7/L;) and such that

li = li = —00.
lim, f(z) =400 and I%(Tlrl/lil)_ f(x) 00

This implies the existence of v, € (O, (m/ L1)2) such that

ZCOt(\/VI Lz) =0.
i=1
Hence, choosing «; = W, for 1 < i < m, we have a nontrivial solution of
(5.37). We then conclude that v; is the first eigenvalue of (Specg ) and that the
corresponding eigenfunction can be chosen positive on Gs.

Step 2. Second eigenvalue if Ly > Lo.

As f has a unique root in (0,7/L;), the second eigenvalue satisfies
ve > (m/L1)*.

Let us observe that if L; > Lo, v = (7/L;)? is not an eigenvalue.

Indeed, if (aq, - -+ , ayy) is a nontrivial solution of (5.37) with v = (7/L;)? then,
as sin(y/7 L1) = 0 and, for all 2 <4 < m, sin(y/7 Ly,) > 0, the first condition in
(5.37) implies that o; = 0 for all 2 < i < m. As (aq,---, ) is nontrivial, this
contradicts the second condition of (5.37).

Now, let us observe that the function f defined in the first step is continuous,
decreasing on (7/Ly, min(mw /Ly, 2w/L;)) and such that

lim r) = 400
z—(mw/L1)t f< )

and
lim f(z) = —oc.

x— (min(7/L2,27/L1))~
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This implies the existence of v, € ((W/Ll)Q, (min(7/ Lo, 27r/L1)2) such that

icot(ﬁ Li) =0,
i=1

sin(\/%Ll) < 0 and, for 2 < ¢ < m, sin(\/72 L;) > 0. Hence, by choosing

o = , for 1 < ¢ < m, we have a nontrivial solution of (5.37) and the

sm(\/iL
result in that case can be easily deduced.
Step 3. Second eigenvalue if there exists ¢ > 1 such that Ly = --- = L; > L;11.
In that case, 72 = (7/L;1)? with a; = 0 for j > 7 and (ay,...,®;) solution of

ay + ...+ «a; = 0 are solutions of (5.37). Hence, the second eigenvalue is given by
72 = (m/Ly)?, the eigenspace is of dimension 7 — 1 with eigenfunctions identically
equal to 0 on all the edges e; for j > 7. O

5.3.2 Ground states and nodal ground states on intervals

In this section, we give some useful preliminary results on the problem set on a
simple interval (see Proposition 5.28). To this end, we consider the functional

1 A
In: Hy(0,L) = R:u s Jy(u) == §||u/||2L2(0,L) + S llullZ20.n HUHLP (0,L)
and the two sets

N0, L) := {u € Hy(0, L)\ {0} | [/ 720.0) + Mlull 20,0y = lullZoo,0)

N0, L) = {u € H)(0,L) | u* € N, (0, L) }.

Proposition 5.28. Let \, p and L be three real numbers such that A > 0,
p>2and L > 0. Then, the boundary value problem

—u" 4+ Au = [uP"2u  on (0, L),
u(0)=u(L)=0

(5.38)

has (up to sign) a unique solution u with two nodal zones. Moreover,
1. u is the nodal ground state of the problem;
2. w is such that uw(L/2) = 0;

3. u 1is the unique positive solution of (5.38) on [0,L/2] and —u is the
unique positive solution of (5.38) on [L/2,L];

. one has inf =2 inf .
4 N7ed(0,L) I Nx(0,L/2) I
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Proof. Let u be a solution of (5.38) with two nodal zones. Up to replacing u by
—u, we have that «/(0) > 0. Then, u has a unique root r € (0, L), by assumption
on the number of nodal domains. By uniqueness of the solution to the Cauchy
problem

—v" + av = |v[P~ 2,

v(r) =0,0'(r) = u'(r),
we must have that r = L/2 since the first positive root of the solution to this
Cauchy problem must be equal to both r and L — r as the ODE is autonomous
and as the nonlinearity is odd. Now, the restrictions of |u| to [0, L/2] and [L/2, L]
are positive solutions of (5.38) on their respective intervals. As those solutions are
unique (see Proposition C.10 in Appendix C), we deduce that solutions with two
nodal zones are also unique up to sign. Since nodal ground states exist as we work

on a compact interval and since nodal ground states have two nodal domains?®?,
the proof is complete. n

Another useful property is the following.

Proposition 5.29. Let a,p € R be so that a > 0, p > 2. Then, the map

Jx: (0,400) = (sx,+00) : L= Ji(L) := Nif%f,m I,

is decreasing, continuous, bijective, convex and such that

%1_1% In(L) =+o0 and Lhm In(L) = s).

—+00

Proof. We show these properties one by one.

Step 1. Jy is decreasing. Let 0 < L < L'. Then, one can extend the ground state
u in Ny(0, L) by zero to obtain a function u in N, (0, L’), showing that

L") = inf < u) = = inf = L).
IA(L) ot I = Ia(a) = Tx(u) it I IA(L)
Moreover, the inequality is strict since a ground state in N (0, L) is nonzero inside

(0, L"), which is not the case of u. Hence, J\(L') < J\(L).

Step 2. Ty is continuous. Let 0 < L < L'. If u is a ground state in Ny (0, L), then
the function v(z) := u(L'z/L) belongs to HJ(0, L) and one has

L L L
1013 =TI, ol = Sl el = el

22GeeTheorem 2.38.
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The projection factor of v on N, (0, L) is given by

na(v) = (

Since [[o/[|3 + M|ul|3 = [Jul[}, we conclude that n,(v) is close to 1 if L and L' are
close enough, so that

TA(L) < Ia(na(v)v) = Ta(u) +o(1) = Ta(L) + o(1).
Since by Step 1, we have J,\(L') < Jx(L), we deduce the continuity of J,.

Step 8. Limit of Jx as L — +o00. If L is long enough, we can truncate solitons to
obtain a function v € N, (0, L) with Jy(v) close to sy. This proves that

"2
|W%+Awmyh:(%2w%+Awﬁys
ol Jull?

li L) = inf = 5.
L—1>Tooj)‘< ) /\}AH(R)J\ oA

Step 4. Limit of Jy as L — 0. For any function v € H;(0,L) and any z € [0, L],
we have

ju(z)] < /0 [/ (1) dt < V|2 < VI,
using the Cauchy-Schwarz inequality. Therefore,
lulloo < VL[t|2-
Now, if u € N,(0, L), we have that

L L2 »
/113 + Alullz = llullp < lull3lulle® < :

(113 + A3

so that

2/ ||5 + |3 > (ain’p)pQ — g2 [,
Since this inequality is valid for any u € N, (0, L) and that the right hand side
converges to +oo as L — 07, we deduce that

. BERT 112 2y

lim (L) = lim ([Jo [} + Alfull3) = +oc.
Step 5. T is a bijection from (0,+00) to (sx,+00). This follows from all the

previous points.

Step 6. Convexity. Let L, L > 0 and consider u € Ny (0, L) and @ € N, (0, L) be
the positive ground states on the corresponding intervals. Define v € H} (0, L+ L)
by

u(z) for z € [0, L],
v(x) = - .
—t(x — L) forzel[L, L+ L]
Then, v belongs to N7°4(0, L + L). Using Proposition 5.28, we then have
L+1L . . 7
QJA( ) = inf 7 <Jh(v) = D(w) + Ta(a) = Ta(L) + Ia(L).
2 Nod(0,L+L)

As J) is continuous, this implies that it is convex (see e.g. [196]). O
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5.3.3 Ground States of (NLSg ) — Symmetry breaking

Now, let us turn to the results regarding ground states that can be deduced from
the abstract results presented in the first sections.

Proposition 5.30. Let A > 0 and v, € (0, (7T/L1)2) be such that

i cot(y/71 L;) =0

e, (x) == 14(z) == ssilnn((\\//’y;?;i))’ for

Consider the function ¢, defined on Gs by
ie{l,---,m}, and the constant

L= exp | — S Jot e1a(x) In(p(2)) de
1 ! it foLl ‘P%z(x) dz .

For all p > 2, close to 2, let us consider a positive solution u, of (NLSg,).

Then, we have:

1. wy, is the unique positive solution of (NLSg,) and it is the ground state

2. (m+ )\)_T;up — k1o in H as p — 2;

3. if Ly = L, for some1, j, then u,; = u,; whereu,; denotes the restriction
of u, on e;.

Proof. The first item can be deduced from Theorem 5.9.

Let us observe that k¢, is a solution of the reduced problem on E;. The second
item can then be deduced from Proposition 5.4, Theorem 5.18 and Lemma 5.21
as in the proof of Theorem 5.9.

To conclude, let us remark that if L, = L,, by exchanging w,,; and u,, ;, we define
a new positive solution @, of (NLSg, ). By uniqueness of the positive solution, we
conclude that , = u,, which proves the result. O

So we have proved in particular that, for a compact star graph with m edges
of the same length L, for L fixed, if p is small enough, the solution is the same
on each edge. In the next result, we will prove a symmetry breaking result as we
show that, for p fixed, if L is large, the solution is not symmetric anymore.
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Proposition 5.31. (Symmetry breaking) Let us consider the compact star
graph Gs when m > 3 and Ly = ... = L,, = L. For any p > 2, if L is large
enough, then the ground state on Gg is not symmetric.

Proof. If L is large enough, we can truncate solitons on an edge of length L to
obtain a function v € N,(0, L) with Ji(v) < 3s,, where s, is the action level of
the soliton on the real line (see Appendix C, in particular Proposition C.4). This
shows that, when L is large enough, then infy;, g,) Jx(u) < 3s,.

Now, if u is a positive symmetric solution of the problem, with the Dirichlet
condition at vertices of degree one, then u has m preimages for almost every value
in its range. Using Proposition 1.10, we deduce that Jy(u) > %5,\. This shows that
ground states are not symmetric. O]

5.3.4 Nodal Ground States of (NLSg ).

Let us first prove the results regarding nodal ground states that can be deduced
from the abstract results presented in the first sections.

Proposition 5.32. Let A > 0. Let us consider the compact star graph G with
Ly > Ly. We define v2 € ((W/Ll)Q, (7T/L2)2) as the solution of

i cot(y/72 L;) = 0.

Let us consider the function gy defined on Gs by v, () == pa(x) = Sin(v/72)

sin(y/y2 L)’
forie{l,...,m}. We define the constant

Lo i foLi @%z(f) In fipg ()| dx
9 i=exp | — I 5 .
iz Jo @2,i<5’7> da

For all p > 2, close to 2, let us denote by v, the nodal ground state solution of
(NLSg,). Then,

1. there exists a neighborhood U of (2, kaps) in [2,+00) X H and a number
e > 0 such that, for all p € [2,2 + ¢], there exists a unique u, € H so

that ( (2 + )\)_P%?up) belongs to U and u, is a solution of (NLSg,);

2. (72 + )\)_P%va — tkopy in H as p — 2;

3. v, has a single point of ey as nodal set.
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Proof. Let us observe that koo is a solution of the reduced problem on Fy which
is nondegenerate since dim(E3) = 1. The first item can then be deduced from
Theorem 5.8. Moreover, the second idem is a consequence of Theorem 5.25.

For the third idem, by the convergence of second idem, denoting by xy the only
root of g in ey, we know that, for € > 0 small enough and for p close enough to 2,
vp(xo—€) < 0 < v,(xg+e). As v, has two nodal zones?*, this implies that the nodal
zone of v, is localized in the interior of e; and that v, '({0}) is either a point or
an interval. By uniqueness of the solution of a Cauchy problem, we conclude that
v, *({0}) is a point since otherwise, we have the contradiction v, =0 on e;. [

When L, = L, the situation is more complicated. Indeed, in this case, the
second eigenfunctions are identically equal to 0 on all edges with L; < L;. Then,
by Theorem 5.25, (o + a)fﬁup — @9 in H as p — 2 with ¢y &€ S.

The aim of the rest of this section is to prove that, if L; > Lo then the nodal
ground state satisfies u(vg) # 0 for all p > 2 and that, if L; = Ly is long enough,
the nodal ground state is identically equal to 0 on all edges except the two longest
ones.

To this end, let us now consider two important lemmas, both valid on general
compact graphs.

Lemma 5.33 (The cutting Lemma). Let G be a compact metric graph and u
be a solution of (NLSg 7). Let us assume that u is nonzero and is monotone

inside k > 1 edges ey, ..., ey ending at a Dirichlet vertex. Let us denote
gZQ\(elu---Uek). Then,

Dclu) > inf T, z(v).
A,Q() veN (@) ,\,g()

Moreover, if u is a nodal solution, then one has

Ing(u) > inf & j/\,g(v).

veNod(
Proof. Since u belongs to N, (G), we have
/ /|2 dae + )\/ luf? dar = / lu? da. (5.39)
g g g
Given an edge e; with 1 < i < k, we parametrize e; by [0, L;], with 0 corresponding

to the (degree one) Dirichlet vertex and L; to the other vertex of e;. Integrating
the equality (—u” + Au)u = |ul? over [0, L;], we obtain

[ 1 1L; Li 112 Li 2 _ Li p
—u'uly’ + |u'|*dz + A |ul*dz = |ul? dz.
0 0 0

23See Theorem 2.38.
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The boundary term is equal to —u'(L;)u(L;), which is nonpositive since u is mono-
tone inside e;. In other words, one has

/ |u/|> dz + )\/ lu|® dz > / |ul? dz. (5.40)
Using (5.39) and adding the inequalities (5.40) for all 1 < ¢ < k, we deduce that

/~]u’]2dx+)\/~]u\2dx§[!u\pdx.
g g g

Denoting by @ : G — R the restriction of u to G, we obtain

o (fo P de 4 A f fuf? da\ 7
nyg(a) == ( o [ulp dz < 1.

Now, we remark that

Tng(w) = Kllullgy > wlal?, g
> Kllny g(@)al?, g,
= Ty g (@) (1)

> inf 7,
ot (),

which proves the first inequality of Lemma 5.33.

If u is a nodal solution of (NLSg #), we may repeat the previous computations
with «* and show that ny g(a*) < 1 (note that @™ and @~ are nonzero since u
does not change sign inside ey, ..., ex). Therefore, in the same way, we deduce,

Tng(u) = “||U+||Lp(g + ’iHu_Hp

>MWWM@+MWHMQ

(ot et |P (Ve |P
> /iHn)\,g a)a HLP(G) —|—/iHnA7g(u )i @)
> inf 7, s(v),
mwwmkd)
since the function n, s(a*)a* + n, g(a~)u~ belongs to NY(G). O

Lemma 5.34. Let G be a compact metric graph and u be a one-signed function
belonging to N\(G). Let us assume that u vanishes at some point of G. Then,



5.3. COMPACT STAR GRAPHS 319

Proof. Up to replacing u by —u, we may assume that u > 0. Then, rearranging
u in a decreasing way, we obtain a function @ that can be extended by 0 to an
H'(0,+00) function such that

@[5 < |lu/]13, [all3 = |lull3, @l = [lullp-
Thus,
y @13 + A|al|3) 7
na(a) = <~) <1
a8 ’
so that
() = kllullp = sl[al|) > klna(@)allh = Ta(na(a)a) > Nk(ig}foo) I > %A

where the strict inequality holds since the infimum of 7y on N, (0, +00) is achieved
only by half-solitons?*, and that ny (@)@ is not a half-soliton since it vanishes at a
point. 0

The following lemma describes which are the solutions with two nodal zones
vanishing at the central vertex of Gs.

Lemma 5.35. Let A > 0, p > 2 be two real numbers. Let us consider the
compact star graph Gs.

If a solution u of (NLSg,) vanishes at vy and has two nodal zones, then
necessarily it vanishes identically on all edges except two edges e; and e; with
1 <i<j<m suchthat L; = L;.

Conversely, given two edges e; and e; with 1 < i < j < m such that
L; = L;, there exists a unique solution u of (NLSg,) with two nodal zones,
vanishing at vy, positive inside e; and negative inside e;.

Moreover, the action of such a solution u is so that
In(u) = 29\(Li)
with J\(L) defined in Proposition 5.29.

Proof. 1f u vanishes at vy and has two nodal zones, we remark that u cannot vanish
identically on all edges but one since otherwise Kirchhoft’s condition would imply
that u also vanishes identically on the remaining edge.

Since u has two nodal zones, u is identically equal to zero on all edges but two,
say e; and e;. On those edges, |u| is a positive solution of (5.38). Now, Kirchhoft’s

condition implies that
du du

dx., (vo) + dz.,

(vo) = 0.

24Which are the only H!(0,+00) solutions of the ODE on the half-line with the Neumann
boundary condition at 0, see Proposition C.2.
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du
dxei

to e; and to e; are solutions of the Cauchy problem

Without loss of generality, let us assume that (vg) > 0. The restrictions of |ul

—w" 4+ aw = |w|P~w,

w(0) =0, w'(0) = -2 (vy),

d:(;ei

so that L; = L; by uniqueness of the first positive root of the solution to this
Cauchy problem.
Finally, Proposition C.10 implies that* J\(u) = Jx(L;) + Ta(L;j) = 2T5(L;).
Conversely, if two edges e; and e; have the same length, one can join them
to form an interval of length 2L; and construct a solution by putting the nodal
ground state of (5.38) on their union and 0 on all other edges. The uniqueness of
such a solution follows from Proposition 5.28. n

We then have the following result.

Proposition 5.36. Let a > 0, p > 2 be two real numbers. Let us consider the
compact star graph Gs. Then,

inf T\ < In(L1) + Tn(Le).
NTod(G,)

Moreover, if Ly > Lo, then no nodal ground states of the problem vanish at vg.

Proof. Let u : G; — R be defined by putting a positive solution of (5.38) over ey, a
negative solution of (5.38) over ey, and zero over all other edges. Then, one easily
checks that u belongs to N°%(G,), so that

N;’iﬁfgs)j* < Ia(u) = Ta(Lr) + Ta(La).

If we assume, moreover, that L; > Lo, then

inf < 2J\(L 5.41
Nfl"%(gs)jA In(La) (5.41)

since J) is decreasing.

Now, let us assume that u is a nodal ground state of (NLSg,) vanishing at vy.
Then, u has two nodal zones and Lemma 5.35 implies that Jy(u) = 2J,(L) where
L is the length of the two edges on which v does not vanish identically.

Since Li > Lo, we have that L < L, so that

Nfi"%{gs) I = In(u) = 2J5(L) > 2Jx(Lo)

which contradicts (5.41). O

2> Remark that the ground state solution of the problem exists on compact intervals (0, L) for
all L > 0. Its uniqueness for a given L follows from the uniqueness of positive solutions. and
since a ground state is (up to a factor of —1) a positive solution.
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If the two longest edges have the same length, then one can show that nodal
ground states do vanish at the central node assuming that those edges are long
enough.

Theorem 5.37. Let a > 0, p > 2 and L > 0 be real numbers so that

- )
jA(L) = ZS)\.

Let us consider the compact star graph Gs when m >3 and Ly = Ly > L.

Then, all nodal ground states of (NLSg,) vanish identically on all edges of
the graph but two. Those two edges have length Ly. Moreover, on them, the
solution coincides with a one-signed solution of (5.38) on [0, L1]. In particular,
all nodal ground states of (NLSg,) vanish at the central node vy.

Proof. Let u be a nodal ground state of (NLSg, ). By Proposition 5.36 and, as 7,
is decreasing, we have

In(u) < 20\(Ly). (5.42)

If u(vg) = 0 then, by Lemma 5.35, u must vanish identically on all edges except
two which have the same length L. Moreover, equality J,(u) = 27,(L) holds. As
Jh is decreasing, (5.42) implies that L = L, ending the proof when u(vg) = 0.

It thus remains to prove that u(vg) = 0. We assume by contradiction that
u(vg) # 0. Since u(vg) # 0, u is not identically equal to zero inside any edge. Up
to replacing u by —u, we assume that u(vy) > 0. We now distinguish two cases.

Case 1. The nodal ground state u is monotone inside at least m — 2 edges. Since
u(vg) > 0, w is increasing inside edges e;,,...,€;, , where the m — 2 indices
11,...,0m_o are all different. In this case, applying Lemma 5.33 to the edges
€iys- - -5 Cip_y ElVES

Ia(u) > inf Ir(v).
veENTod (gs\(ei1 U-Uei,, o ))

Now, we have G5\ (e;; U---Ue;,, ,) = e; Ue, where j and k are the indices of the
two remaining edges of Gs.

Since e; U e is an interval of length L; 4+ Lj, applying Proposition 5.28 and
recalling that 7, is decreasing, we obtain the inequalities

L;+ L
j)\<u>> inf j)\('l})_Qj)\< j—g k

UEN;\LOd(Bj Ueg)

) > 27,(Ly),

which contradicts (5.42).
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Case 2. The nodal ground state u is not monotone inside at least three edges.
We denote

I:= {z € {1,...,m} | u is not monotone inside e,-} ={i1,... k)

Let us remark that our assumption is that #1 = k > 3. For any ¢ € I, we call z;
the critical point of u closest to the vertex v; (see Figure 5.3).

V2

X2

U3

Vo
U1
Ty T1

Uy Us
Figure 5.3: The critical points of u: x1, 29, x4 in this example.

For any ¢ € I, we denote by w; the restriction of u to the interval [v;, z;] C e;.
Let us note that for every i € I, u; belongs to Ny([v;, z;]) as it is a portion of a
solution to the ODE between a Neumann vertex and a Dirichlet vertex.

Let us also remark that none of the functions u; change sign inside their do-
mains. Since u changes sign, the graph G; := G \ Uier[vs, 7] is nonempty. Calling
@ the restriction of u to G, we remark that @ belongs to N7°4(G,).

The k+2 functions at, 4™, u;,, . . ., u;, all satisfy the hypotheses of Lemma 5.34
as they are all one-signed, belong to the Nehari manifolds of their respective?®
domains and all vanish at some point. Using Lemma 5.34, we deduce that
k+2 5

Sx > =S,

Ta(u) = (@) + @) + Ia(uy) + -+ Ta(ug,) > 5

as k > 3. Since L; is larger than L and J, is decreasing, we deduce that

5)
j)\(Ll) < 18)\.

26This may be seen by integrating both sides of the equality (—u” + \u)u = |u|? and taking
into account the suitable Dirichlet, Neumann or Kirchhoff conditions depending on the cases.




5.3. COMPACT STAR GRAPHS 323
Recalling (5.42), this leads to the contradiction

) )
35 2 2T\ (L1) > Ja(u) > 25x u

Ezample 5.38. (“Symmetry” breaking of nodal ground states (depending
on lengths))

Let A > 0 and p > 2 be two real numbers. Let L > 0 be such that

_ 5
j)\(L) = 18)\.

Let Gg be a compact star graph consisting of three edges e;, e; and e3 of lengths
Ly, Ly and L respectively (see Figure 5.4) ending at Dirichlet vertices. We assume
that L1 = Ly = L.

Then, Proposition 5.36 and Theorem 5.37 imply that:

o if Ly > L, then nodal ground states do not vanish at vy;

o if Ly < L and if L > L, then all nodal ground states vanish at .
In particular, if L > L is fixed, then:

 all nodal ground states vanish at vy if Ly < L;

e none of them vanish at vg if L > L;.

Therefore, there is a threshold on L3 which determines whether the nodal ground
states vanish at vy or not.

V2

Vo L

U1
Ls

U3

Figure 5.4: Symmetry breaking of nodal ground states

Let us now turn to the study of another compact metric graph: the tetrahedron.
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5.4 The tetrahedron

In this final section, we are interested in the behavior of nodal ground states?’
of (NLSg z) as p — 2 on the tetrahedron graph G; depicted in Figure 5.5. It is
made of four vertices vy, vy, v, v3 joined by six edges vyvy, VU2, VU3, V1V2, V1V3,
vou3, all of unit length.

U3

V2

Vo

U1

Figure 5.5: The tetrahedron graph G, an equilateral graph made of four vertices
Vg, U1, V2, v3 and six edges of length one.

We will parametrize the edges by [0, 1], going from the vertex with a lower index
to the one with a bigger index. In this way, functions on the tetrahedron correspond
to sextuplets?® of functions from [0,1] to R, indexed by ij with 0 < i < j < 3.
There are no vertices having degree one, thus no Dirichlet vertices (i.e. Z = @).

The first step of our approach is to study the spectral problem on the graph in
order to determine the second eigenspace FEs.

5.4.1 Determination of the second eigenspace
The spectral problem on the graph is given by*
—u" = k*u on every edge e of G,

u is continuous at every vertex v of Gy,

Zdu

o= dze

(Specg,)

(v) =0 at every vertex v of Gy,

where v = k? is the eigenvalue (taking k > 0).

27 And more generally to solutions converging to eigenfunctions of Ey as p — 2.

28Namely, vectors having 6 components.

29We take A = 0 in this section since A simply “shifts” the spectrum without changing the
eigenfunctions.
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Since the graph is compact and has no Dirichlet vertices, the first eigenvalue
is equal to zero and the first eigenspace is the space of constant functions.

To determine the second eigenvalue, we need to find the smallest £ > 0 for
which there exist nonzero solutions to (Specg, ). A method to compute the spectra
of equilateral efficiently graphs was developed independently by S. Nicaise [251,
253] and J. von Below [57] (see also [264] and [68, Section 3.6]).

Let us first assume that k& ¢ 7Z. In this case, the key observation is to remark
that for any a,a € R, the boundary value problem

—u" = k?u on (0,1),
u(0) =a, u(l) =a
has a unique solution given by the function

asin(k(l — x)) + asin(kx)
sin(k)

Thus, assuming that k ¢ 7Z, the spectral problem amounts to find all quadruplets
a = (ag,a,as,a3) € R* of possible values that the eigenfunctions can take at the
vertices. Given a € R*, and k € R\ 7Z, we define ¢, by

a;sin(k(l — x)) + a; sin(kx)
sin(k)

Pak(T) = (5.43)

if = belongs to the edge® vv; (0 <i < j < 3). Its derivative is given by
—a; cos(k(1 — z)) + a; cos(kx)

sin(k) '
Kirchhoft’s condition at vertex v; leads to four equations, given by

—3a; cos(k) + Z a; =0, 0<i<3. (5.44)
0§i§3
i#j

@Zk(x) =k

Adding these four equalities together leads to
(ap +a; +az+az)(1 —cos(k)) =0, 0<i<3.

Since sin(k) # 0, 1 — cos(k) is nonzero. We deduce that ag + a1 + as + a3 = 0.
Plugging this last equality into (5.44) leads to

a;(3cos(k) +1) = 0.

If 3cos(k)+1 # 0, all a; are equal to zero and we do not find any eigenfunctions.
Thus necessarily cos(k) = —1/3. Conversely, if cos(k) = —1/3, then all conditions
(5.44) rewrite as ag + a1 + as + az = 0.

30We recall that the edge v;v; is parametrized by [0, 1], going from v; to v;.
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2
In conclusion, we have found eigenvalues (arccos(—l /3) + 27T€) with ¢ € Z=Y

2
and (27r€ — arccos(—1/ 3)) with ¢ € Z='. All those eigenvalues v > 0 correspond
to eigenspaces of dimension three. All other possible eigenvalues of the problem
are necessarily of the form 72/?> with ¢ € Z=!, and are in particular larger than

(arccos(—1/3))2.

2
To summarize, the second eigenvalue of the problem is v, = (arccos(—l / 3))
and the second eigenspace is given by (recall (5.43))

Ey = {Sﬁa a = (ap, a1, as,a3) € R agp +ay + as + az = 0},

where ¢, 1= @4, arccos(~1/3) 18 such that

Paks (T) =  sin{fa(1 _snaizllg—i)_ % Sm(kﬂ), ko := arccos(—1/3), (5.45)

if  belongs to the edge v;v;. In particular, E, has dimension three.

5.4.2 Symmetries

Symmetries of the tetrahedron

Let us present the symmetry group of the tetrahedron. We will do so in two
different manners, one more geometrical, the other more combinatorial.

+ Consider the tetrahedron depicted in Figure 5.5 as a solid polyhedron in R3.
Determining its symmetries amounts to determining how many rotations®! in
R? send the tetrahedron to itself. It can be seen®? that there are twelve such
rotations (there are four choices for the vertex chosen as the “top” and three
choices of orientation for the lower face of the tetrahedron). If we also allow
reflections, then the number of symmetries is doubled, so that there are 24
symmetries in total (see [32, Exercise 1.6]). Even though those symmetries
came from our geometric intuition in R3, they all correspond to symmetries of
the metric graph G;, whose vertices and edges are those of the tetrahedron.

e More combinatorially, the graph G; is the complete graph with four vertices?.
It is clear that in such a graph, “all vertices are the same”. Here, the natural
symmetry group is the permutation group Sy, corresponding to all bijections of
a set of four elements. Namely,

Si={0:{0,1,2,3} —{0,1,2,3} | o is a bijection}.

31'Where the origin of the rotation in R? is let free.
32 A pedagogical explanation is given in [32, Chapter 1].
33L.e. the graph with four vertices all linked to one another by an edge.
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Given a permutation o € Sy, it sends the vertex v; to the vertex vy (0<i<3)
and the edge v;v; to the edge vo(;Vo(jy (0 < i < j < 3). Let us remark that
one might have o(i) > o(j) here but, by convention, we will identify the edge
v;jv; with v;v; for all 0 <7 < 7 < 3.

In what follows, it will be more convenient for us to use the combinatorial language.
Nevertheless, both explanations describe the same group of symmetries®*.

Action of the symmetry group on functions
We identify functions f : Gy — R with sextuplets
(for, foz, fos, fi2, fas, fo3) (5.46)

of functions giving the restrictions of f to the edges. Namely, f;; is the restriction
of f to vv;, parametrized by [0, 1] so that 0 corresponds to v; and 1 to v;.

For convenience in what follows, let us define

for all 0 <7 < j <3, so that f;; parametrizes the edge v;v; going from v; to v;.

We introduce some definitions®>*® (see e.g. 335, Section 1.6]).

Definition 5.39. The action of a group G on a vector space F is a map
GXxFE — E:(g,u) — g-usuch that the identities 1¢-u = u, (gh)-u = g-(h-u)
hold and such that u + g - u is linear.

If E is a normed space, we say that the action is isometric if ||g - u||g = ||ul|g
forall g € G and all u € E.

A function J : E — R is invariant if J(g-u) = J(u) for every g € G and every
ue k.

We denote by F(Gy;R) the vector space of functions from G; to R. Two group
actions are naturally defined on F(Gi;R).

o The one associated with the group of symmetries of the tetrahedron, given by

Sy x F(G;R)  — F(Gi;R)
(O',f) f—>0"f,

where (recalling conventions (5.46) and (5.47))
0 f = (fo00): fo0)0@: fo0)0@)s fota@): oota)s Fo@ot):

31See e.g. |32, Exercise 8.11].

35In [335, Section 1.6], one finds the definition of a topological group action on a normed vector
space, requiring continuity assumptions. Here, we will consider finite groups with the discrete
topology, and those continuity assumptions hold automatically.

36See also [32, Chapter 17] for a general introduction to group actions.
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e One independent of the domain of functions and corresponding to the “changes
of sign”. Tt is the action of the two-element group {41} (with the multiplication
operation) given by

{£1} x F(G;R) — F(Gi;R)
(87 f) =S fv

where s - f = (Sf017 Sf027 Sf03,8f12,5f137 Sf23)'

We can combine both actions. To do so, we define the set Gy := Sy x {£1}. Tt
is a group if the multiplication is defined by
(01,81) - (02, 82) := (01 0 72, 5152),

where 01004 is the permutation given by (01005)(i) := o1(02(i)) for every 0 < i < 3
and where sy, is the product of s; and s, as real numbers. The identity element
of the group is (Id, 1) where Id is the identity permutation such that Id(i) = i for
all 0 <7 < 3. Given an element (0, s) € Gy, its inverse is given by*” (67!, s), where
o~ ! is the inverse of the permutation ¢ in S4, so that c ™' oo =c oo™ ! =Id.

The group G, acts on F(Gi;R) in the following way:

{Gt x F(GsR) = F(GiR)
((0.5).f) (o) f

where (recalling again (5.46) and (5.47))

(5.48)

(0,5) - | = (5 o@0(1): 5SS Fo@)0(3): 5Foo @) SFo)o@): SFo@0) )-

In other words, one may switch the roles of some vertices and one may multiply
the whole function by —1.

One easily checks that, given (o, s) € Gy, if f belongs to H'(G;) or to H, then
so does (o, s) - f. Restricting the function space to H(G;) or to H, we obtain an
isometric group action (recall Definition 5.39).

Now, let us show how G, acts on the second eigenspace. We have seen that
Ey ={p, | a € Ag} where ¢, is defined by (5.45) and

AO = {(ao,al,ag,ag) & R4 | ag + a1 + as + ag = 0}
We may define a group action from G; on Ay by

{Gt x Ay = Ag
((0,3),@) — (0,5)-a

where (0, 5) - a 1= (5a5(0), SUs(1), SUo(2), S0o(3))-

(5.49)

37TAs s% = 1 since s € {+1}.
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In other words, one may permute the coefficients and one may change all of
their signs. One easily checks from the respective definitions that the two group
actions (the one on functions defined by (5.48) and the one on Ag defined by (5.49))
are compatible for eigenfunctions in the sense that (o,s) - s = Q(0,s).a. Further
restricting the action to Es provides a group action on Es under which the reduced
functional 7, » (see Definition 5.3) is invariant (see Definition 5.39).

Let us now introduce two further definitions (see [335, Section 1.6]).

Definition 5.40. The space of invariant points (or fized points) of E under
the action of a subgroup H < G is given by

Fix(H) := {u€E|Vg€ H,g-u:u}.
Moreover, the stabilizer of an element v € E is given by

Stab,(G) = {g €eG|lg-u= u}

We then have the following theorem (see [335, Theorem 1.28] and [261]).

Theorem 5.41 (Principle of symmetric criticality, Palais, 1979). Assume that
the action of the topological group G on the Hilbert space E is isometric. If
J € CY(E,R) is invariant and if u is a critical point of J restricted to Fix(G),
then u is a critical point of J.

Let us now apply this result to the action of the group®® G; and to the reduced
functional J, := J, 2.

To better understand the role played by symmetries, let us present hereunder
the possible symmetries eigenfunctions may have.

5.4.3 Symmetries of eigenfunctions
Using the isomorphism Ay — Fs : a — ¢,, we deduce that
Stab,, = {(0, s) €G] (0,8)a= a}.
Classifying the possible symmetries that an eigenfunction may have thus amounts

to determining the symmetries that a quadruplet a € Ag may have. Let us perform
this (slightly tedious) task. We reason combinatorially.

38 Technically, we endow G; with the discrete topology to obtain a continuous group action.
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We recall that the permutations of Sy have one of the following forms (see
e.g. [32, Page 30, below (6.5)]):

o the identity Id (corresponding to a single element of Sy);

« a transposition (for instance (01), which swaps elements 0 and 1 and fixes 2
and 3). There are 6 transpositions in total;

« a 3-cycle (for instance (012), which maps 0 to 1, 1 to 2, 2 to 0 and 4 to itself).
There are 8 such 3-cycles in total;

e a 4-cycle (for instance (0123), which maps 0 to 1, 1 to 2, 2 to 3 and 3 to 0).
There are 6 such 4-cycles in total;

 a product of two transpositions (for instance (01)(23), which swaps 0 and 1
and 2 and 3). There are 3 such permutations in total;

Let us now translate symmetries on the quadruplet a as equations. This will
be useful in the next section.

. (Id, 1) is the identity element of GG; and is in the stabilizer of all a € Ag;
Id, —1) € Stab, if and only if a = 0;

01), ) € Stab,, if and only if ag = ay;

01),

((01)

(( ) € Stab, if and only if ag = —a; and ay = az = 0;

((O 12) 1) € Stab, if and only if ag = a1 = as, in which case ag = —3aq (recall
that a belongs to Ay);

. <012 ) € Stab, if and only if (ag,a,as,a3) = —(aq,as,ag,as), which
rewrites as ag = —a; = as = —ag so that ag = a1 = as = a3 = 0;

. <0123 )GStab if and only if ag = a; = as = a3 = 0;

. <0123 ) € Stab, if and only if (ag,a1,a9,a3) = —(ay,az, as,ag) which

rewrites as ag = —a; = as = —ag;
. ((O 1)(23), 1) € Stab, if and only if ag = a; and as = a3, in which case
necessarily ag = a; = —as = —ag since a belongs to Ag;

((O 1)(23), —1) € Stab, if and only if ¢y = —ay and as = —as.
Now, we will see how some of those symmetries give rise to critical points via

the principle of symmetric criticality.

5.4.4 Ceritical points created by the symmetries

In what follows, we note simply J, := Js 2, Ny := Nia, My, 1= 7n,,, recalling the
expressions (5.24), (5.26) and (5.31).
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Proposition 5.42. The following eigenfunctions are critical points of Jy:
o fo:=7N(00,-100);
e [1=mn(Pa—1/3-1/3-1/3));
o for=mn(Pa1-1,-1));
(

e f3:=7N(Pa,-1,c—c)) where c € (0,1) maximizes the function
[0, 1] —R:c— ‘Ik(ﬂ'/\/’* (SO(L—LC)—C))>'

Proof. We will use similar arguments for all four critical points. Each of them
corresponds to the action of a specific subgroup of GG; having order two.

o Taking Hy = {(Id, 1), ((O 1), —1)}, we have that Fix(Hy) = span{fy}. Since
fo is a critical point of 7, in the one-dimensional vector space Fix(H) (as
fo belongs to N,), the principle of symmetric criticality (see Theorem 5.41)
implies that J/(f;) = 0.

o Taking H; = {(Id, 1), ((1 23), 1)}, we have that Fix(H;) = span{f,}. Since
/1 is a critical point of 7, in Fix(H;), we have J/(f;) = 0.

o Taking Hy = {(Id, 1), ((O 1)(23), 1) }, we have that Fix(Hy) = span{ f>}. Since
fo is a critical point of J, in Fix(H;), we have J/(f2) = 0.

. Taking Hs = {(Id, 1), ((01)(23), —1)}, we have that
Fix(H3) = {(a, —a,b,—b) |a,be R}.

This time, the vector-space Fix(Hj) is two dimensional. Up to the symmetries
of the problem and up to multiplying vectors by a constant (which we can do
since we will project vectors on N, anyway), we can study vectors of the form
©1,-1,c,—c) With ¢ € [0,1]. Let us note that both f; and fo = . (P,-1,1,-1))
belong to Fix(Hs) and are critical points of J, (for f,, we remark that there
exists ¢ € G; such that fo = g - f2). This implies that the map

R=R:c T (ma (@i —1e-0)) (5.50)

has critical points at ¢ = 0 and at ¢ = 1.

It turns out that this map (see Figure 5.6 for a picture and the next section
for a rigorous computer-assisted proof of this fact) is such that

z%li]jk(WM(SO(l,—Lc,—c))) > T (WN*(<P(1,—1,0,0))) > ﬂ(WN*(SD(l,—m,—U))-
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Thus, the map (5.50) has a maximum for some ¢y, € (0, 1), that we will prove
to be unique (in the next section). We define f3 := T, (0(1,—1,cpr,—cnr))- Due to
our reasoning by symmetry, we have

Ti(fs) = T(n. (¥))-

max
PeFix(H3)\{0}

Thus, f; is a critical point of J, in Fix(H3) (since it maximizes J, on the
corresponding Nehari manifold), so that the principle of symmetric criticality
implies that we have J/(f3) = 0. O

N
3.76 |
3.74 |

3.72 1

3.7+

02 04 06 0.8 1

Figure 5.6: The map ¢ — J.(mn. (¢a,-1,c,-¢)))

Remark 5.43. Of course, there are many others critical points in F5, obtained by
symmetries. Namely, the eigenfunction g - f; is a critical point of J, for every
g € G; and every index ¢ such that 0 < ¢ < 3. However, those critical points are
“the same as” fy, [1, f2 and f3, up to the symmetries of the problem.

Several questions naturally arise.

o Are there other critical points, possibly ones without any symmetry?

o How are the critical points we obtained characterized variationally in N, ?
o Are [, fo and f3 non-degenerate?*

o Which of the critical points minimizes the action, and corresponds to limits
of nodal ground states?

390ur notion of nondegeneracy (see Definition 5.5) is not well-defined for f since it does not
belong to S.
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None of those questions seem to be simple to tackle “by hand”. Even if it
was possible to provide answers to the questions using tedious computations, it is
unclear that this would shed any insight on the understanding of the problem.

For those reasons, we decided to resort to a computer-assisted proof to study the
functional 7, on E5. How it proceeds will be detailed in the following section 5.5.
First, let us state (without proof, for now) in the next proposition the results we
obtain thanks to the computer-assisted proof.

Proposition 5.44 (Conclusions of the computer-assisted proof). The action
levels of the critical points we found are so that

T (f2) < T(fo) < T f3) < Ti(f1).

Moreover, fo, f1, fo and f3 are the only nonzero critical points of J. up to
symmetries, in the sense that

Vi € B\ {0}, {(j;(@ —0) = (3ie{0,1,23},39€Grp=yg- fi)}

The variational characterizations of the critical points are the following:
e [y is a strict local minimum of J, on N,;

e [ is a strict global maximum of J, on N,;

e [y is a strict global minimum of J, on N,;

e f3is a saddle point of J. on N..

Finally, fi, fo and f3 are nondegenerate.

Remark 5.45. The fact that the eigenfunction fj is a strict local minimum of 7,
on N, is a consequence of Theorem 5.24, taking the set Fj equal to the edge on
which f; vanishes identically. For the other critical points, we will resort to the
computer-assisted proof in order to determine their variational characterization.

Since N, is locally C? around f,, f» and f3, we can consider Hessian matrices
to study the types of these critical points. This makes precise the notion of saddle
point: it is a point whose Hessian has one positive and one negative eigenvalue.

Using the previous proposition, we deduce the following theorem.
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Theorem 5.46. There exists 6 > 0 such that, for every p € (2,2 4 ], there
exists U,, a nodal ground state of (Ppy), such that

tp(vo) = tp(v1) = —tp(v2) = —tp(vs) > 0.

More precisely, u, is invariant under the action of {(Id, 1), ((1 2)(34), 1)}

Moreover, u, is unique up to symmetries, in the sense that

Vu, € H'(G,), |u, is a nodal ground state of (Pps) = (Elg € Gyu, = g-ﬂp)}

Proof. Theorem 5.25 claims that nodal ground states converge weakly and up to
subsequences to global minima of 7, on N, as p — 2. Proposition 5.44 claims
that there is a unique such minimizer up to symmetries, given by f,. Since f; is
nondegenerate, the claim follows using Theorem 5.8. O

Remark 5.47. Morse theory tells us that the Euler-characteristic x(M) of a two-
dimensional compact smooth manifold M is given by

X(M) = Co(F) — C1(F) + Co(F),

where F' : M — R is a Morse function® and where for every 0 < i < 2, Cy(F)
denotes the number of critical points of index i of F' (see e.g.[242, Chapter §6]
and [178, Section 5.2]). Since N, is C!-diffeomorphic to a two-dimensional sphere,
X(WN.) = 2 (see e.g. [242, Example, page 39]). Now, N, and J, are not locally
C? around f, so that the notion of nondegeneracy is not well-defined. Let us
nevertheless reason heuristically.

o Even if J, is not C? around fy, it is natural to consider that f, has index 0
since it is a strict local minimum of 7..

Now, let us count all critical points obtained from f, thanks to the symmetries.
Namely, we have to determine the cardinality of the set {g - fo | g € Gi}.
Using the correspondence between eigenfunctions and quadruplets in Ay, this
amounts to*! determine the cardinality of the set {g - (1,—1,0,0) | g € G;}.
This is the set of quadruplets containing a “17, a “—1” and two zeroes. So,
there are 4 - 3 = 12 critical points corresponding to f;.

o /1 has index 2 since it is a global maximum of 7, on N,.
There are #{g - (1,—1/3,—1/3,—1/3) | g € G,} corresponding critical points,
namely 8 in total (4 positions to choose where is the coordinate having absolute
value 1 and 2 choices of sign).

4ONamely, a smooth function such that all its critical points are nondegenerate.
41 Technically, we consider positive multiples of (1, —1,0,0) due to the projection factor on N,
but this does not affect the reasoning.
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o f5 has index 0 since it is a global minimum of 7, on N,.

There are #{¢g - (1,1,—1,—1) | g € G;} corresponding critical points, namely
6 in total (6 positions where the two “1s” are).

e f3 has index 1 since it is a saddle point of 7, on N,. There are 24 corresponding
critical points (there are 4! = 24 ways to order “17, “—1", “c¢” and “—c”).

Thus, x(N,) =2, Cp =124+ 6 =18, C; = 24 and Cy = 8, so that 2 =18 — 24 + 8.

We believe that understanding better what happens for eigenfunctions which
vanish on edges, for instance those satisfying the hypotheses of Theorem 5.24,
would be very interesting. This might require to replace the “classical” Lyapunov-
Schmidt method by another method better suited to our lower regularity setting.

5.5 Computer-assisted proofs*’
Let us cite René Thom*® (in French).
Pour mot, la mathématique, c’est la conquéte du continu par le discret.
One could translate this sentence as follows.
For me, mathematics is the conquest of the continuous by the discrete.

We believe that this quote describes really well the philosophy of the computer-
assisted proofs based on interval arithmetic that we will describe hereunder.

5.5.1 A few words on interval arithmetic

Floating-point computations and numerical errors

As we mentioned in the introduction (see section 11.11.5), doing rigorous proofs
based on numerical computations is not a trivial task.

Indeed, those computations are subject to two sources of numerical errors.

1. Computations have to be discretized so that the computer only performs a
finite number of steps. Working with finer discretizations allows to improve
the precision, but never to obtain exact results.

42Many thanks to Prof. Christophe Troestler for his course on interval arithmetic given at
UPHF (on which most of section 5.5.1 is based) and for his invaluable help in the computer-
assisted proof to study the tetrahedron graph that we will present in this section 5.5.

43Fields medalist in 1958 for his works on differential topology. The citation comes from the
article “La planéte de 'oncle Thom — René Thom géometrise et philosophe avec Jean-Frangois
Fogel et Jean-Louis Hue.” in the (mainstream) journal “Le Sauvage”, in January 1977, Paris,
pp- 74-80. We found the reference of the quoted sentence thanks to the documents “Bibliographie
des ceuvres de René Thom” https://www.maths.ed.ac.uk/~viranick/papers/thom/data/
biblio.pdf along with “Citations de René Thom” https://www.maths.ed.ac.uk/~viranick/
papers/thom/data/citations.pdf, by Michele Porte.


https://www.maths.ed.ac.uk/~v1ranick/papers/thom/data/biblio.pdf
https://www.maths.ed.ac.uk/~v1ranick/papers/thom/data/biblio.pdf
https://www.maths.ed.ac.uk/~v1ranick/papers/thom/data/citations.pdf
https://www.maths.ed.ac.uk/~v1ranick/papers/thom/data/citations.pdf
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2. Even very basic operations such as additions, multiplications and divisions
lead to small errors in general. This is due to the fact that computers may
only deal with floating-point numbers**, containing only finitely many digits
in their representation. We thus only have access to finitely many values
which implies that we cannot represent arbitrarily big numbers, or numbers
arbitrarily close to 0.

Despite all this, we want to use numerical computations and yet being one
hundred percent sure that their conclusions are (mathematically) correct. A way
to do so consists in using certified computations based on interval arithmetic.

Brief presentation of interval arithmetic

The basic idea of interval arithmetic is rather simple.

Replace a real number x € R by an interval [z, T
that accounts for the numerical errors,
tn such a way that the mathematical answer
lies in the returned interval.

First, let us present this concept “mathematically”, letting aside floating point
numbers for a moment.

The intervals we will consider are the topologically closed and connected subsets
of R (as specified in the standard IEEE-1788 devoted to interval arithmetic?).
Namely, they belong to the class Zr of subsets of R defined by

IR = {@} {[a,b] |a,beR,a < b}
{la,+00) | a € R}
U{(~00,] | b€ R}
U{(—oo,—i—oo) = R}.

U
U

Now, let us see a few operations one may perform with intervals.
« Given two intervals x and y, their sum is given by
X+y= {:c—iry | :cex,yEy},
For instance,
13+ 4,7 ={r+y| -1<2<34<y <7} =[310].

To compute the sum of two intervals, it thus suffices to add the endpoints
together. Easy!

44We refer to [248] to know more about floating-point arithmetic.
45See https://standards.ieee.org/ieee/1788/4431/.
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o Nevertheless, one should be careful not to use “reflexes” used when computing
with real numbers. For instance, the difference between two intervals x and y
is given by

X—y:= {x—y|x€x,y€y}.
But then, one sees that
[—1,3] = [-1,3] = {m1 — 2 | -1 <21 <3, -1 <2, <3, } = [-4,4],

so that we do not have x —x = [0, 0], only x —x 2 [0, 0].

This shows that computing [—1,3] — [—1,3] is not the same as determining
{z —z | -1 <z <3} =]0,0], since the difference between the two intervals
does not assume that the values coming from both intervals are correlated.

Interval extensions

We have the following mathematical definition.

Definition 5.48. Let D C R be a set and let F': D — R be a map.

An interval extension of F' is an application F : Zg — Zr which satisfies the
containment property, namely so that for all x € Zg, the set

F(x):= {F(a:) |z exn D}
is included in F(x).

This notion is useful when using computer-assisted methods in analysis.

For instance, given a real function F', one may want to locate all possible roots
of F'in [0,1]. Now, if F is an interval extension of F' and if x € Zg is included in
[0, 1], then the implication

(0 ¢ F(x)) — (X does not contain any roots of F)

holds. We may thus divide [0, 1] into many “small” intervals and discard all those
for which we are sure that F' has no roots, this being determined by evaluating the
interval extension F. We end up with (possibly many) small intervals such that
all potential roots of F' belong to one of those.

Let us now make an easy but crucial observation.

Theorem 5.49 (“Fundamental theorem of interval arithmetic”). If interval
extensions of real functions f1,..., fr are composed, the result is an interval
extension of the composition fio---o f.

This observation allows to obtain interval extensions of complicated functions by
composing suitable interval extensions of its subparts.
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Computer implementation of interval arithmetic

The concepts of intervals and of interval extensions we just presented are still
“mathematical”. On a computer, we will deal with the set*%

T epresentable ‘= {x = [z,7] | z < T are two floating-point numbers} U {@}

A few comments are in order.

o The previous set is “large”, but finite. Indeed, there are only finitely many
floating-point numbers. For instance, one typically uses “f64 numbers”, the
floating point numbers represented using 64 binary digits. Thus, there are less
than?” 264 of them.

e There are many practical details one should pay attention to here: some
floating-point numbers encode “+00” and “—o0”, some include “Not-a-number”,
there are two ways*® to represent 0, etc.

We will not go into any of those implementation details and refer to [248| (see
in particular [248, Section 2.1.4]) for details about special floating-point data.

o When manipulating intervals from Z,epresentable, One is faced again with the
errors inherent to floating-point computations. One thus needs to make sure
that elementary operations are correctly rounded.

Luckily, modern processors possess several rounding modes:

= round to nearest: the default mode, well suited for simulations but often
unsuitable for interval arithmetic;

= round towards —oo;
= round towards +oo;

» round towards 0.

Using those rounding modes, one obtains enclosures of elementary operations.
For instance, given two nonempty intervals x = [z,7] and y = [y, 7], their “sum
on the computer” is given by [V(z + y), A(Z + ¥)], where V means that the
result was rounded down and A means that it was rounded up. This is indeed
an interval containing all possible sums x + y with z € x and y € y.

« Using the suitable rounding modes, processors can round correctly the four
basic operations of sums, differences, products, quotients and square roots for
floating-point numbers such as £64. This is sadly not the case for built-in
transcendental functions.

46In this definition, by “floating-point number” we mean values which are not “special” such
as +00, —00, “Not-a-number”; etc (see the discussion below the definition).

47This is not an equality due to the existence of special floating-point numbers, mentioned in
the next point.

48Namely, 07 and 0~ have different representations in order to allow computations such as
1/(+00) = 0T, 1/(—o00) = 07, which is useful in some numerical simulations.
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Rounding elementary functions such as sin or exp to the nearest floating-point
number is an highly nontrivial task. It was performed by the authors of the
CR-LIBM library, we refer to their paper [95] for more details.

A few words on integration

Civen a function F : R — [a,b], we want to estimate the integral [” F(x)dz using
interval arithmetic, using interval enclosures of F' as well as its derivatives.

First, it is clear that one may split the domain of integration into smaller
subdomains. Namely, if we consider a = zg < 21 < --- < zy = b and enclose all
integrals on intervals [z;, z;41], 0 < i < N — 1, then an interval enclosure of the
integral over [a, b] is given by the sum of those enclosures.

The easiest method one may think of to estimate an integral over a “small
interval” [a, b] with a < b is simply

b
(b—a) inf F(z)< / F(z)dz < (b—a) sup F(z).
z€|a,b] a z€lab]
Therefore, if F is an interval extension of I, X € Zyepresentable 18 an interval which
contains [a, b] and if the interval 1 contains the value of the length of the interval
(namely, b — a), then an enclosure of the result is given by 1- F.

In practice, the previous method is both simple and robust but usually too
slow “because it does not use any information on the derivatives”. When possible,
we prefer to use higher order methods, which make use of interval extensions of
some derivatives of F'.

A typical tool used for integration is Simpson’s method. It relies on the fact
that, if I/ is C*, then there exists £ € [a, b] such that

b—a (b —a)®

/abF(a:) dr = 2= (F(a) +aF(e) 4 F(b)> — ot (E).

Basically, we will thus estimate the integral by both evaluating

b—a
6

<F(a) +4F(e) 4 F(b)),

using an interval extension of F', as well as the fourth order term (l;gg())s IF(€)
which is contained in an interval computed®® by evaluating an interval extension

of O*F on [a,b].

We refer to [326, Section 5.3 for more details about numerical integration, in
particular about Simpson’s method.

In practice, this requires to compute expressions for the fourth derivatives, which is an
elementary but sometimes tedious task.
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An important practical remark

In “classical numerical analysis” (without controls using interval arithmetic), the
termination criteria of the numerical methods that are used are very important,
both in controlling the precision of the result and its speed.

Somehow, they are less crucial when dealing with interval methods. Indeed,
our first focus will always be to ensure that we only deal with interval enclosures
of the quantities we are interested in. Making sure that the intervals we obtain
are “small enough” will depend on several factors and sometimes we will only
determine whether we obtain “good enough” intervals after running the code. In
a way, this is more of an art than a science.

Let us nevertheless emphasize once again that we obtain interval enclosures
by design of our methods. We thus succeeded in our goal of obtaining numerical
methods producing one hundred percent sure results.

Further reading on interval arithmetic

We refer the interested reader to the introductory article [327] and the book [326],
both written by W. Tucker, for more information about interval arithmetic.

Let us also mention [235, 294, two papers which prove uniqueness results for
semilinear elliptic partial differential equations on squares using computer-assisted
proofs relying on interval arithmetic.

A computer-assisted proof to study J. on the tetrahedron graph

Now, let us present the computer-assisted proof of Proposition 5.44. It will be split
in several successive steps. For each of them, we will state precise mathematical
statements of what is proved and we will also give some details about our computer-
assisted methods.

We put our focus on explaining our proof strategies and make connections
between the numerical conclusions and the corresponding mathematics. For the
implementation details, we refer the reader to the code, available on request by
contacting the author.

t50 51»

The code is written in the language Rust™®, using the “crate®’” inari®? to
perform interval arithmetic computations. We also use the CRlibm library® to
compute some functions with correct rounding.

0See its official webpage https://www.rust-lang.org/.

51The Rust term used to refer to libraries.

2See https://crates.io/crates/inari/.

3See [95] and https://crates.io/crates/crlibm for the Rust binding.
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5.5.2 Study of the function c — 7y, (01, -1¢-0))
To get started in our presentation of computer-assisted proofs, let us focus on the
one-dimensional study of the map ¢ — Ju(mnr (©(1,-1,c,—¢)))-

The first result that we prove is the following.

Proposition 5.50. Global mazima of the continuous map
‘7C . [0, 1] —R:c— j* (7[/\/’* (30(1,,1,0776)))

belong to the interval [0.246054,0.246064]. In particular, there exists at least
one value of ¢ in this interval which is a maximum of the map.

A few comments are in order.
e The previous claim corresponds to what can be observed in Figure 5.6.

o« We do not claim the uniqueness of the maximum point in the statement of
Proposition 5.50. This property is true but it will be proved later.

o The preceding statement is mathematically precise but it does not look like a
claim one wants to prove “by hand”, due to the presence of very precise values
of constants. Such statements are typical cases where one is interested in using
computer-assisted tools in order to prove the claim while avoiding very tedious
computations.

The strategy to prove the previous result is rather direct. First, let us note
that J. is a continuous function over [0, 1], so that the maximum exists. Hence,
we just need to locate where maxima may lie. To do so, we proceed as follows.

1. A simple look at the graph in Figure 5.6 shows that we expect J. to have a
maximum for ¢ ~ 0.25. More precisely, we make an initial guess by defining

Cauess := 0.2460592 and  Tyuess := Je(Cauess)-

2. We split the interval [0, 1] in which we want to locate the maximum into
many little intervals. For each such small interval I, we know that I does
not contain any maximum point if either:

o all values of J.(c) with ¢ € I are smaller than Jyyess;
C 0 ¢ TUD) £0.

We thus discard all the intervals I for which one of those two possibilities
occurs.

3. After the previous step, we regroup all the remaining small intervals into a
single one, which necessarily contains all potential maximum points.

Ezxecuting the code shows that this interval is included in [0.246054, 0.246064],
which proves the claim.
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Of course, all the steps presented above have to be performed using interval
arithmetic, as we presented in the previous section. For instance, even our initial
gUESS Cguess and its level Jpuess have to be represented by small intervals which
contain the “true values” To keep our explanation light, we will not always mention
such facts, but we warn the reader that caution is required.

Now, let us locate where critical points of 7, may lie.

5.5.3 Locating critical points: exploring the tetrahedron

Proposition 5.51. If ¢ € E5 is a nonzero critical point of J., then there
exists g € Gy such that g - ¢ belongs to Py U Dy U Py U D3 where

;= {mn.(¢a) | a € A}

for every 0 <1 < 3 and where®

Ay = Ag 0 ({1} x [~1,-0.999877] x [~0.000275,0.000145] x [—0.000268,0.000275] ),

[_
Ay = Ag 0 ({1} x [-0.333962, —0.333274]
x [~0.333840, —0.332672] x [—0.333710, —0.332542] ),
Ay = Ag 0 ({1} x [0.998237, 1] x [—1, —0.997837] x [—1,—0.998237]),
[

As = Ag 1 ({1} x [=1,-0.999694] x [0.242614,0.249299] x [—0.249451, —0.242767]).

Moreover, the sets g, O, ®y and P53 all contain at least one critical point.

%Recalling that Ag := {(ao,al,ag,ag) € R? ‘ agp+ a1 +as +az = O}.

To prove Proposition 5.51, we proceed in the following way.

1. Using the symmetries of the problem (described thanks to the action of the
group Gy in section 5.4.2), we can sort the components ag, a1, as, as of vectors
in Ay by nonincreasing order of absolute values and we can make sure that
the first one is positive. Up to a multiplicative factor, we may normalize the
first component to one. More precisely, defining

Asorted = {(GOaalva%a?)) € AO | ag = 1 Z |Cl1| Z |Cl2| Z |a3|}7
then for every ¢ € N,, there exists g € G; such that g - ¢ belongs to

Afsorted = {71—/\/*(90(1) | ac Asorted}-

Thus, if we prove that for every ¢ € NMrea, there exists g € Gy such that
g - ¢ belongs to A; for some 0 < ¢ < 3, then the claim will follow.
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2. All elements of Ageq are of the form (1,a1,a2,1 — a3 — az). A simple
way to consider all elements of the set Agueq consists in considering all
couples (aj,az) € [—1,1]? and then only keeping the couples (a;,as) for
which (1, a1, as,1 — a; — as) belongs to Agorted-

3. More precisely, we divide the square [—1,1]* into small rectangular boxes
I x J. Each box corresponds to a set of couples (aj,as) € I x J. Then:

« if none of the associated quadruplets (1, ay,as,1 —a; — ag) for (a1, as) €
I x J belong to Agorteq, We discard the box since we just want to consider
all elements of Agorted;

e if the box is such that the set
{71'/\/’*((,0(1) | a:=(1,a1,a2,1 —a; — ag), (a1,az) € I X J}

does not contain any critical point®*, we also discard it.
)

4. After the previous step, we know that all critical points in NMteq are of the
form 7x, (V(1,a1,a0,1—-a1—a2)) Where (a1, az) belongs to a box from an explicit
list of small boxes in R%. Then, we group the many small boxes into “hulls”,
which are bigger rectangular boxes containing the connected components in
R? of the union of all the boxes from the list. After this step, we end up with
seven disjoint hulls. All critical points of Nyoieq belong to one of those hulls.

5. We remark that some of the hulls are “the same”, up to the symmetries. We
identify those hulls and merge them, so that we end up with four hulls.

6. In order to continue the reasoning with small boxes, we perform again step 3
on the four boxes we obtained with higher precision. Then, we collect again
the very small boxes in hulls so that we end up with four hulls again in the
end. Fzxecuting the code shows that those hulls are respectively included in

AU, ./41, AQ and ./43

7. To conclude the proof of the proposition, it remains to prove that every set
®,;, 0 <7 < 3, contains a critical point of J,. For this, it suffices to note that
fi belongs to®® A; for every 0 < ¢ < 3 and to apply Proposition 5.42.

5.5.4 Uniqueness of critical points corresponding to A, A,
A; and their nondegeneracy
Our strategy to prove uniqueness of critical points is based on the next proposition,

classical in convex analysis (see [140, Chapter 6, in particular Proposition 1.5]).
Since its proof is informative and elementary, we include it here for completeness.

54This is checked by estimating the Jacobian matrix of 7, using interval arithmetic.
5> Remark that, even though we do not know if ¢ is unique, we know that it belongs to
[0.246054, 0.246064] so that we know that (1,—1, ¢, —c) belongs to As;.
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Proposition 5.52. Let )y C E; and €5 C Ey be open subsets of two finite
dimensional real vector spaces Ey and Es. Let F : O x Qy — R be a C!
function. Let K1 C Q1 and Ky C € be two nonempty convexr compact sets.
Assume that:

1. for every x; € Ky, the map Ko — R : x5 — F(x1, 1) is strictly convex;

2. for every xo € Ky, the map K1 — R : xq — F(x1,1x9) is strictly concave.
Then, the function f has at most one critical point inside Ky x Ky. Moreover,
if such a critical point (y1,y2) € K1 X Ky exists, it is the only element of
K, x Ky satisfying the equality

F(yi,y0) = xrfgl% aglealé F(xq,22).

Proof. Let us assume that (y;,y2) and (21, 29) are two critical points of F' inside
Ky x Ks. Then, the convexity hypotheses imply that:

1. y; is a strict minimum of K7 — R : 21 — F(x1,42);

2. z is a strict minimum of K7 — R : 21 — F(21, 22);

Y

3. Yo is a strict maximum of Ky — R : x9 — F(y1, 22)
4. zo is a strict maximum of Ky — R : x9 — F(21,x2).

Using successively points 1, 4, 2 and 3, we deduce that

F(y1,y2) < F(z1,12) < F(21,22) < F(y1, 22) < F(y1,ya2).

Remarking that one of those inequalities is strict unless (y1,y2) = (21, 22) proves
the uniqueness claim. The min-max characterization follows from the inequalities

min max F(xry,z2) < max F(yy, 2o
r1€K1 22€ K> ( ’ ) ro€Ko (y ! )

= F(ylayZ)

= min F(x1,y2)

< min max F(xq,z9). H
r1€K71 22€K>2

Remark 5.53. If we further assume that f is C on ; x €, the convexity conditions
will follow if we show, for every (x1,z5) € K; X Ks, that the second differential
011 F (1, x9) is positive definite and that Oy F'(x1, z2) is negative definite.

The previous proposition is very convenient for our purposes. Indeed, the
functional 7, is C! and is C? on open sets containing ®;, ®,, @3 (since those sets
are included in S).
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In the space E,, we expect the functional®® 7, to possess a “min-max” type
structure around f, and f5. For vectors in the tangent plane T, N,, the min-max
structure depends on the type of critical point. We thus need to choose directions
suitably to identify in which directions 7, is convex and in which it is concave®”.
The functional will always be concave in the direction of functions themselves, due

to the Nehari-type geometry.

A small inconvenience occurs. Indeed, Proposition 5.52 requires to consider
functions defined on direct products. Mathematically, it seems that this does not
matter much (we just need to apply a change of basis, after all). However, all our
methods in the code label eigenfunctions using their associated quadruplet in Ay.
Moreover, we deal with “boxes” of parameters.

Therefore, we use a method to wrap our boxes of quadruplet into a larger
box aligned with given basis vectors, which we choose to be by := (1,—1,0,0),
by :=(0,0,1,—1) and by := (1,1, —1, —1) in our application. Let us illustrate this
in two dimensions in Figure 5.7. Starting with a box B, in axis (ay, as) (in which
we are locating critical points), we include it in a box By in axis (aj,ay). Then,
we wrap the obtained box in another yet larger box, parametrized again by a. This
is illustrated by boxes B, and B;. We thus create a “box in a box in a box”, so
that we keep using quadruplets a as parameters while making sure to enclose a
box parallel to the axis given by the vectors b, as required by Proposition 5.52.

az a1
ai

Figure 5.7: A box B in a box B, in a box 55

Now that all those concepts have been introduced, let us describe our method.

56That we consider here as a “free” functional on Es5, not constrained to N,.
57In elementary terms, we are just looking for a convenient basis in which one may compute
the Hessian matrix of 7, at critical points.
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1. We make the boxes A;, A; and Aj larger, in order to be sure to contain
large enough boxes aligned with the axis by, b1, b3, using the “box in a box in
a box” method.

2. We compute second derivatives by evaluating the relevant integrals explicitly.
Some care is required due to the presence of terms of the type [y In |¢(x)[(2) dz,
where ¢ has a root inside the interval on which we integrate its logarithm.
Let us explain how we deal with this singular integral.

o The expressions of eigenfunctions are explicit, so that we can compute the
position of the root (though, it will only be located into a small interval,
as usual).

e In the parts of the domain where there are no roots, we use our “standard”
methods of integration, based on Simpson’s method.

o In the small region close to the root, we use a bound based on information
on the derivative of ¢, which is basically the same as the bound (5.6) we
used to prove Lemma 5.14.

3. In the case of A, executing the code shows that the matrix containing the
second derivatives is negative definite, so that there is at most one critical
point corresponding to A;, which is necessarily f;.

4. In the case of As, executing the code shows that the matrix is positive definite
in span{bg, b1 } and negative definite in span{bs}.

5. In the case of Az, executing the code shows that the matrix is negative definite
in span{by, b; } and positive definite in span{by}.

6. In both cases, using Proposition 5.52, we deduce that .4, and A3 each contain
at most one critical point. In fact, those two critical points exist and are
given by f5 and f3 respectively.

Let us summarize what we obtained so far.

Proposition 5.54. The sets Ay, Ay and Az each contain exactly one critical
point of Js, namely f1, fo and f3. In particular, the constant “c” corresponding
to f3 is unique.

Since we explicitly studied Hessian-type matrices and checked their invertibility
(by determining subspaces for which they are positive definite or negative definite),
we deduce that [i, f> and f3 are nondegenerate.

We can be a bit more precise.

5.5.5 Variational characterization of /|, f; and f;3

Since fi, f» and f3 belong to S, the reduced Nehari manifold N, is C? in the
neighborhood of those critical points, as we saw in section 5.2.5.
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We may thus compute the signature of the Hessian of J,, constrained to the
tangent space Ty, N, for every 1 < i < 3. Ezecuting the code shows that f, has
index 2, f5 has index 0 and f3 has index 1. This corresponds to their description
as a minimum, a maximum, and a saddle point of J, on the two-dimensional
manifold N,, using Morse theoretical arguments.

5.5.6 (Local) uniqueness around f;

To end the proof of Proposition 5.44, it remains to prove that f, is the only critical
point in @, where we recall that, as in Proposition 5.51,

D) 1= {WN*(apa) | a € AO}.

As in the general theory, we are faced with a challenge: f, vanishes identically
on an edge, so that J, is not C* in the neighborhood of f,. Thus, we cannot
“simply” conclude by using Hessian matrices, as we did for [, f» and f5.

We recall that, since [ is a critical point of J,, the tangent space to N, at fj
is given by

Ty N = (fo)" {¢ € by ‘ (fo l¥)r2gy = 0},

using Proposition 5.23. Let us prove the following result.

Proposition 5.55. There exists € > 0 such that for all s > 0 and every
¥ € (fo)* such that sfy + 1) belongs to ©g, the inequality

TU(sfo+ )W) > ellvlF, (5.51)
holds.

Proof. Let us denote by eg the edge on which f; vanishes identically. Given s > 0
and 1 € (fo)* such that sfy + 1 belongs to ®;, we have (recalling (5.25))

Tisfo+ )] == [ (sfo+ ) nsfo + vl do
:_/ (sfo + ) ln|sf0—|—¢\z/1dx—|—/w2 ) dz (5.52)

Now, let us state a claim that is checked by the computer-assisted proof. We will
later detail how it is obtained .

« Claim 1. Taking D := 3.125, the inequality [|¢{)|| 1o(ep) < €77 is satisfied®®.

58Recall that sfy + 1 belongs to the “small box” ®; and that f; vanishes identically on eg,
so the fact that v is small on eg is not surprising. Nevertheless, it has to be verified.



348 CHAPTER 5. NEAR-LINEAR REGIME AND VANISHING ON EDGES

Using this claim and (5.52), we deduce that

Tish+ )] = - | Uol(l+1n|sfo+t¢])dt]w2dm+D/60¢2dx. (5.53)

gt\eo
We now state a second claim, obtained thanks to the computer-assisted proof.

« Claim 2. There exists € > 0 such that for every v € &, and every ¢ € {fy)*,
the inequality
Qu(th, ) > e|l¥|%,
holds, where the bilinear form @), is defined by

1
Qultr, ) == | [/ (1+ o)) dt] p2de+D [ prg2dr

Gi\eo LVO €o

Using this claim and (5.53) (remarking that all functions s f; + ¢ in (5.53) belong
to the convex set @), we deduce that

T (sfo+ )] 2 Qu(®,¥) 2 el lIE,,
which proves (5.51).

Thus, it remains to check that claim 1 and claim 2 hold. This may be done
using a rather direct method.

1. For claim 1, we may bound the L* norm of eigenfunctions using the explicit
expression of ¢, for a in the suitable box of parameters. We then make sure

that the bound is always less or equal than e~ P.

2. For claim 2, we compute the matrix of the associated bilinear form in a basis
of the tangent plane. More precisely, we compute a matrix of intervals where
each entry encloses the corresponding entries of the Hessian matrices of @),
where v lies in ®.

FEzxecuting the code, we check that those Hessian matrices are positive definite,
which is the case. Here, it was important to choose D “large enough” so that
the term HlpH%Q(eo) “brings positive definiteness”, as we saw in the proof of
Theorem 5.24. O]

It remains to end the proof of Proposition 5.44, by showing that [, is the only
critical point in ®,. But this follows easily from Proposition 5.55.

Let us assume that sfy + 1 belongs to @, and is such that J'(sfy + ¢) = 0.
Then, J'(sfo + ¥)[¢Y] = 0, and Proposition 5.55 implies that ¢» = 0. Thus,
J'(sfo) = 0. Since s > 0 and f; belongs to N,, we deduce® that s = 1, which
ends the argument.

Thus, Proposition 5.44 is proved. As we saw, it follows from a sequence of
more elementary statements, but several of them (propositions 5.50, 5.51, 5.54,
5.55) crucially require the computer-assisted tools we presented.

% Recalling the geometry of N, see e.g. (5.30).



Appendix A
What are metric graphs?

In this appendix, we define metric graphs and describe their metric space and
their measured space structures. We also define the Sobolev space H' on metric
graphs and prove Sobolev embedding theorems. Finally, we state and prove a
coarea formula for H' functions on metric graphs. Some care is required since we
are working in a rather low regularity setting.

The first sections hereunder are based on [247|, where one can find a formal
definition of metric graphs. A reference book on analysis problems set on metric
graphs is [68].

A.1 What are metric graphs?

A metric graph is made of a finite or countable number of vertices (or nodes)
joined by finitely many or countably many edges that join the vertices or go to
infinity. The edges going to infinity are called half-lines.

We say that two different vertices are adjacent if they share an edge.

Some vertices may be joined to themselves by an edge. In this case, we say
that this edge is a loop.

Let us consider the example of metric graph depicted in the following figure.

Cy Cy Cs Cy Cs Cs Cr Cs

00 00
€p VU1 €1 Vg €9 V3 €3 Vg €4 Vs €5 Vg € Uy €7 Vg €3
Figure A.1: An example of metric graph G with 8 vertices vy,...,vg; 7 edges
ei1,...,er with finite length joining distinct vertices; 8 loops Cy,...,Cg joining a

vertex to itself; two half-lines ey and eg.

In this example:

o the vertices v; and v, are adjacent since they are joined by the edge e;. The
vertices v3 and v; are not adjacent;

o the edge C3 is a loop joining the vertex vz to itself;
o the edges ey and eg are half-lines;
o there are 8 vertices and 24+ 7 4 8 = 17 edges in total.

349
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The degree of a verter v is the number of edges incident at v, counting twice
any self-loop at v. We denote it by deg(v).

In the previous example, all vertices have degree 4. For instance, vg is joined
to edges es, eg and Cg (which counts twice since it is “attached twice” at vg).

The same vertices may be joined several times by different edges, as is the case
for the triple-bridge graph depicted hereunder.

N Vi N
N

Figure A.2: The triple-bridge

Given a metric graph G, we denote by V its set of vertices and by E its set of
edges. We consider G as a set of points (the vertices and the points in the interior of
the edges), endowed with the metric space and measured space structures defined
in the following sections.

Nevertheless, we will often simply write G = (V, E) where V is the set of vertices
of G and E is the set of edges of G.

So far, we only described the structure of a graph. Our graphs are metric,
which means that all edges have a given length. We denote the length of an edge
e by |e|. If e joins two vertices, then |e| belongs to (0,400). If e is a half-line, it
has an infinite length and we set |e] := +o00.

In all the thesis, we only consider combinatorially locally finite! metric graphs,
i.e. so that the degree of every vertex is finite: deg(v) < oo for all v € V.

We assume that all our metric graphs are connected, i.e. that one may join
any pair of points of the graph by a continuous path. We will make this notion
more precise in the following section, where we will use the length of shortest paths
between points to turn metric graphs into metric spaces.

A.2 Metric graphs are metric spaces

Connected metric graphs are metric spaces when equipped with the shortest
path metric dg (see e.g. [247]), defined for all z,y € G by

dg(z,y) = inf £p),

z,y

where P, , is the set of paths joining  and y, and where ¢(p) denotes the length of
such a path p. By definition, G is connected if P, , is non-empty for all z,y € G.

1Using the same terminology as in [247].
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More precisely, P, , is given by
P, = {(wl, o wy) €GF ‘ keZ2' x=w,y=wgws,..., w, are vertices,
w; and w;,1 belong to the same edge for all 1 <i <k — 1}.

Moreover, given a path p = (w1, ...,w;) € Py, its length is given by

U(p) == Z | w; w1 |

1<i<k—1
where w;w;,; denotes the edge? joining w; and w; .

Let us now characterize compact metric graphs.

Proposition A.1. The metric space (G,dg) associated to a (combinatorially
finite) metric graph G is compact if and only if G is made of a finite number
of edges of finite length.

Proof. Step 1. If G is made of a finite number of edges of finite length,
then G is compact. Indeed, any sequence of points (z,),>1 C G, contains
a subsequence of points all belonging to the same edge of G, which admits a
convergent subsequence in G since edges of finite length are compact as an edge is
closed by definition.

Step 2. If G is compact, then G is made of a finite number of edges of
finite length. Otherwise, assume that either G contains at least one half-line or
G contains infinitely many edges of finite length.

o If G contains at least one half-line, then a sequence of points going to infinity
along the half-line does not admit any converging sequence to a point of G and
G is not compact.

 If G contains infinitely many edges of finite length, the sequence (my),>1 € G
of midpoints of those edges does not admit any converging subsequence.
Indeed, if a subsequence (m,,),>1 of (Mmy,),>1 converges to some = € G, then:

= if z belongs to the interior of some edge e € E, then m,, also belongs to e
for every n large enough, which contradicts the construction;

» if x is a vertex of G (i.e. x € V), then m,, would need to belong to one of
the finitely many edges adjacent to = for n large enough, which contradicts
the construction.

We thus found a sequence of points of G without a converging subsequence, showing
that G is not compact. n

2Note that wyws and wy_jwy, are in general only portions of the original edges since = and
y are not necessarily vertices.
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Let us now discuss the hypothesis inf.cg [e| > 0, that holds in all chapters, see
in particular the definition of classes G1 (on page 156), G (on page 181), and G4
(on page 253).

It comes naturally into play while studying a metric graph as a metric space,

as can be seen in the following proposition.

Proposition A.2. Let G be a metric graph such that inf.cg |e] > 0. Then
(G,dg) is a complete metric space.

Proof. Let (x,)n>1 € G be a Cauchy sequence in (G, dg), so that
Ve > 0,dng > 1,Vn,m > ny, dg(Tp, Ty) < €.
We define
Dy := liminf inf dg(x,,v) € [0, +o00].

n—oo peV

Let us distinguish two cases.

Case 1. If Dy = 0.

Then, there exists a subsequence (z
(Un)n>1 € V such that

/

" n>1 € (25)n>1 and a sequence of nodes

lim dg(z),v,) = 0. (A.1)

n—oo

Given n > 1, we have

dg(Vn, Vny1) < dg(vn, 27,) + dg(2),, 27, 1) + dg (27, 1, Vny1) —— 0.

n—o0

Since inf.cg |e] > 0, we deduce that there exists v € V such that one has v, = v
for all n large enough.

Then, (A.1) shows that (27,),, converges to v. Since (x,,), is a Cauchy sequence,
we deduce that it also converges to v.

Case 2. If Dy > 0.

In this case, the sequence eventually stays far away from the vertices. Thus,
there exists an edge e such that x,, belongs to e for all n large enough. Moreover,
identifying this edge with an interval of real numbers, the distance dg(z,,zm)
is equal to |z, — x| for all indices n,m large enough. We conclude using the
completeness of closed real intervals for the usual Euclidean distance. O

Remark A.3. The hypothesis inf.cg |e| > 0 cannot in general be removed in the
previous proposition.

Indeed, let us consider the binary tree with “shorter and shorter edges” shown in
Figure A.3. Then, the sequence of vertices “on the leftmost side” (see the sequence
(n)n>1 depicted on the figure) is a Cauchy sequence but does not converge to a
point of the graph since there is no corresponding limit point.
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Ty

)

€3

Figure A.3: A binary tree with shorter and shorter edges

A.3 DMetric graphs are measured spaces

We will not go into details on integration in metric graphs, referring the reader
e.g. to [247] for more information.

The point is that we may reduce ourselves to functions defined on each edge,
naturally identified with intervals of R (see Figure A.4). We can thus integrate
using the rule

[ f@)yde =3 [ fiolw) . (A2)
g ecEY®
where f|. is the restriction of f to e, so that the integrals on the right hand side
are usual Lebesgue integrals of real-valued functions defined on intervals.

1 Jo

S

€2

f2 f

01 2 3 4 5 6

Figure A.4: A metric graph G with three edges ey (length 5), e; (length 4) and e
(length 3) and three real functions fj, f; and f, associated to a function f : G — R.
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Metric graphs can be naturally endowed with a measured space structure, using
their Borel o-algebra associated to their metric dg and a measure A\g which simply
amounts to sum the lengths over all edges. Indeed, if A C G is measurable, then

] = Ag(4) = Y [Ane],

ecE

where we use the notation |- | to denote the Lebesgue measure on subsets of R as
well as its natural generalization to metric graphs. In particular, we have

Gl =>_lel.

ecE

As we already mentioned, we can interpret the integral on the left hand side
of (A.2) as a Lebesgue integral with respect to the measure \g. We will simply
note dz in integrals instead of d\g. In particular, we may define LP spaces in the
usual sense. When p belongs to [1, +00), we have

LP(G) = {u :G—R ’ u is measurable and / lu(z)P dz < +oo}.
g

Remark A.4. A word of caution: if a metric graph G has finitely many edges,
then a function u : G — R is integrable if and only if all its restrictions to edges
are integrable as well. This is however wrong if G has infinitely many edges.

A.4 Weak derivatives and the space H'(G)

One may naturally define a notion of weak derivatives for functions defined on
metric graphs by differentiating them edge by edge.

Definition A.5 (Weak derivatives on metric graphs). Let G be a metric graph
and f : G — R be a locally integrable mapping. Then, a function [’ is a
weak derivative of f if and only if its restrictions to all edges of G are weak
derivatives® of the restrictions of f to the edges.

“See e.g. [334, Section 6.1] for a definition of the weak derivative. We will denote by
Wlicl (D) the space of functions which possess weak derivatives on a domain D.

As for function define on real intervals, one may show that weak derivatives
are unique up to almost everywhere equality. Note that in the previous definition,
continuity of f at the vertices is not required. However, we will require continuity
in the following definition.



A.4. WEAK DERIVATIVES AND THE SPACE H'(G) 355

Definition A.6. The Sobolev space H'(G) is defined as

HY(G) = {u : G — R | u is continuous, has a weak derivative v’

such that w and «’ belong to LZ(Q)}.

It is a Hilbert space® when endowed with the scalar product

(u | v) (g ::/gu(x)v(x) dx+/gu'(x)v'(x) dz

The norm on H' is given by ||ul|g1g) == /(v | w)p1(g)-

“Since strong H! convergence implies LS, convergence (see the next proposition), the
continuity is preserved when taking strong H! limits.

We now state and prove Sobolev embedding theorems.

Proposition A.7. Let G be a metric graph. Then, the Sobolev space H'(G)
is continuously embedded in the space of continuous bounded functions on G.
For alluw € HY(G), the Sobolev inequality

]| o=@y < max{2, 1/\@1} |l 1.6y

holds, where |G| is the total length of G. Moreover, if |G| = +oo, the more
precise Gagliardo-Nirenberg inequality

1/2 1/2
lull L) < V2l il 1]l g,

holds.

Proof. All H'(G) functions are continuous by definition (this definition made sense
since H' functions on intervals of R are necessarily continuous). We want to be
more precise about Sobolev embeddings on metric graphs. Let us fix two points
x,y € G. Since the graph is assumed to be connected, and writing L := dg(x,y), we
know there is a path « : [0, L] — G, so that 7(0) = x and v(L) = y, going through
finitely many edges, and such that |7'| = 1 almost everywhere. The composition
u, :=wuo~isan H'([0, L]) function. We have

u(y)2 - u<x)2 = UW<L - uv / 2“7 dt < 2HU7HL2(0L] ||u HL2 ([0,L]) s
using the Cauchy-Schwarz inequality. Therefore, for every z,y € G, we have

u(y)” < w(@)” + 2llull 21w 2(g). (A.3)
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If |G| = 400, then inf,cg |u(x)| = 0 (since u belongs to L*(G)), hence by taking
the infimum on x in (A.3), we obtain

u(y)? < 2llull 2 1|l z29)
for all y € G, which proves the Gagliardo-Nirenberg inequality.
If |G| < 400, we remark that

2
2 2 .
Jullag) = [ Juf*de > (inf Ju(@)]) 191,

2 ullZs
(inlu() < =5

Using the previous inequality in (A.3) gives

hence

ul|72(g
u(y)® < |g|() + 2[|ul| 2gy 1] 2(g)

for all y € G. Taking the supremum for y € G gives

1/2
]| o=@y < max{2,1/G]}

which proves the announced Sobolev inequality. O

||U||H1(g)

Corollary A.8. Let G be a metric graph and let p € [2,+00|. Then, there
exists a constant C(p, |G|) such that, for allu € H'(G), the Sobolev inequality

1/2—1
Y g

]l Log) < max{2,1/|G]

holds. Moreover, if |G| = +o00, the Gagliardo-Nirenberg inequality

lulliag) < 22717 ull gy e/ iy
holds.
Proof. We remark that
lullZe(g) = /Iu )P < lull7g) lull?zg)- (A4)

If |G| < 400, we have
1/2
lull (@) < max{2,1/IG]} i)

by the L>°(G) Sobolev inequality. Since |[u|r2g) < ||u||m1(g), we obtain

-1
el gy < max{2, 1/yg|} [l g)

which proves the Sobolev 1nequahty.
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If |G| = 400, we have
1/2 1/2
lullz=(6) < V2ull gl l15(g)
by the L>°(G) Gagliardo-Nirenberg inequality. Inequality (A.4) gives

_ 2+1 2—1
lullsoig) < 272l 1 1555,

which proves the LP(G) Gagliardo-Nirenberg inequality. O

Finally, let us show that the injection of H'(G) in LP(G) is compact when G is
compact and p € [2, +00].

Proposition A.9. If G is a compact metric graph then, for every p € [2,400],
the Sobolev embedding H'(G) < LP(G) is compact.

Proof. Using Proposition A.1 we know that G is made of m edges ey, -- , e, of
finite length, so that E = {e1,--- ,en}.

Let (un)n>1 € H'(G) be a bounded sequence in H'(G). We have to show
that there exists a subsequence of (u,),>1 converging strongly in LP(G) to some
function v € LP(G).

Since (uy,)n>1 is bounded in H'(G), its restriction to any edge e; (1 < i < m)
is bounded in H'(e;). Since the embedding of H*(I) into LP(I) is compact for
any bounded interval I C R (see [85, Theorem 8.8]), we deduce, up to passing to
a subsequence m times, that (u,),>1 has a subsequence (u,, )r>1 so that for all
1 <i < 'm, the sequence of restrictions (un,|e, )r>1 converges strongly in LP(e;) to
some v; € LP(e;).

Let us define a function v : G — R by?

o(x) = v () %f x € int(e;),
0 itz eV.

Then, v belongs to LP(G) and the sequence (uy, )g>1 converges strongly to v in
LP(G) as it converges strongly in LP(e;) for every 1 < ¢ < m. Therefore, the
Sobolev embedding H'(G) < L?(G) is compact. O

A.5 Coarea formulas

A.5.1 A simple case: C'-diffeomorphisms on intervals

Let I = (a,b) be a bounded nonempty interval of R. Let f € C'(I) and assume
that f* > 0 on [a,b]. Let J := (f(a), f(b)).

3In fact, the value given for 2 € V does not matter since V has measure zero in G.
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Then, f~! is a well-defined C'(J) function so that f is a C'-diffeomorphism
between the open sets [ and J.

Moreover, if g € C(I), then the change of variables formula with ¢ = f(x) gives
oo O
[ o) @yde= [ “(f7 @) de

Rewriting this equality in a way that will be useful later, we also have

/ g(2)f'(z) do = /R ( Z{t})g(az)> dt, (A.5)

zef1(

where the set f~'({t}) is a singleton if y belongs to J and is empty otherwise.

A.5.2 Change of variables and coarea formulas for W,5.(I)
functions, I interval of R

In all this section, let I be an open, possibly unbounded, interval of R.

The following theorem generalizes the change of variables to W,! functions.
We refer to [176, Theorem 2] or [230, Theorem 1.1] for a proof.

Theorem A.10 (Coarea formula for W, (I) functions). Let f : I — R be a
VVlicl(I) mapping, which we identify with its unique continuous representative.
Let g : I — [0,400] be a nonnegative measurable function. Then,

1. For almost every t € R, the set f~'({t}) is countable or finite.

2. The map
R—[0,400]:t > > g(z)
zef~1({t})

is measurable (note that the sum is taken over an at most countable set
for a.e. t € R according to the previous claim).

3. The equality
Jo@lf@lde=[ > gl) (A6)
zef~1({t})
holds, where both integrals are given by Lebesgue integrals of nonnegative

functions, taking values in [0, +o0].

Remark A.11. There are two important differences between equality (A.6) and
the change of variables for C!-diffeomorphisms (equality (A.5)): the regularity was
lowered from C* to W' and f is not assumed to be injective* anymore.

4Which was formulated by requiring that f’ > 0.
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A.5.3 The coarea formula on metric graphs

Theorem A.12 (Coarea formula on metric graphs). Let G be a metric graph.
Let f : G — R be a measurable mapping, whose restrictions to the interior
of all edges of G are assumed to belong to Wﬁ)cl Let g : G — [0,400] be a
nonnegative measurable function. Then,

1. For almost every t € R, the set f~'({t}) is countable or finite.

2. The map
R—[0,+00] it > g(x)
zef~1({t})
1s measurable.

3. The equality

Lo@lr@lde= [ 3 gl ar

ef~1({t})
holds.

Remark A.13. We do not assume that f is continuous at the vertices of G, as this
is not required in the proof.

Proof of Theorem A.12. We write G = (V,E). For every e € E, Theorem A.10
applied to the restrictions of f and g to the interior of e implies that e N f~1({t})
is countable or finite for almost all e € E and that

R—[0,+00] it > g(x)
zeenf~1({t})

is measurable. Since E and V are countable or finite, we deduce, again from
Theorem A.10, that f~!({t}) is countable or finite for almost every e and that

t— > => Z 9(x)

xef—l({t}) e€E zeenf—1({t})

is measurable, since a series® of measurable functions is measurable. Moreover,

Lo@lf@lde= [ 3 gl ar

zeenf—1({t})

holds for every e € E.

50r a finite sum.
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Applying the Fubini-Tonelli theorem for the Lebesgue integral of nonnegative func-
tions, we obtain

[ o@r @)l de =3 )| de

ecE e

= Z/ Z g(x) dt

eckE z€enf~1({t})

—/Z Z g(x) dt

ecE zeenf-1({t})

—/ > g(x) dt. O

zef~1({t})

From Theorem A.10, we can deduce the following “Sard-type®” result.

Proposition A.14. Let G be a metric graph. Let f : G — R be a measurable
mapping, whose restrictions to the interior of all edges of G are assumed to
belong to VVQ)C1 We consider a fixed representative f' : G — R of the weak
derivative of f. Then, for almost every t € R, the set f~1({t}) does not
contain any critical value, namely

Vo € fTH({t}), f'(x) # 0
Proof. We define
1 if f'(z) = 0.

Then, ¢ is a nonnegative measurable function such that, for all z € G, the equality
g(z)|f'(x)| = 0 holds. Using the coarea formula (Theorem A.10), we obtain

o= [atlrwia~ [ ) })gm) i

zef1(

o(e) i {0 if f'(z) # 0,

Therefore, for almost every ¢ € R, one has

zef~H({t})
which ends the proof by definition of g. ]

SFor a proof of Sard’s theorem for smooth functions, see e.g. [242, Chapter 3.



Appendix B

Decreasing rearrangement
on metric graphs

In the following sections, we present the notion of decreasing rearrangement
of functions from a measured space to the half-line. Then, we focus on the case
of H' functions defined on a metric graph. Using the coarea formula presented
in Appendix A (Theorem A.12), we prove precise versions of the Pélya-Szeg
inequality, refined by taking into account the “number of preimages” of functions.
We show how the symmetric rearrangement of functions is obtained as a variant
of the decreasing rearrangement.

The first sections that follow are heavily based on the first chapter of the
author’s master’s thesis [159], itself based on lecture notes by A. Burchard, see [87].
They both contain further references about the rearrangement techniques, their
history and their use to study variational problems.

We will use several notions from measure theory. A reference on the topic is
the book of J.F. Le Gall [215].
B.1 Decreasing rearrangement on the half-line

B.1.1 Rearrangement of measurable sets on the half-line

Let (€2, A, 1) be a measured space (e.g.a metric graph equipped with its Borel
o-algebra and the Lebesgue measure of the graph Ag, see Appendix A). We denote
by A the Lebesgue measure on R and do not distinguish it with its restrictions to
measurable subsets of R.

Definition B.1. The rearrangement of a set A € A is the interval A* given by
A" = (0, u(A)),

with the convention that (0,0) := @.

Remark B.2. If A € A, then p(A) = A(A%).
Remark B.3. If A,B € A, then A C B = A* C B*.

361
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Notation B.4. We denote by F* the family of subsets of (0, +00) defined by
Fr={a}u{0,r)|r>0}U{(0,+00)}.

We remark that F* is stable by unions and by finite intersections.

Proposition B.5. If A, B € A, then
(AN B) < AA*N BY).
Proof. Since A* and B* belong to F*, we have
MA*N B") = min(A(A"), \(B")) = min(u(A), u(B)).

Moreover,
WANB) < p(A) and p(ANB) < p(B).

Therefore,
(AN B) < min(u(A), u(B)) = \(A* N BY). O

Proposition B.6. If (A,),>1 C A is an increasing sequence, then

U= (Uan).

n>1 n>1

Proof. We first recall that if (E,),>; C A is an increasing sequence of sets, then

i (U En) = sup u(E,). (B.1)

n>1 n21

In our case, (A,),>1 and (A}),>; are two increasing sequences of sets. Thus,
for all n > 1, we obtain

A <U A;) = sup AM(A}) = sup u(A4,) = u (U An> =\ ((U An> )
n>1 n21 n2>1 n>1 n>1
where we used equality (B.1) with (A,)n,>1 and (A%),>1 as well as the fact that
the rearrangement of sets preserves the measure.

The sets (UnZl A;) and (Un21 An>* belong to F* because all sets A’ belong
to F* and this family is stable by union. This ends the proof since two distinct
elements of F* have distinct measures. O



B.

1. DECREASING REARRANGEMENT ON THE HALF-LINE 363

B.1.2 Decreasing rearrangement of admissible functions

on the half-line

Definitions and first properties

Definition B.7. Let u : 2 — [0, +00] be a nonnegative function. Its superlevel
sets are defined by
{u>t}={xec|ul)>t}

for a parameter t € R. We say that u is admissible if it is measurable and if
its superlevel sets have finite measure for all ¢ > 0.

Theorem B.8. Let u : Q — [0, +00] be an admissible function. There exists
a unique nonnegative function u* on the open interval (0, u(2)) (equal to the
whole open half-line (0,400) if (Q) = +00) whose superlevel sets are given
forallt € R by {u* >t} = {u>t}*.

Proof. If such a function u* exists, it is unique since a nonnegative function is
determined by its superlevel sets. To prove the existence, we define

fo

u*(z) == sup{t €R ‘ x € {u> t}*},

rall z € (0,u(2)). Given t € R, let us show that equality {uv* >t} = {u > t}*

holds. We will prove both inclusions separately.

If z € {u* > t}, i.e. if u*(x) > t, then there exists s > ¢ such that = belongs to
{u > s}*, by definition of u* as a supremum. Therefore, x belongs to {u > t}*
since the inclusion {u > s} C {u > t} implies that {u > s}* C {u > t}*.

Using Proposition B.6, we have

{u>t}y = (U{u > s}>* = J{u> s}~

s>t s>t

If x € {u > s}*, then u*(x) > s by definition of u* as a supremum, so u*(z) >t
since s > t. Hence, we have {u > t}* C {u* > t}. O

Definition B.9. The function v* defined in the previous Theorem B.8 is called
the decreasing rearrangement of u.
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N\

€9 €o -

g

Figure B.1: A function on a metric graph and its decreasing rearrangement

Remark B.10. The following properties hold.

« Rearrangement of functions is compatible with rearrangement of sets, since for
every measurable set A € A, we have 14 = (14)".

o The rearrangement u* is a decreasing function on (0, u(2)).

o Two admissible functions equal almost everywhere have the same decreasing
rearrangement.

The following useful proposition can be proved using standard techniques (see
e.g. [159, Sections 1.2 and 1.3] for more details).

Proposition B.11. Let u : Q — [0,4+00] and f : [0,4+00] — [0, +00] be two
measurable functions. If we assume that f(0) =0 or that u > 0, then

[ r@yan = [ p @) an

Remark B.12. We cannot assume that f(0) = 0 without loss of generality, since
the fact that two functions fi, f : [0, +00] — [0, +00] are equal almost everywhere
does not imply that Q@ = R : z — fi(u(x)) and Q@ = R : 2 — fo(u(x)) are equal
almost everywhere, as can be seen by considering u =0, f; =0 and f, given by

fol) = {1 if v =0,

0 otherwise.

Decreasing rearrangement of nonnegative L? functions

Notation B.13 (Nonnegative L*(€, A, 1) functions). We denote

L3 A 1) = {ue L*(Q,A, 1) | u>0}.
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Proposition B.14 (Conservation of L? norms). Let u € L2 (2, A, ). The
function u* belongs to L2 (0, u(Q)) (where the open half-line is equipped with
its Borel o-algebra and the Lebesque measure) and we have

lullz2,a,m) = w122 0,00))-

Remark B.15. This operation is well defined on L2 (9, A, 1) since two functions
equal almost everywhere have equal decreasing rearrangements, see Remark B.10.

Proof. 1t is clear that the rearranged functions are nonnegative. To prove equality
of the L? norms, it suffices to apply Proposition B.11 to the function f(t) := ¢2
(extended by f(+00) = +00). O

The following theorem claims that the decreasing rearrangement increases the
L? scalar product between functions.

Theorem B.16 (Hardy-Littlewood). Let u,v € L3 (Q, A, p). Then,

()
/u(:l:)v(m) du §/ u*(z)v*(z) de.
Q 0
Proof. For every t > 0 and every x € {2, we have

ﬂ{u>t} (ZL’) = ﬂ[oﬂ(x))(t). (BQ)

The map t +— Ly, (x) is measurable since it is the indicator function of the
interval [0,u(z)). Integrating equality (B.2) on [0, +oc], we obtain

u(z) = /[Moo] Lo (e (1) dt = /[O’m] sy (z) dt.
Applying the same reasoning to v, we deduce that
u(@)o(z) = ( / " Lo (@) ds) < / e (@) dt) |
Therefore, we obtain
+oo +o0
[u@e@dn= [ ([ 1@ ds) ([ 1y dt) an

+oo  pHo00
:/0 /0 (/Q L{ussyngos1y () du) dsdt

_ /0+°° /0*‘” u({u> sy {v > t}) dsde (B.3)

using Fubini’s theorem for positive functions.
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Similarly, we have

/O+OO u*(z)v*(z) dz = /O+OO /O+Oo A{u* > s} n{v* > t})dsdt. (B.4)
By definition of the rearrangement operation, equalities
{u* > s} ={u>s}"and {v* >t} ={v > t}"
are satisfied for every s,t > 0. Using Proposition B.5, we obtain
p({u > sn{v>t}) < A{u" > spn{v* >t}). (B.5)
Hardy-Littlewood’s inequality is deduced from (B.3), (B.4) and (B.5). O

The preceding propositions imply that the decreasing rearrangement decreases
the L? norms between functions, as shown in the following result.

Proposition B.17. If u,v € L3 (Q, A, i), then

* *
[v” = vl 20 nee) < llu = vllz@.am -
In particular, the decreasing rearrangement defines a continuous map

L2 (A, 1) — L*(0, u(Q)) = u > u.

Proof. Let u,v € L2 (9, A, n). Using the conservation of L? norms and Hardy-
Littlewood’s inequality (Theorem B.16), we obtain

[[u — U*”?ﬂ(o,u(m) = ||U*||%2(o,u(9)) + HU*H%%O,#(Q)) —2(u" | U*)m(o,u(g))
= HUH%Q(Q,A,M) + HU”%Q(Q,A,M) =2 (u" [ 0") 20 i)
< lullZa@ap + 0llZ2@a — 2 (u] V) 1200, A

= |lu— UH%%Q,A,M- L

B.2 Decreasing rearrangement of functions in H'
and the Pélya-Szeg6 inequality
B.2.1 Piecewise affine functions on intervals

First, we will introduce a precise form of the main inequality under study in a
simple setting. This will allow to have some intuition of what is behind the result
without needing to use technical tools.
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Proposition B.18 (Pdlya-Szegé inequality for piecewise affine functions).
Let I be a possibly unbounded open interval of R and let w : I — R be a
nonnegative piecewise affine function with bounded support. Let A C [0, +00)
be a measurable set and let N > 1 be an integer so that

#u ' ({t}) >N  forae te A

Then, the decreasing rearrangement u* : (0, |I|) — R belongs to H*(0,|I|) and
is such that

1) 222y < Fll lz2-1cay-

Proof. We write u(I) C J, U--- U Jg, where Jy,- -, Jg are disjoint non-empty
intervals so that for all 1 < i < K, u~!(J;) consists of a disjoint union of open
intervals on which w is affine. Let J be one of those open intervals (see Figure B.2).
Let Iy,--- , Iy be so that u™'(J) = [ U---UIy. We define ¢; := |I;]. A direct
computation shows that
12 112 ‘JP
Ju ||L2(u*1(J)) = Z Ju ||L2(IZ-) = Z gigT =

1<i<N 1<i<N

3 Kk

1<i<N ¢

Since u* is decreasing and since [{x € (0, |I|) | u*(z) > t}| = {x € I | u(z) > t}|

for all t € R, the set (u*)~'(.J) is an interval of length >, ;< l;, thus
* 2 _ |J|2
[ (u )/HLQ((u*)—l(J)) = m

The inequality between arithmetic and harmonic means implies that

> i<i<n i S N

N - Zlgz‘ngli
so that
Hul”%m—lu)) > Nz”(u*),H%Z((u*)—l(J)) = H(U*)IH%Q((u*)—l(J))'
Adding the previous inequality over all intervals Jy, - , Jx ends the proof. O]
| \ Jo by
g\ N,
(‘1 [_) (‘;5(4 (‘1 +(_)+1;+(4

Figure B.2: A piecewise affine function u and its decreasing rearrangement u*
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In what follows, we will prove a similar result on metric graphs and for H'(G)
functions instead of piecewise affine functions. Since the proofs rely on “slicing
the range of functions”, we will need to use the coarea formulas presented in
Section A.5 of Appendix A.

First, let us lower the regularity required in the Polya-Szegé inequality on
intervals of R. This goal is achieved in Proposition B.21.

B.2.2 H' functions on intervals

Let us begin by proving the following Lemma.

Lemma B.19. Let I be a possibly unbounded open interval of R. If there exists
R C HY(I), a dense subset of the set of nonnegative H(I) functions such that
the Pélya-Szegd inequality

1) 20,1y < 1| z2n)
holds for all u € R, then it holds for all nonnegative H'(I) functions.

Remark B.20. One may wonder why we first prove the “classical” Pélya-Szegd
inequality for H' functions before its refined version as stated in Theorem B.23
below. The main reason for this is that it is important to know a priori that u*
belongs to H! before applying the reasoning of Section B.2.3.

Moreover, even though we proved a refined Pélya-Szeg6 inequality for piecewise
affine functions in Proposition B.18, it seems delicate to control the number of
preimages when approximating H' functions by piecewise affine functions, so we
“lose the refinement when passing to the limit”.

Proof of Lemma B.19. Let u be a nonnegative H'(I) function. By density, there
exists a sequence (u,),>1 C R converging strongly to v in H' and such that

1(ur) 20,11y < Nlugllz2cn (B.6)
for all n > 1. Moreover, one has
w20,y = [l L2 (B.7)

Using (B.6) and (B.7), we deduce that the sequence (u}),, is bounded in H'(0, |I]).
We can thus assume that it converges weakly to some v € H'(0, |I]).

Proposition B.17 implies that (u),, converges strongly to u* in L?(0, |I]). Since
both limits also take place in the sense of distributions, one has v = u*. So (u}),
converges weakly to u* in H'(0, |I]), thus

(@) [ z20,my < liminf [[(uy) || 2o,z < Hminf [Jup [ z2y = [u'l 22y

by lower semi-continuity, (B.6) and strong H' convergence of (uy), to u. O
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We now have at our disposal all the required tools to prove the Polya-Szego
inequality for H' functions on intervals.

Proposition B.21 (Pdlya-Szegd inequality for H' functions on intervals).
Let I be a possibly unbounded open interval of R. Let w € H*(I) with u > 0.
Then, its decreasing rearrangement u* belongs to H'(0,|I|) and the Pdlya-
Szeqd inequality

1(w™) [l 20,1 < 11l 22y

holds.

Proof. Let R be the set of piecewise affine functions with bounded support in I.
The set R is dense in H'. Indeed, one can first approximate H' functions by
H*' functions with bounded support, then approximate them by piecewise affine
functions'. Tt then suffices to use Proposition B.18 (with A equal to the image of
wand N = 1) and Lemma B.19. O

Remark B.22. Other choices could have been performed for the dense set R, for
instance C! functions (see e.g. [135, Theorem 1]). In [135], G.F.D. Duff refines the
Pélya-Szegd inequality for C! functions on intervals by considering the number of
preimages of functions, as we saw for piecewise affine functions in Proposition B.18.

B.2.3 The number of preimages and a refined Pélya-Szeg6
inequality on graphs
Our goal in this section is to prove the following theorem?.

Theorem B.23 (Refined Pdlya-Szegd inequality). Let G be a metric graph
and v € H'(G) be a nonnegative function. Let A C [0,+00) be a measurable
set and let N > 1 be an integer so that

#u'({t}) = N for a.e. t € A.

Then, the decreasing rearrangement u* : (0,|G|) — R belongs to H(0,|G|) and
is such that

1) 214y < wlle 221 ay)-
Moreover, if the equality
1) 22 (sy-1cay = w1 |21y

holds, then #u~*({t}) = N for a.e. t € A.

LA well-known technique when using finite element methods, see e.g. |84, Section (0.3)].
2In what follows, we will consider metric graphs as in Appendix A. In particular, they may
have infinitely many edges but are combinatorially locally finite and satisfy inf.cg |e] > 0.
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Remark B.24. Since #u~'({t}) > N for a.e. t € A, the set (R\ u(G)) N A is
negligible, i.e. A is “essentially included” in u(G).

Before proving Theorem B.23, we will need the classical Polya-Szego6 inequality.
Its proof will turn out to be quite delicate.

Lemma B.25. Let u € HY(G), with u > 0. Then u* belongs to H(0,|G|) and
1) N z2(0)g) < 1l 22g)-
In the proof of Lemma B.25, we will need the following result.

Lemma B.26 (The “cut-and-paste” lemma). Let a,b € (0,+o0]. Consider
ue HY0,a), ve HY(0,b). We assume that u > 0,v > 0 and that

Range(u) N Range(v) # &,

where Range(u) := {u(z) | = € (0,a)}, Range(v) := {v(x) | x € (0,b)}. Then,
there exists a nonnegative decreasing function ¢ € H*(0,a + b) such that for
all t > 0, the equality

{v >t} = {u >t} + [{v >t} (B.8)

and the inequality

10 1720018 < 10 11720,0) + 1101122 00) (B.9)
hold.

Proof of Lemma B.26. According to Proposition B.21, we can assume that u and
v are decreasing, up to replacing v by u* and v by v*, as this operation does
not change the measure of the superlevel sets and decreases the L?-norm of the
derivatives. We extend u and v to decreasing continuous functions on [0, a| and
[0, b] respectively, still denoted by u and v.

By assumption, the two intervals {u(z) | x € [0, a]} and {v(x) | x € [0, ]} have
a non-empty intersection, which is a closed interval J.

As u is decreasing, the sets u™(J) = [a1, ag] and v=1(J) = [by, by are nonempty
closed intervals (possibly reduced to a singleton if a; = ay or by = by). We split
the intervals [0, a] and [0, b] as

[0, CL] = [0, al] U [al, (12] U [CLQ, CL], [0, b] = [0, bl] U [bh b2] U [bg, b]

One has®
u(ay) = v(by) = sup J = min(u(0),v(0))

3If @ = 400 or b = 400, then inf J = 0 so that as = a, by = b, u(+00) = v(+00) = 0 and we
should just split the intervals in two parts.
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and
u(asz) = v(be) = inf J = max(u(a), v(b)).

Moreover, we have either a; = 0 (if u(0) < v(0)) or by = 0 (if u(0) > v(0)).
Similarly, we have either as = a (if u(a) > v(b)) or by = b (if u(a) < v(b)).

We define a function w : (—(ag — aq),by — b1) — R by

{u(a1 —x) ifzx € (—(ay—ay),0),

w(z) = v(by +x) ifz € (0,by —by).

Since w is continuous at 0 (as u(a;) = v(by)), it belongs to H'(—(ay —ay), by — by).
The function w* belongs to H'(0,as — a; + by — b;) and is such that

w*(0) = u(ay) =v(b), w(az—ay+by—0by)=u(az) = v(ba), (B.10)

1) 20,05 -ar 48560y < 1 Z2(00.0) + 1V 12200 ) (B.11)

and, for all ¢ > 0, one has
Hw* >t} = {w > t}| = [{u >t} N [ay,as]| + [{v > t} N a1, as]]. (B.12)

We are finally ready to define 1. Since a; = 0 or b; = 0, we assume without
loss of generality (up to switching the roles of u and v) that b; = 0. There remain
two cases, depending on whether ay = a or by = b.

We first assume that b, = b. In this case, we define?
u(z) if z € [0, aq],
Y(x) = qw*(z—a1) if z € (a1,a2 + ],
u(z —b) if z € (ag+b,a+ b].
Using (B.10), we deduce that 1) belongs to H'(0,a + b). One then checks that

it satisfies (B.8) and (B.9) using (B.12) and (B.11). Moreover, v is decreasing by
definition.

If we do not have by = b but as = a, then we define

u(z) if z € [0, aq],
Y(z) = w*(x —ay) if x € (ar,a+ by,
v(z —a) if v € (a+ by,a+10],
and we end the proof similarly. O

We will also need the following fact about the existence of a suitable covering
of G by graphs with finitely many edges.

u(x) if x € [0,a4],

. and conclude similarly.
w*(x —ay) ifz € (ar,+o0

If ag + by = +o00, we define ¥(x) := {
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Lemma B.27. Given a metric graph G, there exists a (possibly finite) sequence
(Gn)n>1 of connected metric graphs made of some vertices and edges from G
such that:

1. Gy is made of only one edge eq;

2. for all n > 2, G, is connected and made by adding one edge e, L G, 1
to gn—l;

3. for every edge e of G, there exists ng > 1 such that e belongs to G, for
all n > ng.

Proof. Let us perform breadth-first search on G (see e.g. [109, Section 22.2]).

More precisely, we pick a vertex p € V and choose it as a “start vertex”. For
every vertex v € V, there exists a path from p to v consisting of a finite number
of edges, by the connectedness assumption. We call dy(v) the distance between p
and v, measured by the least number of edges needed to go from p to v (not taking
lengths of edges into account). Since deg(v) < oo for all v € V, we deduce that
for every positive integer k, there are only finitely many paths of length k starting
from p. So for every integer k > 1, one has dy(v) = k only for finitely many v € V.
We can order edges e € E by distance too, defining dg(vw) := min(dy(v), dy(w))
for every edge vw € E joining vertices v and w. Note that dg(e) < oo for every
edge e € E and that for every k£ > 1, there are only finitely many edges with
de(e) = k (again the assumption that deg(v) < oo for all v € V is essential).

To construct the sequence of graphs (G,),>1, we consider any edge e; with
de(e;) = 1 (there must be at least one since deg(p) > 1) and take G; consisting
of just e;. Then, we construct the sequence iteratively, where G, is obtained by
adding exactly one edge e, to G,_1. We ensure that edges are added by increasing
order of dg, breaking ties arbitrarily.

Property (1) is then satisfied by construction, as well as property (3) since
there are only finitely many e € E with dg(e) = k for every integer & > 1 so that
every edge will eventually be added.

It remains to check the connectedness property of G, claimed in point (2). If
an edge e, = vw is added to G,_; to obtain G,, then assuming without loss of
generality that de(e,) = dy(v) < dy(w), we remark that all edges fi,..., fa ()
from any shortest path between p and v satisfy dg(f;) < dy(v) = dg(e,) and are
thus present in G, | since edges are added by increasing order of dg. Therefore,
there exists a path from p to v using edges of G, ;. Using e,, one can join p
and w using edges of G,. Since by assumption G,,_; is connected, there exists a
path between p and every vertex of G,_; using edges of G,_1 C G,,. Thus G, is
connected, as all vertices of G,, can be joined by finite paths going through p, which
ends the proof. n



B.2. THE POLYA-SZEGO INEQUALITY 373

We can now prove the classical Pélya-Szegd inequality.

Proof of Lemma B.25. We consider the sequence (G,),>1 of metric graphs given
by Lemma B.27 and we define a sequence (u,),>1 C L*(G) by

() = u(z) if x € Gy,
" "o otherwise.

By assumption on the sequence (G,),>1 and monotone convergence, one has

L2(G)
Uy — U

n—o0

Therefore, using Proposition B.17, we have

2
. LOID, o (B.13)
n—oo
Let us prove that for all n > 1, u} belongs to H'(0,|G,|) and that
1) 26,0y < Nl ll 226 (B.14)

We proceed by (possibly finite) induction on n > 1.

» Base case: if n = 1, the Pdlya-Szeg6 inequality for intervals (Proposition B.21)
implies that

1) [ z2@jety < 112 ]l L2(en)
which is what we wanted to prove since G; is only made of e;.

Induction step: by induction hypothesis, we know that

(1) N e20,Gnr ) < N2 22(G01)- (B.15)

We consider the function v,, defined on G by

(2) u(x) if x € ey,
vp(x) =
0 otherwise.

The Pdlya-Szeg6 inequality for intervals (Proposition B.21) implies that

1(0n) 22 0enly < 1% [£2¢ern)- (B.16)

We use the “cut-and-paste” Lemma B.26 with functions u},_; € H'(0,]G,_1])
and v} € H'(0,|e,|). Note that the hypothesis Range(u}_;) N Range(v}) # &
is satisfied since Range(u’_,) = Range(u,_;), Range(v}) = Range(v,), and
u,—1 as well as v,, are restrictions of the continuous function v on G,,_; and e,,
which share at least one vertex by the construction of the graphs G,.
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This gives a function v,, € H'(0,|G,|) such that for all ¢ > 0,

{0 >t} = Hup_y > tH + [{vy, >t} (B.17)
and such that

112016, < i) 12206, 1 + 1(03) 120 jen))- (B.18)
Using equality (B.17), we obtain for all £ > 0,

{vn >t} = {upy > B3+ H{on > 13 = Huny > 83+ {on > 1} = [{un > 1},

hence v, = u} since v, is continuous and decreasing. Using inequalities (B.15),
(B.16) and (B.18), we obtain

1) 20,0,y = 1902200,
< [ p—1) 120,611y + 100) 120 fenly
<[l F2g, 0y + 1911 F2(en)
= ||U/||%2(gn)-
We consider the sequence (w,),>1 € L*(0,|G|) defined by®
w ) (z) if0<z<|G,l,
wn(@) = {é . otherwise. !

We remark that the restriction of w, to (0, |G,|), which is v, belongs to H'(0, |G,|).
Inequality (B.14) implies that, for all n > 1, we have

[wall L2061y < W] £2(6)-

Hence, (wy,),>1 is bounded in L?(0,|G|) and, up to a subsequence, it converges
weakly to some function w € L?(0,|G|). By weak lower semi-continuity, one has

w2200 < 1| 22(g)- (B.19)

According to (B.13), (u}),>1 converges to u* in L?(0,|G|). It remains to show
that w is the weak derivative of u*. To do so, we need to show that for every
a € (0,]G|), the restriction of w to (0,a) is a weak derivative of u* on (0, a). This
is true since for n large enough, one has |G,| > a (since |G,| — |G|), so that

w,, and u, have equal restrictions on (0, a), and we conclude since u, belongs to
H'(0,|G,|). Finally, (B.19), implies that

1w 200 = w200y < 1v'||22(g)
which ends the proof. n

The following lemma will be crucial in the proof of Theorem B.23.

®Note that w,, may be discontinuous at z = |G,| since u} (|G,|) may be nonzero.
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Lemma B.28. Let G be a metric graph. Let v € H*(G) be nonnegative and
let us define m and M by

m:=infu = inf «* and M :=supu = sup u".
g (0,/91) g (0,191)

Then, for almost every t € (m, M), all three sums or series

)

zeu ! ({t})

\u’;a:)\’ Z . Z |(u”) ()]

s ey W@ e

belong to (0,400), and one has

1 1 *\/ -

zeu ' ({t} ze(uw) 1 ({t}) ze(u)~1({t})

Remark B.29. Assuming some regularity assumptions, one can show that

1 /
E = —u,(t B.20
zeu~({t}) |u/(x)| qu< )’ ( )

where

p(t) =z € G [ u(z) > t}]
see [158, equality (2.5)] (where sets {u < t} are considered instead of {u > t},
which is not convenient when |G| = +oc as they all have infinite measure). Equality
(B.20) explains why this expression should be preserved by rearrangement, as we
have ft, = .

Proof of Lemma B.2§. Using Proposition A.14, we know that for almost every
t € R, it holds that for all x € u'({t}),u/ () # 0. Therefore, for almost all
t € (m, M), the three previous sums are positive, as they contain at least one
positive term.

Since the function u* is decreasing, the set (u*)~'({t}) is a singleton for almost
every t € (m,M). So the sums e -1t W and Y e )-1({) |(u*) ()]
are made of only one term for almost every ¢ and in particular obviously converge.

We want to prove that the positive measurable maps

1

(m, M) — [0, +00] : t — o (B.21)
xe(u*)zl({t}) | (u)' ()]
and )
(m,M) = [0,+00] : t = > (B.22)

LL’Eufl({t}) ’u/ ('r) ’

are equal almost everywhere.
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Lemma B.25 ensures that u* belongs to H'(0,|G|). Moreover, Theorem A.10
and Proposition A.14 imply that the set

T .= {t € (m, M) | u*({t}) and (u*)"'({t}) are finite or countable,

(u*) (x) # 0 for all € (u*)"'({t}) and u/(x) # 0 for all x € ul({t})} (B.23)

has measure M — m. In particular, the sums (or series) only contain terms in
(0, 4+00) for almost every t.

Using a standard technique in measure theory, the two functions (B.21) and
(B.22) are equal almost everywhere if and only if for every nonnegative measurable
map h : (m, M) — [0, +00], one has®

M 1 M 1
/m"“)( 2 |<u><>|> dt:/mh“)( 2 |u/<x>\)dt’

ze(uw) " ({t}) zeu ' ({t})

where both integrals are well defined in [0, +0c]. Up to modifying h on a set of
measure zero, we can assume that h(t) = 0 if t € (m, M)\ T. Equivalently, we
need to show that

N > gl(x)dtz/mM > ga(x)dt, (B.24)

" ze(u) ({1} zeu=({t})
where
h(u*(z)) . * h(u(z))
gl(w) _ ) 1w (@) if (u )(33) §é T> and gg(fﬂ) — | ()] if u(x) ¢ T7
0 if (u*)(z) eT 0 if u(x) € T.

The definition of T" ensures that g; and g, are well defined. Since we assumed h
to vanish on T', the previous definition ensures that g;(x)|(u*)'(z)| = h(u*(x)) for
all z € (0,|G|) and that go(x)|w/(x)| = h(u(x)) for all z € G. Using the coarea
formula (Theorem A.10) with f = u* € H'(0,|G]) and g = g;, the left hand side
of (B.24) is equal to

9
/0 hu*(z)) da.

Using again Theorem A.10 with f = v € H'(G) and g(x) = go, the right hand
side of (B.24) is equal to

/g h(u(z)) de.

SLet us prove that f = g a.e. if for every mesurable h > 0, one has [hf = [ hg (the other
implication is clear). Taking h = 1;>4), one has S Lif>¢3(f —g) = 0, where the integrated
function is nonnegative, thus 1> (f —g) = 0 a.e. Similarly, one shows that 1;;.¢y(f —g) =0
a.e. Summing the two previous equalities, we deduce that f —¢g = 0 a.e., which proves the claim.




B.2. THE POLYA-SZEGO INEQUALITY 377

It therefore remains to show that

/0 O () d = /g hu(z)) de,

which is true using Proposition B.11 as h(0) = 0 (since h was defined on (m, M)
and extended to R by 0) and as u* vanishes on (|G|, +00) so f|g‘ h(u*(x))dx = 0.
This ends the proof of the almost everywhere equality of maps (B.21) and (B.22).

Finally, equality
1 —1
Y o = >, I(U*)’(fv)l)
se (g [(@) (@)] (ze(u*)l({t})

is clearly true for all ¢ for which (u*)~({t}) is a singleton, which is the case for
a.e. t € (m, M). The almost everywhere finiteness of the three expressions follows
since the sums 3, ¢ -1 W and Y eey-1(qep | () ()] converge for a.e.
t € (m, M) as they only contain one term, Wthh belongs to (0, +o0). O

Let us prove Theorem B.23. We adapt [158, Proof of Lemma 3] to our setting.

Proof of Theorem B.23. Using the coarea formula for graphs (Theorem A.12),
with f = w and g = 1,-1(4)|u'|, we obtain

[ w@Fa= [ pep@l@ld= [ Y )

zeu~1({t}) zeu"1({t})
(B.25)
In particular, for almost every ¢t € A, one has
0< Y |u(z)| < oo, (B.26)

zeu~1({t})

where the positivity comes from Proposition A.14 and the fact that ™' ({¢}) is
nonempty for a.e. t € A (see Remark B.24), and the finiteness from equality
(B.25) (since [,-1(4 [t/ (x)? dz < [ |u/(2)]? dz < +00). Similarly, taking f = u*
and g = Ly)-1(a)|(u*)'], we have

/(u*)—l(A) (@) ()" dz _/ >, l@)(@)dt. (B.27)

ze(us) 1 ({t}h)

Let us consider ¢ € A such that #u~'({t}) > N (which is possible for a.e.
t € A by Lemma B.28 and by assumption on A) and such that the conclusions
of Lemma B.28 hold, namely that the three expressions

> oo- Y 1=( ) \<u*>/<x>|> (B.28)
2€(

seurt(ey V@] e@HTi ey (@) (@) (w1 ({t})

are equal and belong to (0, +00).
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The Cauchy-Schwarz inequality implies that one has

( > W(@I)( > ’u,zwﬂ)zN?. (B.29)
zeu~1({t}) xeu—1({t})

Equality in inequality (B.29) implies that #u~'({t}) = N.

Using equality (B.25) and inequality (B.29), we obtain

/ 2 2 1 B
/u_l(A)|u(a:)| de > N /A( 3 W(x)') dt,

zeut({t})

and if equality holds, then #u~'({t}) = N for a.e. t € A, thanks to the equality
case in equality (B.29) and since (B.26) implies that 3 ,c,-1({)) mrgy 18 honzero

v ()]
for a.e. t € A.
Using equalities (B.27) and (B.28), we obtain

o W@ =N [ STy @l =Nt ) @) d,

ze(us)~1({t}) (u*)=1(4)

where equality implies that for almost all t € A, #u~'({t}) = N. O

B.3 Symmetric rearrangement on the line

It is also possible to rearrange sets and functions symmetrically on the real line.
In this case, the symmetric rearrangement of a measurable set A € A is defined
by A := (—u(A)/2,u(A)). We get the following analogue of Theorem B.8.

Theorem B.30. Let u: Q — [0, 400] be an admissible function. There exists
a unique nonnegative even function @ : (—u(Q)/2, u(2)/2) — R decreasing
on the interval [0, 1(€2)/2) whose superlevel sets are given for all t € R by

{t >t} ={u>t}.

The natural analogues of Propositions B.11 and B.17 are true as well for the
symmetric rearrangement of functions on the real line and can be proved similarly.
They can be deduce from the results we proved before. Indeed, defining

() = u(2|z]),

one can check that @ does define the symmetrized function from Theorem B.30 and
deduce properties of @ from those of u*. In particular, there exists a Pdlya-Szegd
inequality for the symmetric rearrangement.
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Theorem B.31 (Pélya-Szeg6 inequality for the symmetric rearrangement).
Let G be a metric graph, u € H'(G) be a nonnegative function and A C [0, +00)
be a measurable set. Let N > 1 be an integer so that

#u ' ({t}) = N for a.e. t € A.
Then, the symmetric rearrangement
a:(=161/2,191/2) = R
belongs to H'(—|G|/2,|G|/2) and is such that
1l 2214 < Follwllz2 e cay-
Moreover, if the equality
18| 2@y = w10 21y

holds, then #u=t({t}) = N for a.e. t € A.
A typical corollary of the previous theorem, used in the study of the nonlinear
Schrodinger equation on metric graphs’, is the following.

Corollary B.32. Let G be a metric graph and v € H'(G) be a nonnegative
function so that #u~'({t}) > 2 for a.e. t € (infgu,supgu). Then,

1] 22— 161/2,101/2) < v/l L2 (g)-

"See e.g. |19, Proposition 3.1] and the arguments using the hypotheses (H), (H0) or (H1) in
the two first chapters of the thesis.
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Appendix C
The soliton on the real line

In dimension one, the equation (NLS) takes the form
—u" + = |ulP?u (NLSopE)
where A and p > 2 are two real parameters. Let us present some properties of the
ordinary differential equation (ODE).

In particular, we will investigate the properties of the soliton ¢, ,, the unique
nonzero solution of (NLSopg) in H*(R), up to sign and translations.

C.1 The ODE energy and the phase plane

In the analysis of (NLSopg), it is useful to consider the potential V € C*(R,R)
given by
U
=5 5
so that (NLSopg) can be written as —u” = V(u).

Vi(u) :

When A > 0, the potential has the following geometry.

V>\ (u)

A2 V=

@ e N | N @ e

Figure C.1: The potential V) when A > 0

For every z in the domain of u, we also define the ODE energy*

H,(z) := ;(u’(m))2 + Vi (u(x)). (C.1)

'Not to be confused with the energy functional E(u) := $|[u'[|2, — %Hu”ip

381
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Proposition C.1. If u is a solution of (NLSopg) on some interval I C R,
then the function x — H,(x) is constant on I.

Proof. Differentiating (C.1), we obtain
H(z) = '(x) - (u"(z) + V{(u(x))) = 0. O

Thus, all solutions of (NLSopg) are such that the curves z +— (u(x),u'(z)) in
the phase plane? stay on level curves of the energy, as shown in the following phase
portrait.

Figure C.2: Phase portrait of the ODE when A > 0

The minimal value of the ODE energy is attained for ¢ := A2 and —c, shown
in blue in the phase plane. It corresponds to constant solutions of the ODE.

When A > 0, there are only two level curves of the energy at level 0, joining
the origin of the axis to itself. They are shown in red.

Finally, let us remark that all nonzero solutions v which vanish at some point
are such that H, > 0.

2See e.g. [33, Chapter 2] for a presentation of the phase plane method.
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Proposition C.2. Let p > 2 and X\ be two real numbers.
Assume that u : [0, +00) — R is a C* solution of (NLSopg) such that

Then,
o if A<0, thenu=0;
e if A\ >0, then there exist e € {—1,0,1} and a € R such that for all x > 0,

w(z) = eprp(z —a)

where ¢y, is the soliton defined by

Ap) 7 2, \i2
Orp(z) == <2p> cosh <p2)\2a:> .

Proof. Checking that the soliton ¢, , is a solution to (NLSopg) follows from the

explicit computations hereunder.

1 —2
Ap\ 77 p—2.1 \r2 ' =2 /p—2.1 \p—2

/ N 2 —— A2
¢>\,p($)—<2> COSh( 5 Ax) smh< 5 A m) 5 A

1
2

p—2

L (Ap) 7 2.1 \i3 2.,
= —\2 <2p> cosh(p2 )\29(:) 2sinh<p2 )\2x>,

L (Ap\ e
Py p(x) = =A2 (2]9) cosh

)\ ﬁ — 2 p—2
(2p> cosh <p 5 )\éx> cosh

_1
=\ <)\p> ’ cosh (p _ 2/\%) v
2 2

I=

_)\2

so that

Moreover, one easily checks that ¢, belongs to C*(R) N H'(R).
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Now, Proposition C.1 shows that the ODE energy H,(x) defined by (C.1) does
not depend on z, so that the equality

H(0) = 3 (t/(2))? + Va(ul))

holds for all z. When z — +oo, Vy(u(z)) — 0, thus (v/(z))* = 2H,(0).

If H,(0) # 0, then u/(x) converges to a nonzero constant as © — +o00, which
contradicts the fact that u(z) — 0. Therefore, H,(0) = H,(x) = 0 for all .

When A <0, this implies that u = 0 since Vj(u) > 0 for all u € R.

When A > 0, the phase plane analysis shows that the zero level set of the
energy is the disjoint union of {(0,0)} with two curves connecting the origin of the
phase plane to itself (see the red curves in Figure C.2). Those curves correspond
to x = (gap(2), ) (7)) and x = (=dxp(x), =@, ,(z)) which ends the proof. [

Reasoning as above, we easily deduce the following result.
Corollary C.3. Given two real numbers A and p > 2, the equation (NLSopg):
e has no H'(R) solutions when X\ < 0;
e has a set of solutions given by
{egbm(x —a)|ee{-1,0,1},a € R}

when A > 0.

C.2 Action level and mass of the soliton

Explicit computations based on the expression of the soliton show that the
following proposition holds.

Proposition C.4. Let p > 2 and X\ > 0 be two real numbers. The action level
and the L*-mass of ¢y, are respectively given by

p+2 6—p
Shp = JA((bA,p) = A2-2s1, and H‘b)\,pHLQ = \1-Y H¢1,7DHL2-
Remark C.5. Let us remark that the derivative of
(0,400) = R: XA+ sy,

is a multiple of
(0,400) = R: X\ [|da,l e

This fact is very general, as can be seen on compact domains in Chapter 3.
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C.3 Energy ground states on the real line

Proposition C.4 shows that the exponent p = 6 plays a special role when
studying L2-masses of solitons. Indeed:

o when 2 < p <6, the map (0,400) = R : XA — ||¢x, |22 is increasing;
e when p = 6, all solitons have the same L2-mass;

o when p > 6, the map (0, +00) = R: A+ ||¢x,| 12 is decreasing.

This leads us to the following definition.

Definition C.6. Let 2 < p < 6 and p > 0 be two real numbers. The mass-u
soliton ¢,,, is defined as the unique element of the set {¢», | A € (0,+00)}
such that [|oxl|72r) = 1

The mass-p solitons satisfy the following variational characterization.

Proposition C.7. Let 2 < p < 6 be a real number. The energy functional
E : H'(R) = R defined by

1

1
E(u) = Sl 22w - ARG

is minimized by ¢,, on the mass constraint

HAR) == {u € H'(R) | [ull}am = ).

I

Moreover, the set of constrained minima of E on H;(R) is given by
{(w — qump(x - a)) ’ a€Ree{-1, 1}}

Remark C.8. Using the terminology presented in section I1.5, this means that the
solitons of mass u are the energy ground states for (NLSopg) on the real line.

Proof. The fact that £ admits a constrained minimum on H ;(R) follows from
concentration-compactness methods (see e.g. [99, Theorem II.1]).

The Euler-Lagrange equation associated to a constrained minimum is given
by (NLSopg), where A € R appears as a Lagrange multiplier associated to the
mass constraint®. Corollary C.3 shows that such a minimum is necessarily (up to
translations and sign) a mass-y soliton, which ends the proof. O]

3The reasoning to obtain the associated ODE is similar to the one presented for the action
functional in section I1.3.5.
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C.4 Energy ground states on the half-line

Let us present the equivalent of Proposition C.7 on the half-line.
Proposition C.9. Let 2 < p < 6 be a real number. The energy functional
E : H'(RT) — R defined by

1 1
E(u) := Zllu'lZ2me) = ~llullZors
2 P (R¥)

is minimized by qu,p on the mass constraint
HIRY) i= {u € H'RY) | Julge = 1)

Moreover, the set of constrained minima of E on HEL(RJ“) is given by

{(x —> 8(52%]9(:6)) ’ e e {-1, 1}}

Namely, an energy ground state of mass p on [0, +00) is obtained by “cutting
G2 in half at its mazimum point”.

Proof. Once again, we take the existence of energy ground states for granted®.

As in the proof of Proposition C.7, we show that if u is a constrained minimum
then u solves (NLSopg), but in this case we also deduce® that «'(0) = 0. We end
the proof like the one of Proposition C.7 remarking that, since we only consider
solitons ¢, due to the condition u'(0) = 0 (and not their translates x — ¢y (x—a)),
thus having a mass i on R™ is equivalent to having a mass 2u on R. O]

C.5 Uniqueness of positive solutions of (NLSopg)
on intervals with Dirichlet conditions

The aim of this section is to prove the following result.

Proposition C.10. Let A > 0, p > 2 and L > 0 be three real numbers. Then,
the boundary value problem

—u" 4+ Au = [ulP"2u  on (0, L),
u(0) =u(L) =0,

has a unique positive solution wu.

41t is a classical result, stated e.g. in [16, Page 4].
5As shown for the action functional in section I1.3.5.
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Proof. Since we are looking for solutions with Dirichlet boundary conditions, they
must be portions of periodic solutions, as can be seen in the phase portrait (Fig-

ure C.2). We distinguish them by their maximum value v with v > v, := (%) P2
The period of such a solution is given by

t

v dx ! d
=2, 2040) —h@) o O (e

Step 1. The period function
T : (vy,+00) = (0,+00) : v = T'(v)
is well-defined and is a continuous, decreasing bijection.

First observe that, for any 0 <t < 1, we have that

”;2(1 —tF) — ;(1 — 1) > (Ulz — ;)(1 — %), (C.2)

S0, since v%z — % > 0, this proves that the function in the definition of T'(v) is
integrable. It is obvious that T' is continuous and decreasing.

Let us study its limits as v — v, and v — +o00.
o Behavior of T' for v ~ v,. We have seen that for any t € [0, 1], the function
= _ 1
VB —) -3 -)

is decreasing. Therefore, the monotone convergence theorem implies that when
v — v, T'(v) converges towards the Lebesgue integral (taking values in [0, +00])

1 dt
wal
o 3 - o)
However, near t = 0 the integrand behaves like %, which is not integrable near
t = 0. Thus,

lim 7T'(v) = +o0.

V—Vx

o Behavior of T for v — +o00. Using (C.2), we obtain

2v2 Lo dt
Ty < 22| ,
\/vpp2 . % 0 \/1 _ tQ

so that (since the integral is a finite constant) lim,_, ., T'(v) = 0.

Step 2. End of the proof.

Positive solutions of (NLSopg) are obtained exactly when T'(v) = 2L. The
previous properties about 7' imply that there exists exactly one such solution,
which concludes the proof. O]
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Appendix D

Maximum principles

Mazximum principles are a useful tool in nonlinear analysis. We refer to [283]
for a reference in the classical setting of intervals of the real line or domains of RY.

Such principles have already been used on metric graphs in the literature, see
for instance [19, Proposition 3.3].

In a joint undergoing project’ with Pablo Carrillo, Colette De Coster, Louis
Jeanjean and Christophe Troestler, we had to further study maximum principles
on metric graphs.

We present the results we obtained hereunder. A maximum principle can be
proved in a quite general setting (Proposition D.1). Under extra hypotheses, it
can be refined to obtain a strong maximum principle (Proposition D.2).

Proposition D.1 (Maximum principle). Let G be a graph with a finite number
of vertices, V- € C(G) be a nonnegative function, and ¢ € C(G) be a function
of class C' on each edge of G (up to its boundary) and twice differentiable in
the interior of each edge. Set L(p) := —¢" + V(z)p. Assume that

(1) L(p) > 0 on every edge e of G;

dee
(2) for every vertexv €V, @v) <0 = Y dgo (v) <0.
x

exv

Then, one of the following three possibilities applies:
(a) ¢ >0 on G;
(b) there exists C' < 0 such that o = C and V =0 on G;
(c) infg v = —o0.

In the third case, G contains at least one half-line along which Ih_)rrologz? = —00.

!Devoted to a blow-up analysis of solutions for nonlinear Schrédinger equations on graphs
in the asymptotic regime A — 400, see Lemma 4.32 and the discussion below it.
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Proof. Assume by contradiction that ¢ is non constant and that —oo < infg ¢ < 0.

Step 1. For every half-line ey, if inf., o < 0, then inf., ¢ = ©(0).

Otherwise, there exists an half-line e and z € e such that ¢(z) < min(0, ¢(0))
and ¢'(z) < 0 (with the parametrization of e starting at the vertex 0).

Let I :== {z >z | ¢(x) < 0}. By assumption (1), we have that, for all x € I,
¢"(x) < 0 so that, for all z € I, ¢'(z) < ¢(Z) < 0. This implies that I = (&, +00)
and, along the edge e, we have lim ¢(x) = —o0o, which contradicts infg ¢ > —o0.

Step 2. For every bounded edge e, if inf, o < 0 and the vertices of e are vy, vy then
inf, ¢ = min(¢(v1), ¢(v2)).

Let e be a bounded edge with inf. ¢ < 0. As e is compact, we have xy € e such
that ¢(z) = min, ¢ < 0. Let us prove that z( is a vertex of e.

Otherwise, if xg belongs to the interior of e, there exist x; < xg < x5 such that,
for all z € (z1,232), p(z) < 0. By assumption (1), this implies that the inequality

plao) < pla) < olan) + [ [ Vis)plo) dsdt < olan)

holds for all © € (x,22), which implies that ¢ is constant on (z1,x2). Thus,
(x1,22) = e and V =0 on e. In particular, min, ¢ = p(v1) = p(v9).

Step 3. There exists xo € G such that infg ¢ = ming ¢ = ¢(xy).

Assume that infg ¢ is not attained. Let (z,,), and (i,), be two sequences such
that x, € e;,, p(z,) <0, p(z,) = infg ¢ and (¢(x,)), is decreasing.

By Steps 1 and 2, we can consider that (x,), is a sequences of vertices. This
contradicts the fact that the graph has finitely many vertices.

Conclusion.

By Step 3, there exists zq € G such that infg ¢ = ming ¢ = (xg).
By Steps 1 and 2, we can consider that xq is a vertex of G. As ¢(z() = ming ¢,

we have %(wo) > 0 for all e = xg. By assumption (2), this implies that for all

e = w0, %(z9) = 0. As in Step 2, this implies that ¢(z) = ¢(z9) and V =0 on

all the edges e > x. Iterating the procedure, we deduce that p(z) = p(zg) on G.

It remains to prove the last point concerning the case infg = —co. This can be
deduced as in Step 1 if there exists an half-line e and z € e such that ¢(z() < 0
and ¢'(zg) < 0.

Assume it is not the case, namely that for every half-line e and every x € e
such that ¢(x) < 0, we have ¢/'(z) > 0. Then, we have

i gl?lfmes} w > min{min(gp(vi), 0) | v; is a vertex of some half—line}.
Asin Step 3, we deduce that there exists xy € G such that infg ¢ = ming ¢ = p(z9),
which contradicts the assumption infg = —oo. O
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Here is the statement of the strong maximum principle, taking into account
the possible presence of Dirichlet vertices.

Proposition D.2 (Strong Maximum Principle). Let G be a graph, V € C(G)
be a monnegative function, and ¢ € C(G) be a function of class C' on each
edge of G (up to its boundary) and twice differentiable in the interior of each
edge. Let Z be a (possibly empty) set of vertices of G having degree one. Set
L(p) == —¢" + V(x)p. Assume that

(1) L(y) > 0 in every edge e of G;

depe
(2) for every vertexv eV\ Z, o(v)=0 = Y d(p (v) <0y
x

exv

(3) p >0 o0ngG.
Then, either ¢ =0 or, for allz € G\ Z, o(x) > 0.

Proof. Otherwise, there exists an edge € and two points xg, x; ¢ Z of € such that
©(zo) = 0 and p(x1) > 0. If zg belongs to the interior of € then, since xy is a local
minimum, ¢'(xy) = 0. If xg, then (using again that zo ¢ Z is a local minimum)

for every e = x9, = (z,) > 0 and by hypothesis (2), we get % (z,) = 0.

Up to parameterizing the edge in the reverse direction, we may assume that
o < x1. Then, the restriction of ¢ to the interval [z, z1] satisfies ¢(xy) = 0,
¢'(z9) = 0 and p(z1) > 0.

Now?, we consider z, the solution of the Cauchy problem

{—z” +V(t)z =1,
2(xg) =0, 2'(z9) = —1,

and we consider the function
w = P+ €z,

where € > 0 is small enough so that w(xz;) > 0. Let us remark that
L(w) > 0 on [z, z1], w(zg) =0 and w(x;) > 0.

Using the maximum principle on [xg, 2] (see e.g.[122, Appendix, Theorem 5.1]),
we deduce that w(x) > 0 on [zxg,z1]. This inequality contradicts the fact that
w(xg) = 0 and w'(xy) = —e < 0, which ends the proof. O

2From there on, we proceed as in the proof of |122, Appendix, Theorem 5.1].
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Appendix E
Implicit function theorems (IFT)

In this appendix, we state and prove several results related to the implicit
function theorem (IFT) under rather weak regularity assumptions. They will be
used in Chapter 5.

Even though those kinds of results and their proofs are quite standard, we
chose to include them for completeness and to use minimal hypotheses.

This appendix is based on notes written by Christophe Troestler and then
reworked by Colette De Coster and the author.

E.1 Topological IFT

Theorem E.1. Let X be a topological space and Y, Z be Banach spaces. Let
us also consider F' : X xY — Z : (x,y) — F(z,y) and (zo,y0) € X XY
satisfying

1. F(xo,y0) = 0;

2. the map X — Z : x> F(x,y) is continuous at xy;

3. 0,F exists in a neighborhood of (xo,yo) and is continuous at (xo, yo);
4. 0yF(xo,y0) € L(Y;Z) is an isomorphism.

Then there exists V', a neighborhood of xo, W, a neighborhood of yy, and a
map n:V — W such that

e V(z,y) eV xW, F(z,y) =0< y =n(z),
e 1 15 continuous at .

Remark E.2. In particular, we have n(x¢) = yo.

Remark E.3. Under the above assumptions, F' is continuous at (zg, ). Indeed,

| F(z,y) — F(xo,90)llz < [[F(z,y) — F(x,90)llz + [[F(z,90) — F (%0, y0)l z
< sup |[0,F (z,2)| ly — wolly + | F(2,90) — F(z0,0)||2

2€(yo,y)

Since 0, F is continuous at (g, o), it is locally bounded and so the supremum is
finite when y is close enough to yo. The result follows then from assumption (2).
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Proof. Define G: X xY — Y by

G(x,y) ==y — (0,F (w0, yo))*lF(fc,y)-

A direct computation using the continuity of 9,F shows that

-1
0,G(z,y) =1— <0yF(x0,yo)) Oy F(z,y) — 0.

(z,y)—(x0,y0)

Therefore, there exist V', a neighborhood of z, and W = B(yo, R) a neighborhood
of 1o such that
Vie,y) €V X W, 9,6z y)l < 1/2 (E.)

Possibly making V' smaller, we can also assume that
Ve eV, |[|G(z,y)—wlly < R/2.
Thus, for all z € V., G(x,-) maps B|yo, R] into itself. Indeed,

1G (2, y) = yolly < NGz, y) = Gz, 9o)lly + 1G(2,90) = wolly
< sup [[9,G(z,2)[[ly = yolly + R/2

2€(yo,y)

< R/2+ R/2.

Given (E.1), for all z € V, G(z,-) is a contraction on the complete metric space
Blyo, R]. The contraction mapping theorem then implies the existence of a map
n:V — Blyo, R] such that

Ve €V, n(z) is the unique fixpoint of G(z,-) in Blyo, R].
Moreover, 7 is continuous at xy. Indeed,

In(x) = n(zo)lly = lIn(=) = yolly
= |Gz, n(z)) = G(xo,y0) ly
Gz, n(z)) — Gz, y0)lly + G2, 50) — G0, yo)llv
sup |0,G(x, 2) || [[n(x) = wolly + G (2, 50) — G20, yo)lly

z€(yon(z))

< %Hn(x) - yOHY + HG($>ZJO) - G(flfmyo)HY-

<
<

Thus, we obtain

Ve eV, |n(@) —nzo)lly <2G(z,y0) — G(zo, %)y, (E2)

which implies the continuity of 1 at xy since  — G(x, 1) is continuous at xzo. [

Remark E.A. Let z1 € V and y; = n(xy). If z — F(z,y;) is continuous at x; € V,
we can adapt the argument at the end of the proof to show that 7 is continuous
at z1. Note that the continuity of 0,F at (z1,y1) is not required.
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E.2 Differentiable IFT

Theorem E.5. Under the assumptions of Theorem E.1, if further X is a part
of a normed space and if 0, F (o, yo) exists, then 0,n(xg) exists and is given by

0:1(20) = —(ayF(l'o,yo))ilamF(Io,yo)- (E.3)

Proof. We use the notations used in the proof of Theorem E.1.
Step 1. If 9,n(x¢) exists, it is given by (E.3).
If 0,n(zo) exists, it must be the unique y; € L(X;Y") such that the equalities
Yo = 0:G(20, Yo) + 0, G (0, Yo) © Yo = 02 G (20, Yo)
hold. This is equivalent to (E.3).
Step 2. There exists C' > 0 such that ||n(x) — n(zo)|| < C||lx — o]

Notice that the differentiability of = +— G(z,y) and the inequality (E.2) imply
(possibly taking V' smaller) that, for all z € V,

Step 3. The map G is Fréchet differentiable at (xo, o).

Given (z,y), we have

|G, w) = G0, 50) — 0: G0, y0) [ — 0] — B, G0, v0) [y — wol

_ HG(x, y) — Gl@,y0) + G, y0) — Glwo, o)

— 0,G(o, yo)[x — xo) — 0,G (0, Yo) [y — Yol

< ||G(z,y) — G(z,90) — 0,G (2, 90) [y — ?Jo]H
+||0,G (. 90) — 0,G(0,90) | lly — wol

+ |G (2, 90) — G(20, yo) — 0G0, yo)[r — l‘o]”-

We recall that 0,G(z0,yo) exists and that 0,G exists in a neighborhood of (zg, yo)
and is continuous at (xg, o). Therefore, we deduce that for every € > 0, taking V'
smaller if necessary, the inequalities

€
0,6, 90) = 9,6 (o, y0) | ly = woll < 5 (Il = ol + 1y = wol)

and
HG(I; Yo) — G(zo,y0) — G (20, yo) [z — xo]H <
hold for all x € V.

(llz = 2ol + [ly — wol|)

Wl o
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Fixing x € V, again taking W smaller if necessary (in particular, assuming it is
convex), for every y € W, the mean value theorem implies that

|G = G o) = 0,G w0y = ol | < lly = woll swp |0, Gi (. 2) = 0,G ()|

Since (z,y) — 0,G(z,y) is continuous at (xg,yo), we deduce that, if W is small
enough, the inequality

|G y) = G o) = 0,G (. 90)ly = | < 5lly = wol

holds for all y € W. This proves the Fréchet differentiability of G at (xq, yo)-
Conclusion.
We want to show that

lim Hn(l’) — n(x0) — 0xG(20, Yo)[r — xo]H

o |z — o

=0.

Using the fact that n(z) and yo are fixpoints and the equality 0,G(xo,y0) = 0,
this will be the case if we prove that, for all € > 0, up to restricting again V', the
inequality
HG(%U(x)) — G(wo, y0) — 0:G (20, yo)[x — mo] — 9y G (0, yo) [n(x) — yo]H
< ez — o] (E.4)

holds for all z € V. This ends the proof since (E.4) follows from the differentiability
of G at (g, o) and Step 2. O]

Theorem E.6. Under the assumptions of Theorem E.1, let x1 € V and define
y1 := n(x1). If further X is a part of a normed space, 0, F (x1,y1) exists and
Oy F is® continuous at (x1,y1), then Oyn(x1) exists and is given by

8x77($1) = —(ayF(xl,yl))_laxF(iUh yl)' (E5)

“The map 0, F is supposed to exist in a neighborhood of (z¢,%0) in Theorem E.1.

Proof. The first three points of the previous proof still hold with the exception that
the derivative 0,G(x1,y1), with y; := n(z1), may not vanish. But we still have
that ||0,G(x1,y1)|| < 1/2 and hence 1 —0,G(x1,y;) is invertible. This implies that
the equation

vy = 0:G(x1,51) + 0,G(w1,1) © ¥ (E.6)

has a unique solution y; € L(X;Y).
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We want to show that

lim In(x) —n(z1) — yile — z4]||
T |2 — 21|

= 0. (E.7)

Using the equality n(z) = G(n(z)) and replacing %/, according to (E.6), we obtain
n(x) —n(x1) — yilr — 2]
= Gla.n(x)) = Glar, 1) = 0:G () — 2] = 0,G (e1,0) [yl — 1]
= G(w,n()) — Gla1,91) — G(x1,y1)[w — 21] = 9,G (a1, 41) [n(x) — 1
+0,Glw1, 1) [n(@) — 1 — yile — 1],
so that
(1= 8,G(x1,91)) [n@) = (1) — g w — 1]
= G(w,n(x)) = Glz1,11) — %Glzr, yo)[x — 21] = 0,G(wr, y) () — va).
As in the previous proof, we show that

|G, (@) = Glar, 1) = .G ar )l — 2] = 9,Gr, 1) () — |

lim =0
2o | — 21|
and the result follows since 1 — 9,G(x1,y;) is invertible. O]

Finally, we deduce the following result.

Corollary E.7. Under the assumptions of Theorem E.1, if further X is a part
of a normed space and, for all x € V, 0, F(x,y) exists where y := n(z), and
0, F is continuous at (x,y), then n is differentiable.

If moreover O, F is continuous at (x,n(x)), then 0,n is continuous at x.
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Appendix F
The evolution equation

Blow-up phenomena vs stationary waves

Even though this thesis only studies elliptic equations, we think it is important
to highlight the link between our problems and questions related to the study of
the nonlinear Schrodinger evolution equation. Below, we will present it on RY,
but it could be studied more generally on domains of RY or on metric graphs.

Remark. This appendix relies on the introduction of my Master’s thesis [159].

F.1 The Cauchy problem

Let us consider the Cauchy problem associated to the evolution equation
10,V (t,x) + AV (t, )+ |V (¢, 2)[P2U(t,2) =0, (t,x) € [0,4+00) xRY, (NLSevo1)
with the initial condition
U(0,z) = VUo(z), x¢cRY,
where Uy € HY(RY;C), 2 < p < 2* and

N-2

o 2 si N >3,
" 400 siNe{1,2}

is the critical Sobolev exponent.

A result of J. Ginibre and G. Velo (see [163]) implies that (NLSey) is well-
posed in H'(RY;C). Thus, for every function ¥y € H'(RY;C), there exists a
time T € (0, +00] and a unique maximal solution ¥ € C([O, T); HY(RY; C)) to the
Cauchy problem associated to (NLSeyo) with the initial condition W.

The well-posedness results are similar to those of ordinary differential equations
in finite dimension. In particular, there exists a “blow-up alternative” for (NLSqq1).
Namely:

o if T'= +o00, the solution is said to be global;

o if T'< 400, then
lin [Vu(t, )2 = +o0

and we say that the solution blows up in finite time or that it is explosive.

399
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Remark F.1. The existence of explosive solutions is linked to the nonlinearity of
the equation. Indeed, all solutions of the linear Schrodinger equation ¢0,u = —Au
are global.

Solutions of (NLSeye) satisfy conservation laws associated to the symmetries
of the problem. In particular, the L? mass

H@@“”hzﬁz<ﬁN“thﬂ%m>U2

and the energy

E@UJy_;ANwwm@FM—;AMW@@PM

are preserved during the evolution. In other words, if ¥ is a solution to (NLSqy),
then the equalities ||W(¢,-)||z2 = ||Yollz2 and E(¥(t,-)) = E (V) are satisfied for
all t € [0,T).

The explanations above show that the mass and the energy introduced in the
section II.5.1 play a role in the study of (NLSe). It is also the case for the
mass-critical exponent pay = 2 + %, as we will see in the following section.

F.2 Stationary waves

Unlike explosion phenomena, a stationary wave of the problem (NLSeyo) is a
solution of the form
U(t, ) = eWy(z).

The initial conditions W, associated to stationary waves are those for which Wy is
a (complex-valued) solution to the elliptic equation

—Au+ Au = |ulP2 (NLS)
Those solutions belong to the Nehari manifold (see Section I1.4), which means that
IV W13+ Al[Woll3 = [Woll2. (F.1)

Moreover, the Pohozaev' identity claims that the solutions of (NLS) satisfy
(N =2)[[VT[z + AN|[Woll; = ?H‘I’ol\p- (F.2)

Among the nonzero solutions of the equation (NLS) on RY, only one is radial
and positive: the soliton ¢;.

'Proved originally in [280]. A proof in the case of RN can for instance be found in [335,
Theorem B.3].
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M.I. Weinstein showed in [332] that the interpolation inequality

1 1—s

» Vul|] —2)N

]| < (127) I ||p_1;||L2 where s :— (pQ> (F.3)
[f11% p

is satisfied for every function v € H'(RY), which means® that ¢, realises the
equality case in the Gagliardo-Nirenberg inequality

p—N(E-1 N(Z-1
lallt, < Kl ) w5

if the optimal constant K, is used.
We will see in the following section that the inequality (F.3) allows in particular
to exclude the explosion of solutions in the mass-subcritical regime.

The mass-critical exponent plays also a role when studying the sign of the
energy of the solitary waves. Indeed, the energy of the solution W(t, ) = W (z)
associated to ¥ is given by

N(p—-2)—

1 1 4
B(¥(t,)) = B(Wo) = 5IVWol[f2 = JIWollfy = ——=—[Wollf.

where we used the law of the conservation of the enery and then the identities
(F.1) and (F.2).

In other words, the energy of the solitary waves is negative if p < 2 + %, equal
to zero if p =2+ % and positive if p > 2 + %.

F.3 Non-explosion in the mass-subcritical regime
2<p<2++)

Let U € C([O, T); HY(RY; C)) be a solution of (NLSe,) with initial condition
Uy (i.e. so that W(0) = Wy). The conservation laws of mass and energy and the
inequality (F.3) imply that for all ¢t € [0,7T'), we have

IVt )2 = 2B(V(t, ) + ;H‘P(t o
2 p
= 2E(¥y) + EII‘P(R e

1—s S
[To|[25 ) IV (E, )12
H¢1||I;2

If p <2+ 4, then ps < 2 (since s := %), so [|[V¥(t,-)||3. is bounded

uniformly in ¢ and there is no explosion according to the blow-up alternative.

< 2E(¥g) + |

2Using a few computations based on the identities (F.1) and (F.2), see e.g. [159, 332] for
more details.
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F.4 An explosion threshold in the mass-critical
. _ 4
regime (p =2+ )
fp=2+ %, we can rewrite the inequality
Doz IV I7

6125

90 (t, s < 25(T) +
obtained above as

s (1 I%olly”
IVt )2 | 1= "% | <2E(Yo).
1]l 12
Therefore, if || Yoz < ||¢1]|z2, we also obtain a bound on ||[VW(¢,-)||z2 which is
uniform in ¢ and there is no explosion.

It turns out that when p =2 + %, explosion is possible for a L? norm equal to
|p1|22, as shown by the explicit solution (see e.g.[238, Page 430], [153, Page 2|)

N/2 . z|?
sr(t,x) := <%) qﬁl(T—Tt) exp(z(TTtt — 4(T|t))>, (F.4)
obtained by the “pseudo-conformal transformation” and which explodes at time
t="T.
Remark. The complex exponential in the expression (F.4) plays a big role in the
explosion phenomenon. Indeed, for all x € RY| the equality |s7(0,z)| = |¢1(z)]

holds, while the initial condition ¥y = ¢; leads to the solitary wave e® ¢, (z) which
does not blow-up.

F.5 Explosion in the mass-supercritical regime
4 *
(2 + v <p< 2 )
In the L?-supercritical regime, we do not know any explicit® explosive solution
such as (F.4). Nevertheless, an argument due to R.T. Glassey [164], known as the
virial argument (see [319, Section 3.8]), shows that explosion is possible. We will

not present the historical details and refer to the original article of Glassey and to
|98, Section 6.5] for the technical aspects .

We consider an initial condition U5 € H'(RY;C) such that |z| - ¥y belongs
to L2(RN;C). Let ¥ € C([O,T); Hl(RN;C)> be the associated maximal solution
(where T' belongs to (0, +oc]). Then, one can show that the variance of |¥(¢, z)|?,
given by

V() ;Z/ 220 (t, 2)|? da
RN
is well defined for all ¢ € [0,T).

3The solution (F.4) is linked to extra invariances of the problem when p = 2 + %.
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Integrating by parts and using the evolution equation, one can show that
AN(p—2)—4)
p

OV (t) = 16E(¥o) — N7

Since p > 2 + %, we obtain

Therefore, the function [0,7) — [0, 4+00) : t — V(t) is positive and strictly concave
because 0,V (t) < E(Vg) < 0. This gives a contradiction if 7' = 400 because there
does not exist any function which is positive and strictly concave on [0, 400).
Therefore, T is finite and the solution ¥ blows up.

F.6 Dynamics of the explosion when p =2+ %

Many works studying the dynamical properties of (NLS,,.) exist. For instance,
a result of F. Merle [238] shows that solutions of the form (F.4) are the only
explosive solutions of (NLS.) having minimal L?*-mass when p = 2 + %, up to
the symmetries of the equation.

In this mass-critical case, a detailed understanding of the behavior of explosive
solutions of the equation was obtained by F. Merle and P. Raphaél in [239, 240,
241] (modulo the verification of a “spectral property” verified solely by numerical
methods, see [153, 337]). The interested reader is invited to consult the overview
articles (88, 97].

Now, let us focus on the question of orbital stability of solitary waves, opposed
to the explosion phenomena and related to the study of normalized solutions as
performed in the chapters 3 and 4 of the thesis.

F.7 Orbital stability and links with normalized
solutions

As T. Cazenave and P.L. Lions [99], we say that a solution ¥y € H'(RY;C) of
(NLS), associated to the solitary wave e® W (z), is orbitally stable if, for all € > 0,
there exists 0 > 0 such that, if

inf ||®y — e® Dy (- )
perty 100 = P C W <0

then the solution ®(¢,z) of (NLSe.) is global and satisfies the inequality

inf [|®(t,-) — e P-
GeRl,ryleRNH () = e (- + y)[m@ry) <e

for all £ > 0.
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The contribution of Cazenave and Lions* consists in showing that energy
ground states exist on RY in the mass-subcritical case and that such minima of
the energy on the mass constraint are orbitally stable.

Remark. Other methods to study the orbital stability exist. Let us mention the
celebrated method of M.I. Weinstein, M. Grillakis, J. Shatah and W. Strauss
[172, 173, 330, 331] based on the properties of the linearized equation around the
stationary solution.

In the mass-subcritical regime, energy ground states exist and are orbitally
stable (see section IL.5).

In the mass-supercritical regime, there are no more energy ground states since
the energy is not anymore bounded from below on the mass constraint (see the
discussion in section I1.5). Then, a result of H. Berestycki and T. Cazenave |76,
Theorem 1] implies that all action ground states®are unstable by blow-up. More
precisely, the authors show that when 2 + % < p < 2% if ¥, is an action ground

state of (NLS), then for all & > 0, there exists® ¥, € H2(RY;C) such that
H\IIO — ¢IO||H2(RN) <e

and such that the solution of (NLSeyo) corresponding to the initial condition 0,
blows up. In particular, ¥q is not orbitally stable.

F.8 A few words on integrability in dimension
one in the case p =4

The equation (NLSeyo1) possesses integrability properties in dimension one when
p = 4. In this case, the equation is given by

10U (t, ) + Ope U (t, ) + |V (t,7)|*V(t,2) = 0, (F.5)

where (t,z) € [0, +00) x RY.

For finite dimensional Hamiltonian systems such as those coming from classical
mechanics, the notion of integrability is essentially translated by the presence of
enough independent first integrals of the equations. The reader can consult [205,
Section 14.1], [306, Chapter 4], [33, Section 49], [34], or [323] for more information.

4For (NLSeyo1). Other evolution equations are also considered in [99).

5Let us remark that the notion of action ground state is well-defined even when p > 2 + %.
Let us also mention that energy ground states, when they exist, are necessarily action ground
states (see |129, Theorem 1.3] and section I1.10.3). Therefore, action ground states are the most
natural candidates to replace energy ground states when moving from the subcritical to the
supercritical regime.

SEven though we mostly use H!(RY) in our explanations, elliptic regularity results imply
that solutions of (NLS) belong to H?(R™). For more details about the regularity of solutions to
(NLS), see e.g.[98, Theorem 8.1.1].
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When studying the dynamics of partial differential evolution equations, there
exist several notions of integrability not always easy to define’.

In 1971, V.E. Zakharov and A.B. Shabat have shown (see [338]) that (F.5)
possesses integrability properties. For this, those authors have used the inverse
scattering transform® method.

We will not detail precisely how this method operates. Nevertheless, let us
mention that this technique allows for instance to construct’ “N-solitons” (see
[338, Section 4]). The case p = 4 in dimension one is thus the “most understood”
in the theory of the nonlinear Schrodinger evolution equation. Therefore, it is not
surprising that the case p = 4 was the first to be studied on metric graphs, as seen
in section I1.3.3.

To conclude, let us mention that integrability techniques as the one of Zakharov
and Shabat have also been developed for metric graphs, see [96].

"The theory of integrability is very vast and entire books are devoted to it. We refer to [144,
262 for more information.

8Thanks to Prof. Yves Brihaye for his course on solitons in which we discovered the inverse
scattering method for the Korteweg—de Vries equation.

9The inverse scattering method and integrability properties are also useful in order to study
the soliton resolution of equation (F.5). This notoriously delicate question amounts to show
that, generically and in large time, solutions of the equation decompose into a part made of
translating solitons and a “scattering” part which has a rather “linear” behavior. We refer to
[320] for a discussion on this vast subject and to |79] for an application of the inverse scattering
method to study the soliton resolution for (F.5).



406 APPENDIX F. THE EVOLUTION EQUATION



Bibliography

1]

Riccardo Adami. “Ground states for NLS on graphs: a subtle interplay of
metric and topology”. In: Math. Model. Nat. Phenom. 11.2 (2016), pp. 20—
35. DOI: 10.1051/mmnp/201611202 (cit. on pp. 51, 125).

Riccardo Adami. “On the derivation of the Gross-Pitaevskii equation”. In:
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 8.2 (2005), pp. 359-368.
URL: https://eudml.org/doc/195880 (cit. on pp. 17, 91).

Riccardo Adami, Claude Bardos, Francois Golse, and Alessandro Teta.
“Towards a rigorous derivation of the cubic NLSE in dimension one”. In:
Asymptot. Anal. 40.2 (2004), pp. 93-108. URL: https://content . iospress.
com/articles/asymptotic-analysis/asy649 (cit. on pp. 17, 91).

Riccardo Adami, Filippo Boni, and Simone Dovetta. “Competing nonlin-
earities in NLS equations as source of threshold phenomena on star graphs”.
In: J. Funct. Anal. 283.1 (2022), Paper No. 109483, 34. DOI: 10.1016/j .
jfa.2022.109483 (cit. on pp. 52, 126, 149, 184, 254).

Riccardo Adami, Filippo Boni, and Alice Ruighi. “Non-Kirchhoff Vertices
and Nonlinear Schrodinger Ground States on Graphs”. In: Mathematics 8.4
(2020). DOI: 10.3390/math8040617 (cit. on pp. 149, 182).

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“Constrained energy minimization and orbital stability for the NLS equa-
tion on a star graph”. In: Ann. Inst. H. Poincaré C Anal. Non Linéaire
31.6 (2014), pp. 1289-1310. poI: 10.1016/j.anihpc.2013.09.003 (cit. on
pp. 30, 104, 254).

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“Fast solitons on star graphs”. In: Rev. Math. Phys. 23.4 (2011), pp. 409—
451. DOT: 10.1142/80129055X11004345 (cit. on pp. 18, 19, 30, 92, 93, 104).

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“On the structure of critical energy levels for the cubic focusing NLS on star
graphs”. In: J. Phys. A 45.19 (2012), pp. 192001, 7. pDo1: 10.1088/1751~
8113/45/19/192001 (cit. on pp. 30, 104).

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“Stable standing waves for a NLS on star graphs as local minimizers of the
constrained energy”. In: J. Differential Equations 260.10 (2016), pp. 7397
7415. DOI: 10.1016/j.jde.2016.01.029 (cit. on pp. 31, 105, 149, 184).

407


https://doi.org/10.1051/mmnp/201611202
https://eudml.org/doc/195880
https://content.iospress.com/articles/asymptotic-analysis/asy649
https://content.iospress.com/articles/asymptotic-analysis/asy649
https://doi.org/10.1016/j.jfa.2022.109483
https://doi.org/10.1016/j.jfa.2022.109483
https://doi.org/10.3390/math8040617
https://doi.org/10.1016/j.anihpc.2013.09.003
https://doi.org/10.1142/S0129055X11004345
https://doi.org/10.1088/1751-8113/45/19/192001
https://doi.org/10.1088/1751-8113/45/19/192001
https://doi.org/10.1016/j.jde.2016.01.029

408

[10]

[11]

[13]

[14]

[15]

[16]

[17]

[18]

BIBLIOGRAPHY

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“Stationary states of NLS on star graphs”. In: Furophysics Letters 100.1
(Oct. 2012), p. 10003. DOI: 10.1209/0295-5075/100/10003 (cit. on pp. 12,
26, 30, 86, 100, 104, 171).

Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja.
“Variational properties and orbital stability of standing waves for NLS equa-
tion on a star graph”. In: J. Differential Equations 257.10 (2014), pp. 3738
3777. DOI: 10.1016/j.jde.2014.07.008 (cit. on pp. 26, 100, 184).

Riccardo Adami and Simone Dovetta. “One-dimensional versions of three-
dimensional system: ground states for the NLS on the spatial grid”. In:
Rend. Mat. Appl. (7) 39.2 (2018), pp. 181-194. URL: https://wwwl.mat.
uniromal.it/ricerca/rendiconti/39_2_(2018)_181-194.html (cit. on
pp. 51, 125).

Riccardo Adami, Simone Dovetta, and Alice Ruighi. “Quantum graphs and
dimensional crossover: the honeycomb”. In: Commun. Appl. Ind. Math. 10.1
(2019), pp. 109-122. pOI: 10.2478/caim-2019-0016 (cit. on pp. 51, 125).

Riccardo Adami, Simone Dovetta, Enrico Serra, and Paolo Tilli. “Dimen-
sional crossover with a continuum of critical exponents for NLS on doubly
periodic metric graphs”. In: Anal. PDE 12.6 (2019), pp. 1597-1612. poOI:
10.2140/apde.2019.12.1597 (cit. on pp. 51, 125, 184, 190).

Riccardo Adami, Francois Golse, and Alessandro Teta. “Rigorous deriva-
tion of the cubic NLS in dimension one”. In: J. Stat. Phys. 127.6 (2007),
pp. 1193-1220. DOI: 10.1007/510955-006-9271~-2z (cit. on pp. 17, 91).

Riccardo Adami, Enrico Serra, and Paolo Tilli. “Lack of ground state for
NLSE on bridge-type graphs”. In: Mathematical technology of networks.
Vol. 128. Springer Proc. Math. Stat. Springer, Cham, 2015, pp. 1-11. DOTI:
10.1007/978-3-319-16619-3\ _1 (cit. on pp. 46, 120, 386).

Riccardo Adami, Enrico Serra, and Paolo Tilli. “Multiple positive bound
states for the subcritical NLS equation on metric graphs”. In: Calc. Var.
Partial Differential Equations 58.1 (2019), Paper No. 5, 16. bo1: 10.1007/
s00526-018-1461-4 (cit. on pp. 55, 129, 154, 168, 254).

Riccardo Adami, Enrico Serra, and Paolo Tilli. “Negative energy ground
states for the L?-critical NLSE on metric graphs”. In: Comm. Math. Phys.
352.1 (2017), pp. 387-406. DOI: 10. 1007 /s00220-016-2797-2 (cit. on
pp. 52, 126, 153, 254).

Riccardo Adami, Enrico Serra, and Paolo Tilli. “NLS ground states on
graphs”. In: Calc. Var. Partial Differential Equations 54.1 (2015), pp. 743~
761. DOL: 10.1007/s00526-014-0804-z (cit. on pp. 18, 46, 47, 49, 50,
92, 120, 121, 123, 124, 153, 156, 159, 160, 184, 188, 189, 199, 200, 254, 379,
389).


https://doi.org/10.1209/0295-5075/100/10003
https://doi.org/10.1016/j.jde.2014.07.008
https://www1.mat.uniroma1.it/ricerca/rendiconti/39_2_(2018)_181-194.html
https://www1.mat.uniroma1.it/ricerca/rendiconti/39_2_(2018)_181-194.html
https://doi.org/10.2478/caim-2019-0016
https://doi.org/10.2140/apde.2019.12.1597
https://doi.org/10.1007/s10955-006-9271-z
https://doi.org/10.1007/978-3-319-16619-3\_1
https://doi.org/10.1007/s00526-018-1461-4
https://doi.org/10.1007/s00526-018-1461-4
https://doi.org/10.1007/s00220-016-2797-2
https://doi.org/10.1007/s00526-014-0804-z

BIBLIOGRAPHY 409

[20]

[21]

[22]

28]

[29]

Riccardo Adami, Enrico Serra, and Paolo Tilli. “Nonlinear dynamics on
branched structures and networks”. In: Riv. Math. Univ. Parma (N.S.) 8.1
(2017), pp. 109-159. por: 10.1007/500220-016-2797-2 (cit. on pp. 16-18,
28, 48, 51, 90-92, 102, 122, 125).

Riccardo Adami, Enrico Serra, and Paolo Tilli. “Threshold phenomena and
existence results for NLS ground states on metric graphs”. In: J. Funct.
Anal. 271.1 (2016), pp. 201-223. DOI: 10.1016/j.jfa.2016.04.004 (cit.
on pp. 50, 57, 124, 131, 153, 156, 184, 189, 200, 204-206, 253, 254).

Francisco Agostinho, Simao Correia, and Hugo Tavares. “Classification and
stability of positive solutions to the NLS equation on the 7-metric graph”.
In: Nonlinearity 37.2 (2024), Paper No. 025005, 47. DOI: 10.1088/1361-
6544/ad1535 (cit. on pp. 22, 96, 184).

Setenay Akduman and Alexander Pankov. “Nonlinear Schrédinger equation
with growing potential on infinite metric graphs”. In: Nonlinear Anal. 184
(2019), pp. 258-272. DOI: 10.1016/j.na.2019.02.020 (cit. on p. 149).

Felix Ali Mehmeti. “A characterization of a generalized C*°-notion on nets”.
In: Integral Equations Operator Theory 9.6 (1986), pp. 753-766. DOIL: 10.
1007/BF01202515 (cit. on pp. 11, 85).

Felix Ali Mehmeti. Nonlinear waves in networks. Vol. 80. Mathematical
Research. Akademie-Verlag, Berlin, 1994, p. 171 (cit. on pp. 18, 92).

Felix Ali Mehmeti and Serge Nicaise. “Nonlinear interaction problems”. In:
Nonlinear Anal. 20.1 (1993), pp. 27-61. DOI: 10.1016/0362-546X(93)
90183-S (cit. on pp. 11, 85).

Claudianor O. Alves, Chao Ji, and Olimpio H. Miyagaki. “Normalized so-
lutions for a Schrédinger equation with critical growth in RY”. In: Cale.
Var. Partial Differential Equations 61.1 (2022), Paper No. 18, 24. DOI:
10.1007/500526-021-02123-1 (cit. on pp. 36, 110).

Antonio Ambrosetti and Andrea Malchiodi. Nonlinear analysis and semi-
linear elliptic problems. Vol. 104. Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, 2007, pp. xii+316. DOI:
10.1017/CB09780511618260 (cit. on pp. 25, 99).

Luigi Amico, Dana Anderson, Malcolm Boshier, Jean-Philippe Brantut,
Leong-Chuan Kwek, Anna Minguzzi, and Wolf von Klitzing. “Colloquium:
Atomtronic circuits: From many-body physics to quantum technologies”. In:
Rev. Mod. Phys. 94 (4 Nov. 2022), p. 041001. DO1: 10.1103/RevModPhys.
94.041001 (cit. on pp. 18, 92).


https://doi.org/10.1007/s00220-016-2797-2
https://doi.org/10.1016/j.jfa.2016.04.004
https://doi.org/10.1088/1361-6544/ad1535
https://doi.org/10.1088/1361-6544/ad1535
https://doi.org/10.1016/j.na.2019.02.020
https://doi.org/10.1007/BF01202515
https://doi.org/10.1007/BF01202515
https://doi.org/10.1016/0362-546X(93)90183-S
https://doi.org/10.1016/0362-546X(93)90183-S
https://doi.org/10.1007/s00526-021-02123-1
https://doi.org/10.1017/CBO9780511618260
https://doi.org/10.1103/RevModPhys.94.041001
https://doi.org/10.1103/RevModPhys.94.041001

410

[30]

[31]

[32]

[33]

[36]

[37]

[38]

[39]

BIBLIOGRAPHY

Weiwei Ao, Monica Musso, Frank Pacard, and Juncheng Wei. “Solutions
without any symmetry for semilinear elliptic problems”. In: J. Funct. Anal.
270.3 (2016), pp. 884-956. por: 10.1016/j. jfa.2015.10.015 (cit. on
pp. 67, 141).

Alex H. Ardila. “Orbital stability of standing waves for supercritical NLS
with potential on graphs”. In: Appl. Anal. 99.8 (2020), pp. 1359-1372. DOI:
10.1080/00036811.2018. 1530763 (cit. on pp. 40, 53, 114, 127).

M. A. Armstrong. Groups and symmetry. Undergraduate Texts in Mathe-
matics. Springer-Verlag, New York, 1988, pp. xii4+186. Do1: 10.1007/978-
1-4757-4034-9 (cit. on pp. 326, 327, 330).

Vladimir I. Arnol’d. Mathematical methods of classical mechanics. Sec-
ond. Vol. 60. Graduate Texts in Mathematics. Translated from the Rus-
sian by K. Vogtmann and A. Weinstein. Springer-Verlag, New York, 1989,
pp. xvi+508. DOI: 10.1007/978-1-4757-2063-1 (cit. on pp. 64, 138, 268,
382, 404).

Michele Audin. Les systémes hamiltoniens et leur intégrabilité. Vol. 8. Cours
Spécialisés [Specialized Courses]. Société Mathématique de France, Paris;
EDP Sciences, Les Ulis, 2001, pp. viii+170 (cit. on p. 404).

Marino Badiale and Enrico Serra. Semilinear elliptic equations for begin-
ners. Universitext. Existence results via the variational approach. Springer,
London, 2011, pp. x+199. DOI: 10.1007/978-0-85729-227~-8 (cit. on
pp. 2, 25, 26, 35, 64, 76, 99, 100, 109, 138).

Abbas Bahri and Jean-Michel Coron. “On a nonlinear elliptic equation in-
volving the critical Sobolev exponent: the effect of the topology of the do-
main”. In: Comm. Pure Appl. Math. 41.3 (1988), pp. 253-294. DOI: 10.
1002/cpa.3160410302 (cit. on pp. 43, 117).

Abbas Bahri and Jean-Michel Coron. “Sur une équation elliptique non
linéaire avec ’exposant critique de Sobolev”. In: C. R. Acad. Sci. Paris
Sér. I Math. 301.7 (1985), pp. 345-348 (cit. on pp. 43, 117).

Abbas Bahri, Yanyan Li, and Olivier Rey. “On a variational problem with
lack of compactness: the topological effect of the critical points at infinity”.
In: Cale. Var. Partial Differential Equations 3.1 (1995), pp. 67-93. DO
10.1007/BF01190892 (cit. on pp. 44, 118).

Abbas Bahri and Pierre-Louis Lions. “Morse index of some min-max critical
points. I. Application to multiplicity results”. In: Comm. Pure Appl. Math.
41.8 (1988), pp. 1027-1037. DOT: 10.1002/cpa.3160410803 (cit. on pp. 39,
113).


https://doi.org/10.1016/j.jfa.2015.10.015
https://doi.org/10.1080/00036811.2018.1530763
https://doi.org/10.1007/978-1-4757-4034-9
https://doi.org/10.1007/978-1-4757-4034-9
https://doi.org/10.1007/978-1-4757-2063-1
https://doi.org/10.1007/978-0-85729-227-8
https://doi.org/10.1002/cpa.3160410302
https://doi.org/10.1002/cpa.3160410302
https://doi.org/10.1007/BF01190892
https://doi.org/10.1002/cpa.3160410803

BIBLIOGRAPHY 411

[40]

[41]

[44]

[46]

[47]

[48]

Abbas Bahri and Pierre-Louis Lions. “On the existence of a positive solution
of semilinear elliptic equations in unbounded domains”. In: Ann. Inst. H.
Poincaré C Anal. Non Linéaire 14.3 (1997), pp. 365—413. DO1: 10.1016/
S0294-1449(97)80142-4 (cit. on pp. 45, 119).

Abbas Bahri and Pierre-Louis Lions. “Solutions of superlinear elliptic equa-
tions and their Morse indices”. In: Comm. Pure Appl. Math. 45.9 (1992),
pp. 1205-1215. pOIL: 10.1002/ cpa . 3160450908 (cit. on pp. 33, 39, 107,
113).

Thomas Bartsch and Louis Jeanjean. “Normalized solutions for nonlinear
Schrodinger systems”. In: Proc. Roy. Soc. Edinburgh Sect. A 148.2 (2018),
pp. 225-242. DOIL: 10.1017/50308210517000087 (cit. on pp. 37, 110).

Thomas Bartsch, Louis Jeanjean, and Nicola Soave. “Normalized solutions
for a system of coupled cubic Schrodinger equations on R3”. In: J. Math.
Pures Appl. (9) 106.4 (2016), pp. 583-614. DOI: 10.1016/j .matpur.2016.
03.004 (cit. on pp. 37, 110).

Thomas Bartsch, Houwang Li, and Wenming Zou. “Existence and asymp-
totic behavior of normalized ground states for Sobolev critical Schrodinger
systems”. In: Cale. Var. Partial Differential Equations 62.1 (2023), Paper
No. 9, 34. DOI: 10.1007/500526-022-02355-9 (cit. on pp. 37, 110).

Thomas Bartsch, Yanyan Liu, and Zhaoli Liu. “Normalized solutions for a
class of nonlinear Choquard equations”. In: Partial Differ. Equ. Appl. 1.5
(2020), Paper No. 34, 25. DOI: 10 . 1007 /s42985-020-00036-w (cit. on
pp. 257, 263, 264).

Thomas Bartsch, Riccardo Molle, Matteo Rizzi, and Gianmaria Verzini.
“Normalized solutions of mass supercritical Schrodinger equations with po-
tential”. In: Comm. Partial Differential Equations 46.9 (2021), pp. 1729
1756. DOI: 10.1080/03605302.2021.1893747 (Cit. on pp. 37, 111, 228).

Thomas Bartsch, Shijie Qi, and Wenming Zou. “Normalized solutions to
Schrodinger equations with potential and inhomogeneous nonlinearities on
large smooth domains”. In: Mathematische Annalen (Apr. 2024). DOI: 10.
1007/s00208-024-02857-1 (cit. on pp. 42, 116).

Thomas Bartsch and Nicola Soave. “A natural constraint approach to nor-
malized solutions of nonlinear Schrédinger equations and systems”. In: J.
Funct. Anal. 272.12 (2017), pp. 4998-5037. DOI: 10.1016/j.jfa.2017.01.
025 (cit. on pp. 37, 110, 228, 254).

Thomas Bartsch and Nicola Soave. “Correction to: “A natural constraint
approach to normalized solutions of nonlinear Schrodinger equations and
systems” [J. Funct. Anal. 272 (12) (2017) 4998-5037]”. In: J. Funct. Anal.
275.2 (2018), pp. 516-521. por: 10.1016/j. jfa.2018.02.007 (cit. on
pp. 37, 110, 254).


https://doi.org/10.1016/S0294-1449(97)80142-4
https://doi.org/10.1016/S0294-1449(97)80142-4
https://doi.org/10.1002/cpa.3160450908
https://doi.org/10.1017/S0308210517000087
https://doi.org/10.1016/j.matpur.2016.03.004
https://doi.org/10.1016/j.matpur.2016.03.004
https://doi.org/10.1007/s00526-022-02355-9
https://doi.org/10.1007/s42985-020-00036-w
https://doi.org/10.1080/03605302.2021.1893747
https://doi.org/10.1007/s00208-024-02857-1
https://doi.org/10.1007/s00208-024-02857-1
https://doi.org/10.1016/j.jfa.2017.01.025
https://doi.org/10.1016/j.jfa.2017.01.025
https://doi.org/10.1016/j.jfa.2018.02.007

412

[50]

[51]

[52]

[56]

[57]

[58]

BIBLIOGRAPHY

Thomas Bartsch and Nicola Soave. “Multiple normalized solutions for a
competing system of Schrodinger equations”. In: Calc. Var. Partial Differ-
ential Equations 58.1 (2019), Paper No. 22, 24. DOI: 10. 1007 /s00526 -
018-1476-x (cit. on pp. 37, 110).

Thomas Bartsch and Sébastien de Valeriola. “Normalized solutions of non-
linear Schrodinger equations”. In: Arch. Math. (Basel) 100.1 (2013), pp. 75—
83. DOI: 10.1007/s00013-012-0468-x (cit. on pp. 36, 39, 110, 113, 228,
257, 264, 272).

Thomas Bartsch, Zhi-Qiang Wang, and Michel Willem. “The Dirichlet prob-
lem for superlinear elliptic equations”. In: Stationary partial differential
equations. Vol. II. Handb. Differ. Equ. Elsevier/North-Holland, Amster-
dam, 2005, pp. 1-55. poI: 10.1016/S51874-5733(05) 80009-9 (cit. on
pp. 2, 76, 194, 235).

Thomas Bartsch and Tobias Weth. “A note on additional properties of sign
changing solutions to superlinear elliptic equations”. In: Topol. Methods
Nonlinear Anal. 22.1 (2003), pp. 1-14. DOI: 10. 12775/ TMNA . 2003 . 025
(cit. on pp. 27, 64, 101, 138, 184, 234, 239).

Thomas Bartsch and Michel Willem. “Infinitely many radial solutions of a
semilinear elliptic problem on R¥”. In: Arch. Rational Mech. Anal. 124.3
(1993), pp. 261-276. DOI: 10.1007/BF00953069 (cit. on pp. 67, 141).

Thomas Bartsch, Xuexiu Zhong, and Wenming Zou. “Normalized solutions
for a coupled Schrodinger system”. In: Math. Ann. 380.3-4 (2021), pp. 1713~
1740. por: 10.1007/s00208-020-02000-w (cit. on p. 228).

Brando Bellazzini and Mihail Mintchev. “Quantum fields on star graphs”.
In: J. Phys. A 39.35 (2006), pp. 11101-11117. por: 10.1088/0305-4470/
39/35/011 (cit. on pp. 18, 92).

Joachim von Below. “A characteristic equation associated to an eigenvalue
problem on c¢?>-networks”. In: Linear Algebra Appl. 71 (1985), pp. 309-325.
DOI: 10.1016/0024-3795(85)90258-7 (cit. on pp. 11, 85, 325).

Joachim von Below. “An existence result for semilinear parabolic network
equations with dynamical node conditions”. In: Progress in partial differ-
ential equations: elliptic and parabolic problems (Pont-a-Mousson, 1991).
Vol. 266. Pitman Res. Notes Math. Ser. Longman Sci. Tech., Harlow, 1992,
pp. 274-283 (cit. on pp. 18, 92).

Joachim von Below. “Can one hear the shape of a network?” In: Partial
differential equations on multistructures (Luminy, 1999). Vol. 219. Lecture
Notes in Pure and Appl. Math. Dekker, New York, 2001, pp. 19-36 (cit. on
pp. 11, 85).


https://doi.org/10.1007/s00526-018-1476-x
https://doi.org/10.1007/s00526-018-1476-x
https://doi.org/10.1007/s00013-012-0468-x
https://doi.org/10.1016/S1874-5733(05)80009-9
https://doi.org/10.12775/TMNA.2003.025
https://doi.org/10.1007/BF00953069
https://doi.org/10.1007/s00208-020-02000-w
https://doi.org/10.1088/0305-4470/39/35/011
https://doi.org/10.1088/0305-4470/39/35/011
https://doi.org/10.1016/0024-3795(85)90258-7

BIBLIOGRAPHY 413

[60]

[61]

[67]

[68]

Joachim von Below and Serge Nicaise. “Dynamical interface transition in
ramified media with diffusion”. In: Comm. Partial Differential FEquations
21.1-2 (1996), pp- 255-279. por: 10 . 1080 /03605309608821184 (Cit. on
pp. 11, 85).

Vieri Benci and Giovanna Cerami. “Multiple positive solutions of some
elliptic problems via the Morse theory and the domain topology”. In: Calc.
Var. Partial Differential Equations 2.1 (1994), pp. 29-48. por: 10. 1007/
BF01234314 (cit. on pp. 44, 118).

Vieri Benci and Giovanna Cerami. “Positive solutions of some nonlinear
elliptic problems in exterior domains”. In: Arch. Rational Mech. Anal. 99.4
(1987), pp. 283-300. poOI: 10.1007/BF00282048 (cit. on pp. 45, 119).

Vieri Benci and Giovanna Cerami. “The effect of the domain topology on
the number of positive solutions of nonlinear elliptic problems”. In: Arch.
Rational Mech. Anal. 114.1 (1991), pp. 79-93. DOI: 10.1007/BF00375686
(cit. on pp. 44, 118).

Harris Benson. Physique II: Electricité et magnétisme. vol. 2. De Boeck
Superieur, 2015 (cit. on pp. 8, 81).

Henri Berestycki and Pierre-Louis Lions. “Nonlinear scalar field equations.
I. Existence of a ground state”. In: Arch. Rational Mech. Anal. 82.4 (1983),
pp. 313-345. DOI: 10.1007/BF00250555 (cit. on pp. 2, 42, 76, 116).

Henri Berestycki and Pierre-Louis Lions. “Nonlinear scalar field equations.
I1. Existence of infinitely many solutions”. In: Arch. Rational Mech. Anal.
82.4 (1983), pp. 347-375. DOIL: 10.1007/BF00250556 (cit. on pp. 2, 36, 76,
110, 262).

Gregory Berkolaiko, James B. Kennedy, Pavel Kurasov, and Delio Mugnolo.
“Edge connectivity and the spectral gap of combinatorial and quantum
graphs”. In: J. Phys. A 50.36 (2017), pp. 365201, 29. DO1: 10.1088/1751~
8121/aa8125 (cit. on pp. 11, 85).

Gregory Berkolaiko and Peter Kuchment. Introduction to quantum graphs.
Vol. 186. Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2013, pp. xiv+270. DOI: 10.1090/surv/186 (cit.
on pp. 11, 52, 85, 126, 182, 190, 214, 253, 281, 325, 349).

Gregory Berkolaiko and Wen Liu. “Simplicity of eigenvalues and non-vanishing
of eigenfunctions of a quantum graph”. In: J. Math. Anal. Appl. 445.1
(2017), pp. 803-818. poI: 10.1016/j.jmaa.2016.07.026 (cit. on p. 286).

Gregory Berkolaiko, Jeremy L. Marzuola, and Dmitry E. Pelinovsky. “Edge-
localized states on quantum graphs in the limit of large mass”. In: Ann.
Inst. H. Poincaré C Anal. Non Linéaire 38.5 (2021), pp. 1295-1335. DOIL:
10.1016/j.anihpc.2020.11.003 (cit. on pp. 55, 129, 149, 184).


https://doi.org/10.1080/03605309608821184
https://doi.org/10.1007/BF01234314
https://doi.org/10.1007/BF01234314
https://doi.org/10.1007/BF00282048
https://doi.org/10.1007/BF00375686
https://doi.org/10.1007/BF00250555
https://doi.org/10.1007/BF00250556
https://doi.org/10.1088/1751-8121/aa8125
https://doi.org/10.1088/1751-8121/aa8125
https://doi.org/10.1090/surv/186
https://doi.org/10.1016/j.jmaa.2016.07.026
https://doi.org/10.1016/j.anihpc.2020.11.003

414

[71]

[76]

[79]

BIBLIOGRAPHY

Christophe Besse, Romain Duboscq, and Stefan Le Coz. “Gradient flow ap-
proach to the calculation of stationary states on nonlinear quantum graphs”.
In: Ann. H. Lebesgue 5 (2022), pp. 387-428. DOI: 10.5802/ahl.126 (cit. on
pp. 25, 99, 149, 184, 190).

Christophe Besse, Romain Duboscq, and Stefan Le Coz. “Numerical simu-
lations on nonlinear quantum graphs with the GraFiDi library”. In: SMAI
J. Comput. Math. 8 (2022), pp. 1-47. DOI: 10.5802/smai-jcm.78 (cit. on
pp. 25, 99, 149, 184, 190).

Fabrice Béthuel, Philippe Gravejat, and Jean-Claude Saut. “Travelling waves
for the Gross-Pitaevskii equation. I1”. In: Comm. Math. Phys. 285.2 (2009),
pp. 567-651. DOIL: 10.1007/s00220-008-0614-2 (cit. on pp. 14, 88).

Denis Bonheure, Vincent Bouchez, Christopher Grumiau, and Jean Van
Schaftingen. “Asymptotics and symmetries of least energy nodal solutions
of Lane-Emden problems with slow growth”. In: Commun. Contemp. Math.
10.4 (2008), pp. 609-631. DOT: 10.1142/50219199708002910 (cit. on pp. 68,
142, 236, 287, 309).

Denis Bonheure, Juraj Foldes, Ederson Moreira dos Santos, Alberto Sal-
dana, and Hugo Tavares. “Paths to uniqueness of critical points and ap-
plications to partial differential equations”. In: Trans. Amer. Math. Soc.
370.10 (2018), pp. 7081-7127. pOI: 10.1090/tran/7231 (cit. on pp. 68,
142).

Filippo Boni and Raffaele Carlone. “NLS ground states on the half-line with
point interactions”. In: NoDEA Nonlinear Differential Equations Appl. 30.4
(2023), Paper No. 51, 23. DOL: 10 . 1007 /500030~ 023-00856-w (cit. on
pp. 184, 404).

Filippo Boni and Simone Dovetta. “Doubly nonlinear Schrodinger ground
states on metric graphs”. In: Nonlinearity 35.7 (2022), pp. 3283-3323. DOL:
10.1088/1361-6544/ac7505 (cit. on pp. 52, 126, 149, 184).

Filippo Boni and Simone Dovetta. “Prescribed mass ground states for a dou-
bly nonlinear Schréodinger equation in dimension one”. In: J. Math. Anal.
Appl. 496.1 (2021), Paper No. 124797, 16. por: 10.1016/j . jmaa.2020.
124797 (cit. on pp. 52, 126, 149, 184).

Michael Borghese, Robert Jenkins, and Kenneth D. T.-R. McLaughlin.
“Long time asymptotic behavior of the focusing nonlinear Schrédinger equa-
tion”. In: Ann. Inst. H. Poincaré C Anal. Non Linéaire 35.4 (2018), pp. 887—
920. DOI: 10.1016/j.anihpc.2017.08.006 (cit. on p. 405).

William Borrelli, Raffaele Carlone, and Lorenzo Tentarelli. “An Overview
on the Standing Waves of Nonlinear Schrédinger and Dirac Equations on
Metric Graphs with Localized Nonlinearity”. In: Symmetry 11.2 (2019).
DOI: 10.3390/sym11020169 (cit. on pp. 58, 132).


https://doi.org/10.5802/ahl.126
https://doi.org/10.5802/smai-jcm.78
https://doi.org/10.1007/s00220-008-0614-2
https://doi.org/10.1142/S0219199708002910
https://doi.org/10.1090/tran/7231
https://doi.org/10.1007/s00030-023-00856-w
https://doi.org/10.1088/1361-6544/ac7505
https://doi.org/10.1016/j.jmaa.2020.124797
https://doi.org/10.1016/j.jmaa.2020.124797
https://doi.org/10.1016/j.anihpc.2017.08.006
https://doi.org/10.3390/sym11020169

BIBLIOGRAPHY 415

[81]

[82]

[87]

[38]

[39]

[90]

Jack Borthwick, Xiaojun Chang, Louis Jeanjean, and Nicola Soave. “Bounded
Palais-Smale sequences with Morse type information for some constrained
functionals”. In: Trans. Amer. Math. Soc. 377.6 (2024), pp. 4481-4517. DOT:
10.1090/tran/9145 (cit. on pp. 39, 40, 59, 113, 114, 133, 149, 256, 257,
259, 261, 262).

Jack Borthwick, Xiaojun Chang, Louis Jeanjean, and Nicola Soave. “Nor-
malized solutions of L2-supercritical NLS equations on noncompact metric
graphs with localized nonlinearities”. In: Nonlinearity 36.7 (2023), pp. 3776
3795. pOI: 10.1088/1361-6544/acda76 (cit. on pp. 40, 59, 114, 133, 149,
192, 255).

Satyendra Nath Bose. “Plancks Gesetz und Lichtquantenhypothese”. In:
Zeitschrift fir Phystk 26.1 (Dec. 1924), pp. 178-181. DOI: 10.1007/bf01327326
(cit. on pp. 15, 89).

Susanne C. Brenner and L. Ridgway Scott. The mathematical theory of
finite element methods. Third. Vol. 15. Texts in Applied Mathematics.
Springer, New York, 2008, pp. xviii+397. por: 10 . 1007 /978 -0- 387 -
75934-0 (cit. on p. 369).

Haim Brezis. Functional analysis, Sobolev spaces and partial differential
equations. Universitext. Springer, New York, 2011, pp. xiv+599 (cit. on
pp. 33, 41, 107, 115, 297, 357).

Haim Brézis and Elliott Lieb. “A relation between pointwise convergence of
functions and convergence of functionals”. In: Proc. Amer. Math. Soc. 88.3
(1983), pp. 486-490. DOI: 10.2307/2044999 (cit. on pp. 42, 116, 164, 215).

Almut Burchard. A short course on rearrangement inequalities. 2009. URL:
http://www.math.utoronto.ca/almut/rearrange.pdf (cit. on p. 361).

Nicolas Burq. “Explosion pour ’équation de Schrodinger au régime du
“loglog” (d’apres Merle-Raphael)”. In: 311. Séminaire Bourbaki. Vol. 2005/2006.
2007, Exp. No. 953, vii, 33-53 (cit. on p. 403).

Claudio Cacciapuoti, Simone Dovetta, and Enrico Serra. “Variational and
stability properties of constant solutions to the NLS equation on compact
metric graphs”. In: Milan J. Math. 86.2 (2018), pp. 305-327. DOIL: 10.1007/
$00032-018-0288-v (cit. on pp. 31, 105, 254).

Claudio Cacciapuoti, Domenico Finco, and Diego Noja. “Topology-induced
bifurcations for the nonlinear Schrodinger equation on the tadpole graph”.
In: Phys. Rev. E (3) 91.1 (2015), pp. 013206, 8. DOIL: 10.1103/PhysRevE.
91.013206 (cit. on pp. 20, 94).


https://doi.org/10.1090/tran/9145
https://doi.org/10.1088/1361-6544/acda76
https://doi.org/10.1007/bf01327326
https://doi.org/10.1007/978-0-387-75934-0
https://doi.org/10.1007/978-0-387-75934-0
https://doi.org/10.2307/2044999
http://www.math.utoronto.ca/almut/rearrange.pdf
https://doi.org/10.1007/s00032-018-0288-y
https://doi.org/10.1007/s00032-018-0288-y
https://doi.org/10.1103/PhysRevE.91.013206
https://doi.org/10.1103/PhysRevE.91.013206

416

[91]

[92]

[93]

[95]

[96]

[97]

(98]

[99]

[100]

BIBLIOGRAPHY

Pablo Carrillo, Damien Galant, Louis Jeanjean, and Christophe Troestler.
Infinitely many normalized solutions of L?-supercritical NLS equations on
noncompact metric graphs with localized nonlinearities. 2024. arXiv: 2403.
10959 [math.AP] (cit. on pp. 73, 147).

Radu C. Cascaval and C. Travis Hunter. “Linear and nonlinear Schrodinger
equations on simple networks”. In: Libertas Math. 30 (2010), pp. 85-98 (cit.
on pp. 18, 92).

Alfonso Castro, Jorge Cossio, and John M. Neuberger. “A sign-changing
solution for a superlinear Dirichlet problem”. In: Rocky Mountain J. Math.
27.4 (1997), pp. 1041-1053. DOI: 10.1216/rmjm/1181071858 (cit. on pp. 27,
64, 101, 138, 184, 239).

Francesco Saverio Cataliotti, Sven Burger, Chiara Fort, Pasquale Mad-
daloni, Francesco Minardi, Andrea Trombettoni, Augusto Smerzi, and Mas-
simo Inguscio. “Josephson Junction Arrays with Bose-Einstein Conden-
sates”. In: Science 293.5531 (Aug. 2001), pp. 843-846. po1: 10 . 1126/
science.1062612 (cit. on pp. 18, 92).

Daramy-Loirat Catherine, David Defour, Florent de Dinechin, Matthieu
Gallet, Nicolas Gast, Christoph Quirin Lauter, and Jean-Michel Muller.
CR-LIBM A library of correctly rounded elementary functions in double-
precision. Research Report. ENS Lyon, 2006. URL: https://ens-1lyon.
hal.science/ens1-01529804 (cit. on pp. 339, 340).

Vincent Caudrelier. “On the inverse scattering method for integrable PDEs
on a star graph”. In: Comm. Math. Phys. 338.2 (2015), pp. 893-917. por:
10.1007/s00220-015-2378-9 (cit. on p. 405).

Thierry Cazenave. A short course on rearrangement inequalities. Nov. 2020.
URL: http://cazenavet.free.fr/overviewNLS.pdf (cit. on p. 403).

Thierry Cazenave. Semilinear Schridinger equations. Vol. 10. Courant Lec-
ture Notes in Mathematics. New York University, Courant Institute of
Mathematical Sciences, New York; American Mathematical Society, Prov-
idence, RI, 2003, pp. xiv+323. DOI: 10.1090/¢c1n/010 (cit. on pp. 2, 76,
167, 199, 402, 404).

Thierry Cazenave and Pierre-Louis Lions. “Orbital stability of standing
waves for some nonlinear Schrodinger equations”. In: Comm. Math. Phys.
85.4 (1982), pp. 549-561. URL: http://projecteuclid.org/euclid.cmp/
1103921547 (cit. on pp. 154, 228, 385, 403, 404).

Giovanna Cerami and Ménica Clapp. “Sign changing solutions of semilinear
elliptic problems in exterior domains”. In: Calc. Var. Partial Differential
Equations 30.3 (2007), pp. 353-367. DOI: 10.1007/s00526-007-0092~-y
(cit. on pp. 45, 119).


https://arxiv.org/abs/2403.10959
https://arxiv.org/abs/2403.10959
https://doi.org/10.1216/rmjm/1181071858
https://doi.org/10.1126/science.1062612
https://doi.org/10.1126/science.1062612
https://ens-lyon.hal.science/ensl-01529804
https://ens-lyon.hal.science/ensl-01529804
https://doi.org/10.1007/s00220-015-2378-9
http://cazenavet.free.fr/overviewNLS.pdf
https://doi.org/10.1090/cln/010
http://projecteuclid.org/euclid.cmp/1103921547
http://projecteuclid.org/euclid.cmp/1103921547
https://doi.org/10.1007/s00526-007-0092-y

BIBLIOGRAPHY 417

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

Giovanna Cerami and Donato Passaseo. “Existence and multiplicity results
for semilinear elliptic Dirichlet problems in exterior domains”. In: Nonlinear
Anal. 24.11 (1995), pp. 1533-1547. DOI: 10.1016/0362-546X (94)00116-Y
(cit. on pp. 45, 119).

Xiaojun Chang, Louis Jeanjean, and Nicola Soave. “Normalized solutions
of L?-supercritical NLS equations on compact metric graphs”. In: Ann.
Inst. H. Poincaré C Anal. Non Linéaire 41.4 (2024), pp. 933-959. DOIL:
10.4171/aihpc/88 (cit. on pp. 40, 59, 114, 133, 149, 192, 255-257, 259).

Haixia Chen, Simone Dovetta, Angela Pistoia, and Enrico Serra. “Existence
and multiplicity of peaked bound states for nonlinear Schréodinger equations
on metric graphs”. In: Nonlinearity 37.7 (2024), Paper No. 075022, 31. DOT:
10.1088/1361-6544/ad5133 (cit. on pp. 55, 129).

Raffaele Chiappinelli and Charles A. Stuart. “Bifurcation when the lin-
earized problem has no eigenvalues”. In: J. Differential Equations 30.3
(1978), pp. 296-307. DOI: 10.1016/0022-0396(78)90002-5 (cit. on pp. 30,
104).

Curtis B. Clemons and Christopher K.R.T. Jones. “A geometric proof of the
Kwong-McLeod uniqueness result”. In: STAM J. Math. Anal. 24.2 (1993),
pp. 436-443. DOI: 10.1137/0524027 (cit. on pp. 67, 141).

Charles V. Coffman. “Uniqueness of the ground state solution for Au —
u+ u? = 0 and a variational characterization of other solutions”. In: Arch.
Rational Mech. Anal. 46 (1972), pp. 81-95. DOI: 10.1007/BF00250684 (cit.
on pp. 67, 141).

Alex Cohen, Zhenhao Li, and Wilhelm Schlag. “Uniqueness of excited states
to —Au +u — u® = 0 in three dimensions”. In: Anal. PDE 17.6 (2024),
pp. 1887-1906. DOT: 10.2140/apde.2024.17.1887 (cit. on pp. 67, 70, 141,
144).

Yves Colin de Verdiere. Spectres de graphes. Vol. 4. Cours Spécialisés [Spe-
cialized Courses]. Société Mathématique de France, Paris, 1998, pp. viii+114
(cit. on pp. 11, 85).

Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford

Stein. Introduction to algorithms. Third. MIT Press, Cambridge, MA, 2009,
pp. xx+1292 (cit. on p. 372).

Eric Cornell. Nobel Lecture. 2001. URL: https://www.nobelprize.org/
prizes/physics/2001/cornell/lecture (cit. on pp. 16, 90).

Jean-Michel Coron. “Topologie et cas limite des injections de Sobolev”.
In: C. R. Acad. Sci. Paris Sér. I Math. 299.7 (1984), pp. 209-212 (cit. on
pp. 43, 117).


https://doi.org/10.1016/0362-546X(94)00116-Y
https://doi.org/10.4171/aihpc/88
https://doi.org/10.1088/1361-6544/ad5133
https://doi.org/10.1016/0022-0396(78)90002-5
https://doi.org/10.1137/0524027
https://doi.org/10.1007/BF00250684
https://doi.org/10.2140/apde.2024.17.1887
https://www.nobelprize.org/prizes/physics/2001/cornell/lecture
https://www.nobelprize.org/prizes/physics/2001/cornell/lecture

418

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

BIBLIOGRAPHY

Charles A. Coulson. “Note on the Applicability of the Free-Electron Net-
work Model to Metals”. In: Proceedings of the Physical Society. Section A
67.7 (July 1954), p. 608. por: 10.1088/0370-1298/67/7/305 (cit. on pp. 8,
82).

Dragos M. Cvetkovi¢, Michael Doob, and Horst Sachs. Spectra of Graphs:
Theory and Applications. Johann Ambrosius Barth, 1995. URL: https://
books.google.be/books?id=ML2eQgAACAAJ (cit. on pp. 8, 82).

Franco Dalfovo, Stefano Giorgini, Lev P. Pitaevskii, and Sandro Stringari.
“Theory of Bose-Einstein condensation in trapped gases”. In: Rev. Mod.
Phys. 71 (3 Apr. 1999), pp. 463-512. DOI: 10.1103/RevModPhys.71.463.
URL: https://link.aps.org/doi/10.1103/RevModPhys.71.463 (cit. on
pp. 17, 91).

Lucio Damascelli and Filomena Pacella. Morse index of solutions of non-
linear elliptic equations. Vol. 30. De Gruyter Series in Nonlinear Analysis
and Applications. De Gruyter, Berlin, 2019, pp. xv+254 (cit. on pp. 32, 33,
106, 107).

Edward N. Dancer, Yihong Du, and Li Ma. “Asymptotic behavior of posi-
tive solutions of some elliptic problems”. In: Pacific J. Math. 210.2 (2003),
pp. 215-228. DOI: 10.2140/pjm.2003.210.215 (cit. on p. 302).

Edward Norman Dancer. “Real analyticity and non-degeneracy”. In: Math.
Ann. 325.2 (2003), pp. 369-392. DOI: 10.1007/500208-002-0352-2 (cit.
on pp. 68, 142, 286).

Edward Norman Dancer. “The effect of domain shape on the number of
positive solutions of certain nonlinear equations”. In: J. Differential Fqua-
tions 74.1 (1988), pp. 120-156. DOL: 10 .1016/0022-0396(88) 90021 -6
(cit. on pp. 32, 68, 106, 142).

Daniel Daners. “Domain perturbation for linear and semi-linear boundary
value problems”. In: Handbook of differential equations: stationary partial
differential equations. Vol. VI. Handb. Differ. Equ. Elsevier /North-Holland,
Amsterdam, 2008, pp. 1-81. DOI: 10.1016/51874-5733(08)80018-6. URL:
https://doi.org/10.1016/S1874-5733(08)80018-6 (cit. on p. 239).

Colette De Coster, Simone Dovetta, Damien Galant, and Enrico Serra. “On
the notion of ground state for nonlinear Schrédinger equations on metric
graphs”. In: Calc. Var. Partial Differential Equations 62.5 (2023), Paper
No. 159, 28. DOL: 10.1007/500526-023-02497-4 (cit. on pp. 71, 145, 184,
194, 200, 204).

Colette De Coster, Simone Dovetta, Damien Galant, Enrico Serra, and
Christophe Troestler. Constant sign and sign changing NLS ground states
on noncompact metric graphs. 2023. arXiv: 2306.12121 [math.AP] (cit. on
pp. 72, 146).


https://doi.org/10.1088/0370-1298/67/7/305
https://books.google.be/books?id=ML2eQgAACAAJ
https://books.google.be/books?id=ML2eQgAACAAJ
https://doi.org/10.1103/RevModPhys.71.463
https://link.aps.org/doi/10.1103/RevModPhys.71.463
https://doi.org/10.2140/pjm.2003.210.215
https://doi.org/10.1007/s00208-002-0352-2
https://doi.org/10.1016/0022-0396(88)90021-6
https://doi.org/10.1016/S1874-5733(08)80018-6
https://doi.org/10.1016/S1874-5733(08)80018-6
https://doi.org/10.1007/s00526-023-02497-4
https://arxiv.org/abs/2306.12121

BIBLIOGRAPHY 419

[122]

123]

[124]

[125]

[126]

[127)

128]

[129]

[130]

[131]

[132]

Colette De Coster and Patrick Habets. Two-point boundary value problems:
lower and upper solutions. Vol. 205. Mathematics in Science and Engineer-
ing. Elsevier B. V., Amsterdam, 2006, pp. xii+489 (cit. on p. 391).

Scott Dodelson and Fabian Schmidt. Modern Cosmology. Elsevier Science,
2020 (cit. on pp. 16, 90).

Simone Dovetta. “Existence of infinitely many stationary solutions of the
L?-subcritical and critical NLSE on compact metric graphs”. In: J. Differ-
ential Equations 264.7 (2018), pp. 4806-4821. DOI: 10.1016/j.jde.2017.
12.025 (cit. on pp. 31, 58, 105, 132, 153, 170, 185, 254).

Simone Dovetta. “Mass-constrained ground states of the stationary NLSE
on periodic metric graphs”. In: NoDEA Nonlinear Differential FEquations
Appl. 26.5 (2019), Paper No. 30, 30. por: 10.1007/s00030-019-0576-4
(cit. on pp. 52, 126, 190).

Simone Dovetta. “Singular limit of periodic metric grids”. In: Adv. Math.
444 (2024), Paper No. 109633, 52. pOI: 10.1016/j .aim. 2024 . 109633
(cit. on pp. 26, 27, 100, 101, 184).

Simone Dovetta, Marco Ghimenti, Anna Maria Micheletti, and Angela Pis-
toia. “Peaked and low action solutions of NLS equations on graphs with
terminal edges”. In: STAM J. Math. Anal. 52.3 (2020), pp. 2874-2894. DOT:
10.1137/19M127447X (cit. on pp. 55, 129, 153).

Simone Dovetta, Louis Jeanjean, and Enrico Serra. Normalized solutions of
L?-supercritical NLS equations on mnoncompact metric graphs. 2024. arXiv:
2404.15841 [math.AP] (cit. on pp. 40, 53, 114, 127).

Simone Dovetta, Enrico Serra, and Paolo Tilli. “Action versus energy ground
states in nonlinear Schrodinger equations”. In: Math. Ann. 385.3-4 (2023),
pp. 1545-1576. DOI: 10.1007/s00208-022-02382-z (cit. on pp. 63, 137,
155, 184, 195, 232-234, 242, 243, 404).

Simone Dovetta, Enrico Serra, and Paolo Tilli. “NLS ground states on met-
ric trees: existence results and open questions”. In: J. Lond. Math. Soc. (2)
102.3 (2020), pp. 1223-1240. po1: 10.1112/ jlms. 12361 (cit. on pp. 52,
126, 190, 191).

Simone Dovetta, Enrico Serra, and Paolo Tilli. “Uniqueness and non-uniqueness
of prescribed mass NLS ground states on metric graphs”. In: Adv. Math.
374 (2020), pp. 107352, 41. DOI: 10.1016/j . aim.2020.107352 (cit. on
pp. 52, 126).

Simone Dovetta and Lorenzo Tentarelli. “L?-critical NLS on noncompact
metric graphs with localized nonlinearity: topological and metric features”.
In: Calc. Var. Partial Differential Equations 58.3 (2019), Paper No. 108,
26. DOT: 10.1007/s00526-019-1565-5 (cit. on pp. 58, 132, 153, 254).


https://doi.org/10.1016/j.jde.2017.12.025
https://doi.org/10.1016/j.jde.2017.12.025
https://doi.org/10.1007/s00030-019-0576-4
https://doi.org/10.1016/j.aim.2024.109633
https://doi.org/10.1137/19M127447X
https://arxiv.org/abs/2404.15841
https://doi.org/10.1007/s00208-022-02382-z
https://doi.org/10.1112/jlms.12361
https://doi.org/10.1016/j.aim.2020.107352
https://doi.org/10.1007/s00526-019-1565-5

420 BIBLIOGRAPHY

[133] Simone Dovetta and Lorenzo Tentarelli. “Ground states of the L*-critical
NLS equation with localized nonlinearity on a tadpole graph”. In: Discrete
and continuous models in the theory of networks. Vol. 281. Oper. Theory
Adv. Appl. Birkhduser/Springer, Cham, 2020, pp. 113-125. DOI: 10.1007/
978-3-030-44097-8\_5 (cit. on pp. 58, 132, 254).

[134] Simone Dovetta and Lorenzo Tentarelli. “Symmetry breaking in two-dimensional
square grids: persistence and failure of the dimensional crossover”. In: J.
Math. Pures Appl. (9) 160 (2022), pp. 99-157. por: 10.1016/j .matpur.
2021.12.010 (cit. on pp. 51, 125, 149, 184, 190).

[135] George F. D. Duff. “Integral inequalities for equimeasurable rearrange-
ments”. In: Canadian J. Math. 22 (1970), pp. 408-430. DOI: 10.4153/CIM-
1970-050-1 (cit. on pp. 157, 369).

[136] Louis Dupaigne. Stable solutions of elliptic partial differential equations.
Vol. 143. Chapman & Hall/CRC Monographs and Surveys in Pure and Ap-
plied Mathematics. Chapman & Hall/CRC, Boca Raton, FL, 2011, pp. xiv+321.
DOI: 10.1201/b10802 (cit. on pp. 32, 33, 106, 107).

[137] Dallin S. Durfee and Wolfgang Ketterle. “Experimental studies of Bose-
Einstein condensation”. In: Opt. Ezpress 2.8 (Apr. 1998), pp. 299-313. DOT:
10.1364/0E.2.000299 (cit. on pp. 16, 90).

[138] Albert Einstein. “Quantentheorie des einatomigen idealen Gases. II”. In:
Sitzungsber. K. Preuss. Akad. Wiss. Phys. Math. K13 (1925) (cit. on pp. 15,
89).

[139] Ivar Ekeland and Nassif Ghoussoub. “Selected new aspects of the calculus

of variations in the large”. In: Bull. Amer. Math. Soc. (N.S.) 39.2 (2002),
pp. 207-265. DOIL: 10.1090/S0273-0979-02-00929-1 (cit. on pp. 39, 113).

[140] Ivar Ekeland and Roger Témam. Conver analysis and variational problems.
English. Vol. 28. Classics in Applied Mathematics. Translated from the
French. Society for Industrial and Applied Mathematics (STAM), Philadel-
phia, PA; 1999, pp. xiv+402. por: 10.1137/1.9781611971088 (cit. on
p. 343).

[141] Laszlé Erd6s and Horng-Tzer Yau. “Derivation of the nonlinear Schrodinger
equation from a many body Coulomb system”. In: Adv. Theor. Math. Phys.
5.6 (2001), pp. 1169-1205. por: 10.4310/ATMP. 2001 .v5.n6. a6 (cit. on
pp. 17, 91).

[142] Maria J. Esteban. “Gagliardo-Nirenberg-Sobolev inequalities on planar graphs”.
In: Commun. Pure Appl. Anal. 21.6 (2022), pp. 2101-2114. DOI: 10.3934/
cpaa.2022051 (cit. on p. 182).


https://doi.org/10.1007/978-3-030-44097-8\_5
https://doi.org/10.1007/978-3-030-44097-8\_5
https://doi.org/10.1016/j.matpur.2021.12.010
https://doi.org/10.1016/j.matpur.2021.12.010
https://doi.org/10.4153/CJM-1970-050-1
https://doi.org/10.4153/CJM-1970-050-1
https://doi.org/10.1201/b10802
https://doi.org/10.1364/OE.2.000299
https://doi.org/10.1090/S0273-0979-02-00929-1
https://doi.org/10.1137/1.9781611971088
https://doi.org/10.4310/ATMP.2001.v5.n6.a6
https://doi.org/10.3934/cpaa.2022051
https://doi.org/10.3934/cpaa.2022051

BIBLIOGRAPHY 421

[143]

144]

[145]

[146]

[147)

[148]

149

[150]

[151]

[152]

Maria J. Esteban and Pierre-Louis Lions. “Existence and nonexistence re-

sults for semilinear elliptic problems in unbounded domains”. In: Proc. Roy.

Soc. Edinburgh Sect. A 93.1-2 (1982), pp. 1-14. por: 10.1017/50308210500031607
(cit. on pp. 43, 45, 117, 119).

Ludwig D. Faddeev and Leon A. Takhtajan. Hamiltonian methods in the
theory of solitons. Springer Series in Soviet Mathematics. Translated from
the Russian by A. G. Reyman [A. G. Reiman|. Springer-Verlag, Berlin,
1987, pp. x+592. DOL: 10.1007/978-3-540-69969-9 (cit. on p. 405).

Guangcai Fang and Nassif Ghoussoub. “Morse-type information on Palais-
Smale sequences obtained by min-max principles”. In: Comm. Pure Appl.
Math. 47.12 (1994), pp. 1595-1653. DOTL: 10.1002/cpa.3160471204 (cit. on
pp. 39, 113, 261).

Guangcai Fang and Nassif Ghoussoub. “Second-order information on Palais-
Smale sequences in the mountain pass theorem”. In: Manuscripta Math.
75.1 (1992), pp. 81-95. DOI: 10.1007/BF02567073 (cit. on pp. 39, 113).

Alberto Farina. “On the classification of solutions of the Lane-Emden equa-
tion on unbounded domains of RN”. In: J. Math. Pures Appl. (9) 87.5
(2007), pp. 537-561. DOI: 10.1016/j .matpur.2007.03.001 (cit. on pp. 33,
107).

Charles L. Fefferman and Luis A. Seco. “Aperiodicity of the Hamiltonian
flow in the Thomas-Fermi potential”. In: Rev. Mat. Iberoamericana 9.3
(1993), pp. 409-551. DOIL: 10.4171/RMI/142 (cit. on pp. 70, 144).

Charles L. Fefferman and Luis A. Seco. “Interval arithmetic in quantum
mechanics”. In: Applications of interval computations (El Paso, TX, 1995).
Vol. 3. Appl. Optim. Kluwer Acad. Publ., Dordrecht, 1996, pp. 145-167.
DOI: 10.1007/978-1-4613-3440-8\_7 (cit. on pp. 70, 144).

Antonio J. Ferndndez and Tobias Weth. “The nonlinear Schrédinger equa-
tion in the half-space”. In: Math. Ann. 383.1-2 (2022), pp. 361-397. DOLI:
10.1007/s00208-020-02129-8 (cit. on pp. 43, 117).

Richard P. Feynman, Robert B. Leighton, and Matthew L. Sands. The
Feynman Lectures on Physics. Addison-Wesley world student series vol. 2.
Addison-Wesley Publishing Company, 1963. URL: https://www.feynmanlectures.
caltech.edu/ (cit. on pp. 7, 81).

Gadi Fibich. The nonlinear Schriodinger equation. Vol. 192. Applied Math-
ematical Sciences. Singular solutions and optical collapse. Springer, Cham,
2015, pp. xxxii+862. DOI: 10.1007/978-3-319-12748-4 (cit. on pp. 2, 15,
76, 89).


https://doi.org/10.1017/S0308210500031607
https://doi.org/10.1007/978-3-540-69969-9
https://doi.org/10.1002/cpa.3160471204
https://doi.org/10.1007/BF02567073
https://doi.org/10.1016/j.matpur.2007.03.001
https://doi.org/10.4171/RMI/142
https://doi.org/10.1007/978-1-4613-3440-8\_7
https://doi.org/10.1007/s00208-020-02129-8
https://www.feynmanlectures.caltech.edu/
https://www.feynmanlectures.caltech.edu/
https://doi.org/10.1007/978-3-319-12748-4

422

[153]

[154]

155

[156]

[157]

[158]

[159]

[160]

[161]

[162]

BIBLIOGRAPHY

Gadi Fibich, Frank Merle, and Pierre Raphaél. “Proof of a spectral property
related to the singularity formation for the L? critical nonlinear Schrodinger
equation”. In: Phys. D 220.1 (2006), pp. 1-13. por: 10.1016/ j . physd.
2006.06.010 (cit. on pp. 402, 403).

Djairo G. de Figueiredo. Lectures on the Ekeland variational principle with
applications and detours. Vol. 81. Tata Institute of Fundamental Research
Lectures on Mathematics and Physics. Tata Institute of Fundamental Re-
search, Bombay; by Springer-Verlag, Berlin, 1989, pp. vi+96 (cit. on p. 290).

Djairo G. de Figueiredo, Pierre-Louis Lions, and Roger D. Nussbaum. “A
priori estimates and existence of positive solutions of semilinear elliptic
equations”. In: J. Math. Pures Appl. (9) 61.1 (1982), pp. 41-63 (cit. on
pp. 37, 111).

Dale J. Fixsen. “The temperature of the comsic microwave background”. In:
The Astrophysical Journal 707.2 (Nov. 2009), p. 916. DOI: 10.1088/0004~
637X/707/2/916 (cit. on pp. 16, 90).

Rupert L. Frank. Ground states of semi-linear PDEs. 2013. URL: https:
//www .mathematik . uni-muenchen.de/~frank/luminy140202.pdf (cit.
on pp. 42, 67, 116, 141).

Leonid Friedlander. “Extremal properties of eigenvalues for a metric graph”.
In: Ann. Inst. Fourier (Grenoble) 55.1 (2005), pp. 199-211. pOI: 10.5802/
aif.2095 (cit. on pp. 11, 85, 157, 375, 377).

Damien Galant. “Ondes solitaires pour une équation de Schrédinger non-
linéaire”. Master’s Thesis. UMONS, 2021. URL: https://damien-gal.
github.io/resources/M2_thesis_Damien_Galant.pdf (cit. on pp. 361,
364, 399, 401).

Jacques Giacomoni and Louis Jeanjean. “A variational approach to bifur-
cation into spectral gaps”. In: Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
28.4 (1999), pp. 651-674. URL: http://www.numdam. org/item?id=ASNSP_
1999 4 28 _4 651 0 (cit. on pp. 38, 112).

Basilis Gidas, Wei-Ming Ni, and Louis Nirenberg. “Symmetry and related
properties via the maximum principle”. In: Comm. Math. Phys. 68.3 (1979),
pp- 209-243. URL: http://projecteuclid.org/euclid.cmp/1103905359
(cit. on pp. 66, 140).

Steffen Gilg, Guido Schneider, and Hannes Uecker. “Nonlinear dynamics
of modulated waves on graphene like quantum graphs”. In: Math. Nachr.
295.11 (2022), pp. 2147-2170. por: 10 . 1002 /mana . 202100009 (cit. on
p. 190).


https://doi.org/10.1016/j.physd.2006.06.010
https://doi.org/10.1016/j.physd.2006.06.010
https://doi.org/10.1088/0004-637X/707/2/916
https://doi.org/10.1088/0004-637X/707/2/916
https://www.mathematik.uni-muenchen.de/~frank/luminy140202.pdf
https://www.mathematik.uni-muenchen.de/~frank/luminy140202.pdf
https://doi.org/10.5802/aif.2095
https://doi.org/10.5802/aif.2095
https://damien-gal.github.io/resources/M2_thesis_Damien_Galant.pdf
https://damien-gal.github.io/resources/M2_thesis_Damien_Galant.pdf
http://www.numdam.org/item?id=ASNSP_1999_4_28_4_651_0
http://www.numdam.org/item?id=ASNSP_1999_4_28_4_651_0
http://projecteuclid.org/euclid.cmp/1103905359
https://doi.org/10.1002/mana.202100009

BIBLIOGRAPHY 423

[163)]

[164]

165

[166]

167]

168

[169)]

[170]

[171]

[172]

[173]

[174]

Jean Ginibre and Giorgio Velo. “On a class of nonlinear Schrodinger equa-
tions. I. The Cauchy problem, general case”. In: J. Functional Analysis 32.1
(1979), pp. 1-32. DOI: 10.1016/0022-1236(79)90076-4 (cit. on p. 399).

Robert T. Glassey. “On the blowing up of solutions to the Cauchy prob-
lem for nonlinear Schrodinger equations”. In: J. Math. Phys. 18.9 (1977),
pp. 1794-1797. DOI: 10.1063/1.523491 (cit. on p. 402).

Sven Gnutzmann and Uzy Smilansky. “Quantum graphs: Applications to
quantum chaos and universal spectral statistics”. In: Advances in Physics
59.9-6 (2006), pp. 527-625. DOI: 10.1080/00018730600908042 (Cit. on
pp. 11, 85).

Sven Gnutzmann, Uzy Smilansky, and Stanislav Derevyanko. “Stationary
scattering from a nonlinear network”. In: Phys. Rev. A 83 (3 Mar. 2011),
p. 033831. DOI: 10.1103/PhysRevA.83.033831 (cit. on pp. 15, 58, 89, 132).

Nataliia Goloshchapova. “Dynamical and variational properties of the NLS-
Jd. equation on the star graph”. In: J. Differential Fquations 310 (2022),
pp. 1-44. DOI: 10.1016/j.jde.2021.11.047 (cit. on p. 149).

Roy H. Goodman. “NLS bifurcations on the bowtie combinatorial graph and
the dumbbell metric graph”. In: Discrete Contin. Dyn. Syst. 39.4 (2019),
pp. 2203-2232. DOI: 10.3934/dcds. 2019093 (cit. on pp. 32, 106).

Roy H. Goodman, Grace Conte, and Jeremy L. Marzuola. QGLAB: A
MATLAB Package for Computations on Quantum Graphs. 2023. arXiv:
2401.00561 [math.NA] (cit. on pp. 25, 99).

Tianxiang Gou and Louis Jeanjean. “Multiple positive normalized solutions
for nonlinear Schrodinger systems”. In: Nonlinearity 31.5 (2018), pp. 2319
2345. DOI: 10.1088/1361-6544/aab0bf (cit. on pp. 37, 110).

David J. Griffiths and Darrell F. Schroeter. Introduction to Quantum Me-
chanics. Cambridge University Press, 2018 (cit. on pp. 15-17, 89-91).

Manoussos Grillakis, Jalal Shatah, and Walter Strauss. “Stability theory
of solitary waves in the presence of symmetry. 1”. In: J. Funct. Anal. 74.1
(1987), pp. 160-197. poI: 10.1016/0022-1236(87)90044-9 (cit. on pp. 26,
100, 231, 404).

Manoussos Grillakis, Jalal Shatah, and Walter Strauss. “Stability theory
of solitary waves in the presence of symmetry. I1”. In: J. Funct. Anal. 94.2
(1990), pp. 308-348. DOI: 10.1016/0022-1236(90)90016-E (cit. on pp. 26,
100, 404).

Massimo Grossi. “On the shape of solutions of an asymptotically linear
problem”. In: Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 8.3 (2009), pp. 429
449. URL: http://www.numdam. org/item/ASNSP 2009 5 8 3 429 0/
(cit. on p. 284).


https://doi.org/10.1016/0022-1236(79)90076-4
https://doi.org/10.1063/1.523491
https://doi.org/10.1080/00018730600908042
https://doi.org/10.1103/PhysRevA.83.033831
https://doi.org/10.1016/j.jde.2021.11.047
https://doi.org/10.3934/dcds.2019093
https://arxiv.org/abs/2401.00561
https://doi.org/10.1088/1361-6544/aab0bf
https://doi.org/10.1016/0022-1236(87)90044-9
https://doi.org/10.1016/0022-1236(90)90016-E
http://www.numdam.org/item/ASNSP_2009_5_8_3_429_0/

424

175

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183)

[184]

BIBLIOGRAPHY

Christopher Grumiau. “Symmetries of solutions for nonlinear Schrodinger
equations. Numerical and Theoretical approaches”. PhD thesis. UMONS,
2010. URL: https://orbi.umons.ac.be/bitstream/20.500. 12907/
29131/1/these.pdf (cit. on pp. 32, 106).

Piotr Hajtasz. “Change of variables formula under minimal assumptions”.
In: Collog. Math. 64.1 (1993), pp. 93-101. DOIL: 10.4064/cm-64-1-93-101
(cit. on p. 358).

Stuart P. Hastings and J. Bryce McLeod. Classical methods in ordinary
differential equations. Vol. 129. Graduate Studies in Mathematics. With
applications to boundary value problems. American Mathematical Society,
Providence, RI, 2012, pp. xviii+-373. DOI: 10.1090/gsm/129 (cit. on pp. 67,
141).

Morris W. Hirsch. Differential topology. Vol. 33. Graduate Texts in Mathe-
matics. Corrected reprint of the 1976 original. Springer-Verlag, New York,
1994, pp. x+222 (cit. on p. 334).

Justin Holmer, Jeremy Marzuola, and Maciej Zworski. “Fast soliton scat-
tering by delta impurities”. In: Comm. Math. Phys. 274.1 (2007), pp. 187
216. pOI: 10.1007/500220-007-0261-z (cit. on pp. 19, 93).

Erich Hiickel. “Quantentheoretische Beitrage zum Benzolproblem: I. Die
Elektronenkonfiguration des Benzols und verwandter Verbindungen”. In:
Zeitschrift fir Physik 70.3-4 (Mar. 1931), pp. 204-286. por: 10 . 1007/
bf01339530 (cit. on pp. 8, 82).

Norihisa Tkoma and Kazunaga Tanaka. “A note on deformation argument
for L? normalized solutions of nonlinear Schrédinger equations and sys-
tems”. In: Adv. Differential Equations 24.11-12 (2019), pp. 609-646. URL:
https://projecteuclid.org/euclid.ade/1571731543 (cit. on p. 254).

Shin Inouye, Michael R. Andrews, Jorn Stenger, Hans-Joachim Miesner,
Dan M. Stamper-Kurn, and Wolfgang Ketterle. “Observation of Feshbach
resonances in a Bose-Einstein condensate”. In: Nature 392.6672 (Mar. 1998),
pp. 151-154. DOI: 10.1038/32354 (cit. on pp. 17, 91).

Louis Jeanjean. “Existence of solutions with prescribed norm for semilinear
elliptic equations”. In: Nonlinear Anal. 28.10 (1997), pp. 1633-1659. DOI:
10.1016/80362-546X(96)00021-1 (cit. on pp. 29, 35, 36, 103, 109, 110,
154, 228, 254).

Louis Jeanjean. “Local conditions insuring bifurcation from the continu-
ous spectrum”. In: Math. Z. 232.4 (1999), pp. 651-664. por: 10 . 1007/
PL0O0004774 (cit. on pp. 38, 112).


https://orbi.umons.ac.be/bitstream/20.500.12907/29131/1/these.pdf
https://orbi.umons.ac.be/bitstream/20.500.12907/29131/1/these.pdf
https://doi.org/10.4064/cm-64-1-93-101
https://doi.org/10.1090/gsm/129
https://doi.org/10.1007/s00220-007-0261-z
https://doi.org/10.1007/bf01339530
https://doi.org/10.1007/bf01339530
https://projecteuclid.org/euclid.ade/1571731543
https://doi.org/10.1038/32354
https://doi.org/10.1016/S0362-546X(96)00021-1
https://doi.org/10.1007/PL00004774
https://doi.org/10.1007/PL00004774

BIBLIOGRAPHY 425

[185]

[186]

[187]

[188)

[189)]

[190]

[191]

[192]

193]

[194]

Louis Jeanjean. “Méthodes variationnelles et applications a quelques prob-
lemes d’analyse nonlinéaire, Mémoire d’habilitation”. Mémoire d’habilitation.
Université de Marne-la-Vallée, Feb. 1999. URL: https://1lmb.univ-fcomte.
fr/IMG/pdf/jeanjean memoiref .pdf (cit. on pp. 29, 37, 38, 103, 111,
112).

Louis Jeanjean. “On the existence of bounded Palais-Smale sequences and
application to a Landesman-Lazer-type problem set on R™”. In: Proc.
Roy. Soc. Edinburgh Sect. A 129.4 (1999), pp. 787-809. por: 10. 1017/
S0308210500013147 (cit. on pp. 38, 111, 112, 261).

Louis Jeanjean, Jacek Jendrej, Thanh Trung Le, and Nicola Visciglia. “Or-
bital stability of ground states for a Sobolev critical Schrodinger equation”.
In: J. Math. Pures Appl. (9) 164 (2022), pp. 158-179. pOI: 10.1016/] .
matpur.2022.06.005 (cit. on pp. 36, 110).

Louis Jeanjean and Thanh Trung Le. “Multiple normalized solutions for
a Sobolev critical Schrédinger equation”. In: Math. Ann. 384.1-2 (2022),
pp. 101-134. poI: 10.1007/500208-021-02228-0 (cit. on pp. 36, 110).

Louis Jeanjean and Sheng-Sen Lu. “A mass supercritical problem revisited”.
In: Cale. Var. Partial Differential Equations 59.5 (2020), Paper No. 174,
43. por: 10.1007/s00526-020-01828-z (Cit. on pp. 36, 110).

Louis Jeanjean and Sheng-Sen Lu. “On global minimizers for a mass con-
strained problem”. In: Calc. Var. Partial Differential Equations 61.6 (2022),
Paper No. 214, 18. DOI: 10.1007/s00526-022-02320-6 (cit. on pp. 155,
184, 228, 233).

Louis Jeanjean and Kazunaga Tanaka. “A note on a mountain pass char-
acterization of least energy solutions”. In: Adv. Nonlinear Stud. 3.4 (2003),
pp. 445-455. DOI: 10.1515/ans-2003-0403 (cit. on pp. 36, 110).

Louis Jeanjean and Kazunaga Tanaka. “A remark on least energy solutions
in RY”. In: Proc. Amer. Math. Soc. 131.8 (2003), pp. 2399-2408. DOT:
10.1090/50002-9939-02-06821-1 (cit. on pp. 36, 110).

Louis Jeanjean and John Francis Toland. “Bounded Palais-Smale mountain-
pass sequences”. In: C. R. Acad. Sci. Paris Sér. I Math. 327.1 (1998),
pp. 23-28. DOI: 10.1016/S0764-4442(98)80097-9 (cit. on pp. 38, 112).

Louis Jeanjean, Jianjun Zhang, and Xuexiu Zhong. “A global branch ap-
proach to normalized solutions for the Schréodinger equation”. In: J. Math.
Pures Appl. (9) 183 (2024), pp. 44-75. DOI: 10.1016/j .matpur.2024.01.
004 (cit. on pp. 36, 110, 228).


https://lmb.univ-fcomte.fr/IMG/pdf/jeanjean_memoiref.pdf
https://lmb.univ-fcomte.fr/IMG/pdf/jeanjean_memoiref.pdf
https://doi.org/10.1017/S0308210500013147
https://doi.org/10.1017/S0308210500013147
https://doi.org/10.1016/j.matpur.2022.06.005
https://doi.org/10.1016/j.matpur.2022.06.005
https://doi.org/10.1007/s00208-021-02228-0
https://doi.org/10.1007/s00526-020-01828-z
https://doi.org/10.1007/s00526-022-02320-6
https://doi.org/10.1515/ans-2003-0403
https://doi.org/10.1090/S0002-9939-02-06821-1
https://doi.org/10.1016/S0764-4442(98)80097-9
https://doi.org/10.1016/j.matpur.2024.01.004
https://doi.org/10.1016/j.matpur.2024.01.004

426

[195]

[196]

197]

[198]

[199]

200]

201]

202]

203]

[204]

205

206]

BIBLIOGRAPHY

Louis Jeanjean, Jianjun Zhang, and Xuexiu Zhong. “Normalized ground
states for a coupled Schrodinger system: mass super-critical case”. In: NoDEA
Nonlinear Differential Equations Appl. 31.5 (2024), Paper No. 85, 26. DOI:
10.1007/s00030-024-00972-1 (cit. on pp. 37, 110, 228).

J. L. W. V. Jensen. “Sur les fonctions convexes et les inégalités entre les
valeurs moyennes”. In: Acta Math. 30.1 (1906), pp. 175-193. DOI: 10.1007/
BF02418571 (cit. on p. 314).

Adilbek Kairzhan. “Orbital instability of standing waves for NLS equation
on star graphs”. In: Proc. Amer. Math. Soc. 147.7 (2019), pp. 2911-2924.
DOI: 10.1090/proc/14463 (cit. on pp. 30, 104).

Adilbek Kairzhan, Robert Marangell, Dmitry E. Pelinovsky, and Ke Liang
Xiao. “Standing waves on a flower graph”. In: J. Differential Equations 271
(2021), pp. 719-763. pOI: 10.1016/j. jde.2020.09.010 (cit. on pp. 21,
95, 149, 184).

Adilbek Kairzhan, Diego Noja, and Dmitry E. Pelinovsky. “Standing waves
on quantum graphs”. In: J. Phys. A 55.24 (2022), Paper No. 243001, 51.
DOL: 10.1088/1751-8121/ac6c60 (cit. on pp. 18, 19, 21, 32, 52, 55, 92, 93,
95, 106, 126, 129, 149, 184).

Adilbek Kairzhan and Dmitry E. Pelinovsky. “Multi-pulse edge-localized
states on quantum graphs”. In: Anal. Math. Phys. 11.4 (2021), Paper No.
171, 26. DOIL: 10.1007/513324-021-00603-3 (cit. on pp. 55, 129).

Adilbek Kairzhan, Dmitry E. Pelinovsky, and Roy H. Goodman. “Drift of
spectrally stable shifted states on star graphs”. In: STAM J. Appl. Dyn. Syst.
18.4 (2019), pp. 1723-1755. DOI: 10.1137/19M1246146 (cit. on p. 149).

James Kennedy. “Geometric spectral theory of quantum graphs”. In: Com-
mun. Math. 32.3 (2024), pp. 393-439. DOI: 10.46298/cm. 12380 (cit. on
pp. 11, 85).

Wolfgang Ketterle. Nobel Lecture. 2001. URL: https://www.nobelprize.
org/prizes/physics/2001/ketterle/lecture/ (cit. on pp. 16, 90).

Panagiotis G. Kevrekidis, Dimitrios J. Frantzeskakis, Georgios Theocharis,
and loannis G. Kevrekidis. “Guidance of matter waves through Y-junctions”.
In: Physics Letters A 317.5-6 (Oct. 2003), pp. 513-522. DO1: 10.1016/j .
physleta.2003.08.069 (cit. on pp. 18, 92).

Tom Kibble and Frank H. Berkshire. Classical Mechanics (5th Edition).
World Scientific Publishing Company, 2004 (cit. on p. 404).

Hansjorg Kielhofer. Bifurcation theory. Second. Vol. 156. Applied Mathe-
matical Sciences. An introduction with applications to partial differential
equations. Springer, New York, 2012, pp. viii+398. por: 10.1007/978-1-
4614-0502-3 (cit. on pp. 283, 284).


https://doi.org/10.1007/s00030-024-00972-1
https://doi.org/10.1007/BF02418571
https://doi.org/10.1007/BF02418571
https://doi.org/10.1090/proc/14463
https://doi.org/10.1016/j.jde.2020.09.010
https://doi.org/10.1088/1751-8121/ac6c60
https://doi.org/10.1007/s13324-021-00603-3
https://doi.org/10.1137/19M1246146
https://doi.org/10.46298/cm.12380
https://www.nobelprize.org/prizes/physics/2001/ketterle/lecture/
https://www.nobelprize.org/prizes/physics/2001/ketterle/lecture/
https://doi.org/10.1016/j.physleta.2003.08.069
https://doi.org/10.1016/j.physleta.2003.08.069
https://doi.org/10.1007/978-1-4614-0502-3
https://doi.org/10.1007/978-1-4614-0502-3

BIBLIOGRAPHY 427

[207]  Yuri S. Kivshar and Govind P. Agrawal. Optical Solitons: From Fibers to
Photonic Crystals. Electronics & Electrical. Academic Press, 2003 (cit. on
pp. 14, 88).

[208] Vadim Kostrykin and Robert Schrader. “Kirchhoff’s rule for quantum wires”.
In: J. Phys. A 32.4 (1999), pp. 595-630. DOI: 10.1088/0305-4470/32/4/
006 (cit. on pp. 18, 92).

[209] Ivana Kovacic, Livija Cveticanin, Miodrag Zukovic, and Zvonko Rakaric.
“Jacobi elliptic functions: A review of nonlinear oscillatory application prob-
lems”. In: Journal of Sound and Vibration 380 (2016), pp. 1-36. DOI: 10.
1016/j.jsv.2016.05.051 (cit. on pp. 21, 95).

[210] Pavel Kurasov. Spectral geometry of graphs. Vol. 293. Operator Theory: Ad-
vances and Applications. Birkhduser/Springer, Berlin, 2024, pp. xvi+639.
DOI: 10.1007/978-3-662-67872-5 (cit. on pp. 11, 85).

[211] Kazuhiro Kurata and Masataka Shibata. “Least energy solutions to semi-
linear elliptic problems on metric graphs”. In: J. Math. Anal. Appl. 491.1
(2020), pp. 124297, 22. DOI: 10.1016/j . jmaa.2020.124297 (cit. on pp. 26,
55, 100, 129, 153, 184).

[212] L. Kuzin and S. I. Pohozaev. Entire solutions of semilinear elliptic equations.
Vol. 33. Progress in Nonlinear Differential Equations and their Applications.
Birkhduser Verlag, Basel, 1997, pp. vi+250 (cit. on pp. 42, 116).

[213] Man Kam Kwong. “Uniqueness of positive solutions of Au —u + u? = 0
in R"”. In: Arch. Rational Mech. Anal. 105.3 (1989), pp. 243-266. DOTI:
10.1007/BF00251502 (cit. on pp. 2, 67, 76, 141).

[214] Stefan Le Coz. “Standing waves in nonlinear Schrodinger equations”. In:
Analytical and numerical aspects of partial differential equations. Walter de
Gruyter, Berlin, 2009, pp. 151-192. URL: https://hal . science/hal-
00731236 (cit. on pp. 2, 35, 76, 109, 158, 167, 199).

[215] Jean-Francois Le Gall. Measure theory, probability, and stochastic processes.
Vol. 295. Graduate Texts in Mathematics. Springer, Cham, 2022, pp. xiv+406.
DOI: 10.1007/978-3-031-14205-5 (Cit. on p. 361).

[216] John M. Lee and Thomas H. Parker. “The Yamabe problem”. In: Bull.
Amer. Math. Soc. (N.S.) 17.1 (1987), pp. 37-91. DOI: 10.1090/S0273~
0979-1987-15514-5 (cit. on pp. 42, 116).

[217] Mathieu Lewin. “Describing lack of compactness in Sobolev spaces”. Mas-
ter. Lecture - Taken from unpublished lecture notes "Variational Methods
in Quantum Mechanics" written for a course delivered at the University of
Cergy-Pontoise in 2010. France, Jan. 2010. URL: https://hal.science/
hal-02450559 (cit. on pp. 42, 116).


https://doi.org/10.1088/0305-4470/32/4/006
https://doi.org/10.1088/0305-4470/32/4/006
https://doi.org/10.1016/j.jsv.2016.05.051
https://doi.org/10.1016/j.jsv.2016.05.051
https://doi.org/10.1007/978-3-662-67872-5
https://doi.org/10.1016/j.jmaa.2020.124297
https://doi.org/10.1007/BF00251502
https://hal.science/hal-00731236
https://hal.science/hal-00731236
https://doi.org/10.1007/978-3-031-14205-5
https://doi.org/10.1090/S0273-0979-1987-15514-5
https://doi.org/10.1090/S0273-0979-1987-15514-5
https://hal.science/hal-02450559
https://hal.science/hal-02450559

428

[218]

219]

[220]

[221]

[222]

[223]

[224]

225

[226]

[227)

BIBLIOGRAPHY

Yuhua Li, Fuyi Li, and Junping Shi. “Ground states of nonlinear Schrodinger
equation on star metric graphs”. In: J. Math. Anal. Appl. 459.2 (2018),
pp. 661-685. DOI: 10.1016/j. jmaa.2017.10.069 (cit. on pp. 26, 100).

Elliott H. Lieb. “On the lowest eigenvalue of the Laplacian for the inter-
section of two domains”. In: Invent. Math. 74.3 (1983), pp. 441-448. por:
10.1007/BF01394245 (cit. on pp. 42, 116).

Elliott H. Lieb and Robert Seiringer. “Proof of Bose-Einstein Condensation
for Dilute Trapped Gases”. In: Phys. Rev. Lett. 88 (17 Apr. 2002), p. 170409.
DOI: 10.1103/PhysRevLett.88.170409 (cit. on pp. 17, 91).

Elliott H. Lieb, Robert Seiringer, Jan Philip Solovej, and Jakob Yngva-
son. “The Quantum-Mechanical Many-Body Problem: The Bose Gas”. In:
Condensed Matter Physics and Ezactly Soluble Models: Selecta of Elliott
H. Lieb. Ed. by Bruno Nachtergaele, Jan Philip Solovej, and Jakob Yng-
vason. Berlin, Heidelberg: Springer Berlin Heidelberg, 2004, pp. 351-435.
DOI: 10.1007/978-3-662-06390-3_24 (cit. on pp. 17, 91).

Elliott H. Lieb, Robert Seiringer, and Jakob Yngvason. “One-dimensional
behavior of dilute, trapped Bose gases”. In: Comm. Math. Phys. 244.2
(2004), pp. 347-393. DOL: 10.1007/500220-003-0993-3 (cit. on pp. 17,
91).

Elliott H. Lieb, Jan Philip Solovej, Robert Seiringer, and Jakob Yngva-
son. The Mathematics of the Bose Gas and its Condensation. Oberwolfach
Seminars. Birkhauser-Verlag, 2005. DO1: 10.1007/b137508 (cit. on pp. 17,
91).

Pierre-Louis Lions. “Principe de concentration-compacité en calcul des vari-
ations”. In: C. R. Acad. Sci. Paris Sér. I Math. 294.7 (1982), pp. 261-264
(cit. on pp. 30, 42, 104, 116).

Pierre-Louis Lions. “Solutions of Hartree-Fock equations for Coulomb sys-
tems”. In: Comm. Math. Phys. 109.1 (1987), pp. 33-97. URL: http://
projecteuclid.org/euclid.cmp/1104116712 (cit. on pp. 39, 113).

Pierre-Louis Lions. “The concentration-compactness principle in the calcu-
lus of variations. The locally compact case. I”. In: Ann. Inst. H. Poincaré
Anal. Non Linéaire 1.2 (1984), pp. 109-145. URL: http://www.numdam .
org/item?id=ATHPC_1984__1 2 109_0 (cit. on pp. 30, 42, 104, 116).

Pierre-Louis Lions. “The concentration-compactness principle in the calcu-
lus of variations. The locally compact case. I1”. In: Ann. Inst. H. Poincaré
Anal. Non Linéaire 1.4 (1984), pp. 223-283. URL: http://www . numdam.
org/item?id=ATHPC 1984 1 4 223 0 (cit. on pp. 30, 42, 104, 116).


https://doi.org/10.1016/j.jmaa.2017.10.069
https://doi.org/10.1007/BF01394245
https://doi.org/10.1103/PhysRevLett.88.170409
https://doi.org/10.1007/978-3-662-06390-3_24
https://doi.org/10.1007/s00220-003-0993-3
https://doi.org/10.1007/b137508
http://projecteuclid.org/euclid.cmp/1104116712
http://projecteuclid.org/euclid.cmp/1104116712
http://www.numdam.org/item?id=AIHPC_1984__1_2_109_0
http://www.numdam.org/item?id=AIHPC_1984__1_2_109_0
http://www.numdam.org/item?id=AIHPC_1984__1_4_223_0
http://www.numdam.org/item?id=AIHPC_1984__1_4_223_0

BIBLIOGRAPHY 429

[228)]

[229]

230]

[231]

[232]

[233]

[234]

[235]

236

237]

Lorenzo Lorenzo, Massimiliano Lucci, Vittorio Merlo, Ivano Ottaviani, Mat-
teo Salvato, Matteo Cirillo, Franz Miiller, Thomas Weimann, Maria Gabriella
Castellano, Fabio Chiarello, and Guido Torrioli. “On Bose-Einstein con-
densation in Josephson junctions star graph arrays”. In: Physics Letters A
378.7 (2014), pp. 655-658. DOI: 10.1016/ j.physleta.2013.12.032 (cit.
on pp. 18, 92).

Gunter Lumer. “Espaces ramifiés, et diffusions sur les réseaux topologiques”.
In: C. R. Acad. Sci. Paris Sér. A-B 291.12 (1980), A627-A630 (cit. on
pp. 11, 85).

Jan Maly, David Swanson, and William P. Ziemer. “The co-area formula
for Sobolev mappings”. In: Trans. Amer. Math. Soc. 355.2 (2003), pp. 477—
492. DOI: 10.1090/50002-9947-02-03091-X (Cit. on p. 358).

Jeremy L. Marzuola and Dmitry E. Pelinovsky. “Ground state on the dumb-
bell graph”. In: Appl. Math. Res. Express. AMRX 1 (2016), pp. 98-145. DOI:
10.1093/amrx/abv011 (cit. on pp. 31, 105).

Bevin Laurel Maultsby. “The geometry of radial states in nonlinear elliptic
problems”. Thesis (Ph.D.)-The University of North Carolina at Chapel Hill.
2014, p. 107. URL: http://gateway.proquest.com/openurl?url ver=
739.88-2004&rft val fmt=info:ofi/fmt:kev:mtx:dissertation&
res_dat=xri:pqm&rft_dat=xri:pqdiss:3622412 (cit. on pp. 67, 141).

Jean Mawhin. Analyse: fondements, techniques, évolution. Acces Sciences.
De Boeck université, 1997 (cit. on p. 293).

Jean Mawhin and Michel Willem. “Origin and evolution of the Palais-Smale
condition in critical point theory”. In: J. Fized Point Theory Appl. 7.2
(2010), pp. 265-290. DOI: 10.1007/s11784-010-0019-7 (cit. on pp. 33,
107).

P. J. McKenna, F. Pacella, M. Plum, and D. Roth. “A uniqueness result for
a semilinear elliptic problem: a computer-assisted proof”. In: J. Differential
FEquations 247.7 (2009), pp. 2140-2162. DOI: 10.1016/j.jde.2009.06.023
(cit. on p. 340).

Kevin McLeod. “Uniqueness of positive radial solutions of Au + f(u) =0
in R™. II”. In: Trans. Amer. Math. Soc. 339.2 (1993), pp. 495-505. DOL:
10.2307/2154282 (cit. on pp. 67, 141).

Kevin McLeod, W. C. Troy, and F. B. Weissler. “Radial solutions of Au +
f(u) = 0 with prescribed numbers of zeros”. In: J. Differential Equations
83.2 (1990), pp. 368-378. DOI: 10.1016/0022-0396(90) 90063-U (cit. on
pp. 67, 141).


https://doi.org/10.1016/j.physleta.2013.12.032
https://doi.org/10.1090/S0002-9947-02-03091-X
https://doi.org/10.1093/amrx/abv011
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3622412
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3622412
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3622412
https://doi.org/10.1007/s11784-010-0019-7
https://doi.org/10.1016/j.jde.2009.06.023
https://doi.org/10.2307/2154282
https://doi.org/10.1016/0022-0396(90)90063-U

430

238

[239]

240]

[241]

[242)]

[243]

[244]

[245]

246

[247]

248

BIBLIOGRAPHY

Frank Merle. “Determination of blow-up solutions with minimal mass for
nonlinear Schrodinger equations with critical power”. In: Duke Math. J.
69.2 (1993), pp. 427-454. DOI: 10.1215/80012-7094-93-06919-0 (cit. on
pp. 402, 403).

Frank Merle and Pierre Raphael. “On universality of blow-up profile for
L? critical nonlinear Schrodinger equation”. In: Invent. Math. 156.3 (2004),
pp. 565-672. DOI: 10.1007/s00222-003-0346-z (cit. on p. 403).

Frank Merle and Pierre Raphael. “Sharp upper bound on the blow-up rate
for the critical nonlinear Schrodinger equation”. In: Geom. Funct. Anal.
13.3 (2003), pp. 591-642. por: 10 . 1007 /s00039-003-0424-9 (cit. on
p. 403).

Frank Merle and Pierre Raphael. “The blow-up dynamic and upper bound
on the blow-up rate for critical nonlinear Schrédinger equation”. In: Ann. of
Math. (2) 161.1 (2005), pp. 157-222. DOI: 10.4007/annals.2005.161.157
(cit. on p. 403).

John W. Milnor. Topology from the differentiable viewpoint. Based on notes
by David W. Weaver. University Press of Virginia, Charlottesville, VA,
1965, pp. ix+65 (cit. on pp. 334, 360).

Riccardo Molle. “Positive solutions for a nonlinear elliptic problem with
strong lack of compactness”. In: J. London Math. Soc. (2) 74.2 (2006),
pp. 441-452. DOI: 10.1112/8002461070602309X (cit. on pp. 45, 119).

Riccardo Molle. “Semilinear elliptic problems in unbounded domains with
unbounded boundary”. In: Asymptot. Anal. 38.3-4 (2004), pp. 293-307 (cit.
on pp. 45, 119).

Riccardo Molle, Giuseppe Riey, and Gianmaria Verzini. “Normalized solu-
tions to mass supercritical Schrodinger equations with negative potential”.
In: J. Differential Equations 333 (2022), pp. 302-331. por: 10.1016/j.
jde.2022.06.012 (cit. on pp. 37, 111, 228).

Delio Mugnolo. Semigroup methods for evolution equations on mnetworks.
Understanding Complex Systems. Springer, Cham, 2014, pp. xvi+286. DOI:
10.1007/978-3-319-04621-1 (cit. on pp. 11, 85).

Delio Mugnolo. What is actually a metric graph? 2021. arXiv: 1912.07549
[math.CO] (cit. on pp. 349, 350, 353).

Jean-Michel Muller, Nicolas Brunie, Florent de Dinechin, Claude-Pierre
Jeannerod, Mioara Joldes, Vincent Leféevre, Guillaume Melquiond, Nathalie
Revol, and Serge Torres. Handbook of floating-point arithmetic. Second.
Birkh&user /Springer, Cham, 2018, pp. xxv+627. pOI: 10.1007/978-3-
319-76526-6 (cit. on pp. 69, 143, 336, 338).


https://doi.org/10.1215/S0012-7094-93-06919-0
https://doi.org/10.1007/s00222-003-0346-z
https://doi.org/10.1007/s00039-003-0424-9
https://doi.org/10.4007/annals.2005.161.157
https://doi.org/10.1112/S002461070602309X
https://doi.org/10.1016/j.jde.2022.06.012
https://doi.org/10.1016/j.jde.2022.06.012
https://doi.org/10.1007/978-3-319-04621-1
https://arxiv.org/abs/1912.07549
https://arxiv.org/abs/1912.07549
https://doi.org/10.1007/978-3-319-76526-6
https://doi.org/10.1007/978-3-319-76526-6

BIBLIOGRAPHY 431

[249]

[250]

[251]

[252]

[253]

[254]

[255]

[256]

257]

[258]

Mitsuhiro T. Nakao, Michael Plum, and Yoshitaka Watanabe. Numeri-
cal verification methods and computer-assisted proofs for partial differential
equations. Vol. 53. Springer Series in Computational Mathematics. Springer,
Singapore, 2019, pp. xiii+467. DOI: 10.1007/978-981-13-7669-6 (cit. on
pp. 70, 144).

Zeev Nehari. “Characteristic values associated with a class of non-linear
second-order differential equations”. In: Acta Math. 105 (1961), pp. 141
175. DO1: 10.1007/BF02559588 (cit. on pp. 26, 100).

Serge Nicaise. “Diffusion sur les espaces ramifiés”. PhD thesis. Université
de Mons (Belgium), 1986 (cit. on pp. 11, 85, 325).

Serge Nicaise. “Elliptic operators on elementary ramified spaces”. In: Inte-
gral Equations Operator Theory 11.2 (1988), pp. 230-257. DOT: 10. 1007/
BF01272120 (cit. on pp. 11, 85).

Serge Nicaise. “Some results on spectral theory over networks, applied to
nerve impulse transmission”. In: Orthogonal polynomials and applications
(Bar-le-Duc, 1984). Vol. 1171. Lecture Notes in Math. Springer, Berlin,
1985, pp. 532-541. DOT: 10.1007/BFb0076584 (cit. on pp. 11, 85, 325).

Serge Nicaise. “Spectre des réseaux topologiques finis”. In: Bull. Sci. Math.
(2) 111.4 (1987), pp. 401-413 (cit. on pp. 11, 85).

Diego Noja. “Nonlinear Schrodinger equation on graphs: recent results and
open problems”. In: Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng.
Sei. 372.2007 (2014), pp. 20130002, 20. pOI: 10.1098/rsta.2013. 0002
(cit. on pp. 18, 19, 58, 92, 93, 132).

Diego Noja, Dmitry Pelinovsky, and Gaukhar Shaikhova. “Bifurcations and
stability of standing waves in the nonlinear Schrodinger equation on the
tadpole graph”. In: Nonlinearity 28.7 (2015), pp. 2343-2378. DOI: 10.1088/
0951-7715/28/7/2343 (cit. on pp. 20, 94, 153).

Diego Noja and Dmitry E. Pelinovsky. “Standing waves of the quintic NLS
equation on the tadpole graph”. In: Calc. Var. Partial Differential Equa-
tions 59.5 (2020), Paper No. 173, 31. DOI: 10.1007/s00526-020-01832-3
(cit. on pp. 20, 94, 149, 153, 254).

Diego Noja, Sergio Rolando, and Simone Secchi. “Standing waves for the
NLS on the double-bridge graph and a rational-irrational dichotomy”. In:
J. Differential Equations 266.1 (2019), pp. 147-178. DOI: 10.1016/j. jde.
2018.07.038 (cit. on pp. 21, 95).


https://doi.org/10.1007/978-981-13-7669-6
https://doi.org/10.1007/BF02559588
https://doi.org/10.1007/BF01272120
https://doi.org/10.1007/BF01272120
https://doi.org/10.1007/BFb0076584
https://doi.org/10.1098/rsta.2013.0002
https://doi.org/10.1088/0951-7715/28/7/2343
https://doi.org/10.1088/0951-7715/28/7/2343
https://doi.org/10.1007/s00526-020-01832-3
https://doi.org/10.1016/j.jde.2018.07.038
https://doi.org/10.1016/j.jde.2018.07.038

432

259

[260]

261

[262]

263

[264]

265

[266]

267]

268]

269

BIBLIOGRAPHY

Benedetta Noris, Hugo Tavares, and Gianmaria Verzini. “Existence and
orbital stability of the ground states with prescribed mass for the L-critical
and supercritical NLS on bounded domains”. In: Anal. PDE 7.8 (2014),
pp. 1807-1838. DOI: 10.2140/apde.2014.7.1807 (cit. on pp. 41, 115, 228,
232, 233).

Benedetta Noris, Hugo Tavares, and Gianmaria Verzini. “Normalized so-
lutions for nonlinear Schrodinger systems on bounded domains”. In: Non-
linearity 32.3 (2019), pp. 1044-1072. DOI: 10.1088/ 1361~ 6544 /aaf2e0
(cit. on p. 228).

Richard S. Palais. “The principle of symmetric criticality”. In: Comm.
Math. Phys. 69.1 (1979), pp. 19-30. URL: http://projecteuclid. org/
euclid.cmp/1103905401 (cit. on pp. 69, 143, 329).

Richard S. Palais. “The symmetries of solitons”. In: Bull. Amer. Math. Soc.
(N.S.) 34.4 (1997), pp. 339-403. DOI: 10.1090/80273-0979-97-00732-5
(cit. on p. 405).

Alexander Pankov. “Nonlinear Schrodinger equations on periodic metric
graphs”. In: Discrete Contin. Dyn. Syst. 38.2 (2018), pp. 697-714. por:
10.3934/dcds . 2018030 (cit. on pp. 26, 100, 184, 190).

Konstantin Pankrashkin. “Spectra of Schrodinger operators on equilateral
quantum graphs”. In: Lett. Math. Phys. 77.2 (2006), pp. 139-154. Dpor:
10.1007/s11005-006-0088-0 (cit. on pp. 11, 85, 325).

Donato Passaseo. “Nonexistence results for elliptic problems with supercrit-
ical nonlinearity in nontrivial domains”. In: J. Funct. Anal. 114.1 (1993),
pp. 97-105. DOL: 10.1006/jfan.1993.1064 (cit. on pp. 43, 117).

B.S. Pavlov and M.D. Faddeev. “A model of free electrons and the scattering
problem”. In: Teoret. Mat. Fiz. 55.2 (1983), pp. 257-268 (cit. on pp. 11, 85).

Dmitry Pelinovsky and Guido Schneider. “Bifurcations of standing localized
waves on periodic graphs”. In: Ann. Henri Poincaré 18.4 (2017), pp. 1185—
1211. por: 10.1007/s00023-016-0536-z (Cit. on p. 190).

Dmitry E. Pelinovsky. Localization in periodic potentials. Vol. 390. Lon-
don Mathematical Society Lecture Note Series. From Schrodinger operators
to the Gross-Pitaevskii equation. Cambridge University Press, Cambridge,
2011, pp. x+398. DOIL: 10.1017/CB09780511997754 (cit. on pp. 15, 89).

Benedetta Pellacci, Angela Pistoia, Giusi Vaira, and Gianmaria Verzini.
“Normalized concentrating solutions to nonlinear elliptic problems”. In: J.
Differential Equations 275 (2021), pp. 882-919. por: 10.1016/j . jde .
2020.11.003 (cit. on pp. 41, 115, 228).


https://doi.org/10.2140/apde.2014.7.1807
https://doi.org/10.1088/1361-6544/aaf2e0
http://projecteuclid.org/euclid.cmp/1103905401
http://projecteuclid.org/euclid.cmp/1103905401
https://doi.org/10.1090/S0273-0979-97-00732-5
https://doi.org/10.3934/dcds.2018030
https://doi.org/10.1007/s11005-006-0088-0
https://doi.org/10.1006/jfan.1993.1064
https://doi.org/10.1007/s00023-016-0536-z
https://doi.org/10.1017/CBO9780511997754
https://doi.org/10.1016/j.jde.2020.11.003
https://doi.org/10.1016/j.jde.2020.11.003

BIBLIOGRAPHY 433

270]

[271]

272]

273]

274]

275

[276]

277]

[278]

[279]

[280]

Peter Pickl. “A simple derivation of mean field limits for quantum systems”.
In: Lett. Math. Phys. 97.2 (2011), pp. 151-164. Dor: 10.1007/511005-011-
0470-4 (cit. on pp. 17, 91).

Dario Pierotti and Nicola Soave. “Ground states for the NLS equation with
combined nonlinearities on noncompact metric graphs”. In: STAM J. Math.
Anal. 54.1 (2022), pp. 768-790. DOI: 10.1137/20M1377837 (cit. on pp. 52,
126, 149, 184, 254).

Dario Pierotti, Nicola Soave, and Gianmaria Verzini. “Local minimizers in
absence of ground states for the critical NLS energy on metric graphs”.
In: Proc. Roy. Soc. Edinburgh Sect. A 151.2 (2021), pp. 705-733. DOI: 10.
1017/prm. 2020.36 (cit. on pp. 52, 126, 149, 184, 254).

Dario Pierotti and Gianmaria Verzini. “Normalized bound states for the
nonlinear Schrédinger equation in bounded domains”. In: Calc. Var. Par-
tial Differential Equations 56.5 (2017), Paper No. 133, 27. po1: 10.1007/
s00526-017-1232-7 (cit. on pp. 41, 115, 228, 231, 257, 259, 263).

Dario Pierotti, Gianmaria Verzini, and Junwei Yu. Normalized solutions
for Sobolev critical Schrodinger equations on bounded domains. 2024. arXiv:
2404.04594 [math.AP] (cit. on pp. 41, 115, 228).

Manuel A. del Pino and Patricio L. Felmer. “Least energy solutions for
elliptic equations in unbounded domains”. In: Proc. Roy. Soc. Edinburgh
Sect. A 126.1 (1996), pp. 195-208. poI: 10.1017/S0308210500030687 (cit.
on pp. 45, 119).

Manuel A. del Pino and Juncheng Wei. “Probleémes elliptiques supercri-
tiques dans des domaines avec de petits trous”. In: Ann. Inst. H. Poincaré
C Anal. Non Linéaire 24.4 (2007), pp. 507-520. pOI1: 10.1016/j.anihpc.
2006.03.001 (cit. on pp. 44, 118).

Angela Pistoia. “The Ljapunov-Schmidt reduction for some critical prob-
lems”. In: Concentration analysis and applications to PDE. Trends Math.
Birkh&user/Springer, Basel, 2013, pp. 69-83 (cit. on pp. 54, 128, 284).

Angela Pistoia and Olivier Rey. “Multiplicity of solutions to the super-
critical Bahri-Coron’s problem in pierced domains”. In: Adv. Differential
Fquations 11.6 (2006), pp. 647-666 (cit. on pp. 44, 118).

Lev Pitaevskii and Sandro Stringari. Bose-FEinstein Condensation and Su-
perfluidity. Oxford University Press, Jan. 2016. pDor: 10 . 1093/ acprof :
050/9780198758884.001.0001 (cit. on pp. 17, 91).

S. I. Pohozaev. “On the eigenfunctions of the equation Au + Af(u) = 0”.
In: Dokl. Akad. Nauk SSSR 165 (1965), pp. 36-39. URL: https: //www.
mathnet.ru/eng/dan31757 (cit. on pp. 36, 110, 400).


https://doi.org/10.1007/s11005-011-0470-4
https://doi.org/10.1007/s11005-011-0470-4
https://doi.org/10.1137/20M1377837
https://doi.org/10.1017/prm.2020.36
https://doi.org/10.1017/prm.2020.36
https://doi.org/10.1007/s00526-017-1232-7
https://doi.org/10.1007/s00526-017-1232-7
https://arxiv.org/abs/2404.04594
https://doi.org/10.1017/S0308210500030687
https://doi.org/10.1016/j.anihpc.2006.03.001
https://doi.org/10.1016/j.anihpc.2006.03.001
https://doi.org/10.1093/acprof:oso/9780198758884.001.0001
https://doi.org/10.1093/acprof:oso/9780198758884.001.0001
https://www.mathnet.ru/eng/dan31757
https://www.mathnet.ru/eng/dan31757

434

[281]

[282]

[283)]

[284]

[285]

[236]

[287]

[288]

[289)]

290]

[291]

BIBLIOGRAPHY

Popular information. NobelPrize.org. Nobel Prize Outreach AB 2024. 2001.
URL: https://www.nobelprize.org/prizes/physics/2001/popular-
information/ (cit. on pp. 15, 89).

Press release, Nobel Prize Qutreach. 2001. URL: https://www.nobelprize.
org/prizes/physics/2001/press-release/ (cit. on pp. 15, 89).

Murray H. Protter and Hans F. Weinberger. Mazimum principles in dif-
ferential equations. Corrected reprint of the 1967 original. Springer-Verlag,
New York, 1984, pp. x+261. DOI: 10.1007/978-1-4612-5282-5 (cit. on
p. 389).

Paul H. Rabinowitz. Minimazx methods in critical point theory with applica-
tions to differential equations. Vol. 65. CBMS Regional Conference Series
in Mathematics. Conference Board of the Mathematical Sciences, Wash-
ington, DC; by the American Mathematical Society, Providence, RI, 1986,
pp. viii+100. DO1: 10.1090/cbms/065 (cit. on pp. 2, 58, 76, 132).

Paul H. Rabinowitz. “Some aspects of nonlinear eigenvalue problems”. In:
Rocky Mountain J. Math. 3 (1973), pp. 161-202. por: 10.1216/RMJ-1973-
3-2-161 (cit. on pp. 30, 104).

Michael Reed and Barry Simon. Methods of modern mathematical physics.
IV. Analysis of operators. Academic Press [Harcourt Brace Jovanovich,
Publishers|, New York-London, 1978, pp. xv+396 (cit. on pp. 59, 133).

Olivier Rey. “A multiplicity result for a variational problem with lack of
compactness”. In: Nonlinear Anal. 13.10 (1989), pp. 1241-1249. por: 10.
1016/0362-546X (89)90009-6 (cit. on pp. 44, 118).

Olivier Rey. “Sur un probleme variationnel non compact: 'effet de petits
trous dans le domaine”. In: C. R. Acad. Sci. Paris Sér. I Math. 308.12
(1989), pp. 349-352 (cit. on pp. 44, 118).

Klaus Ruedenberg. “Quantum Mechanics of Mobile Electrons in Conju-
gated Bond Systems. III. Topological Matrix as Generatrix of Bond Or-
ders”. In: The Journal of Chemical Physics 34.6 (June 1961), pp. 1884—
1891. DOI: 10.1063/1.1731787 (cit. on pp. 8, 82).

Klaus Ruedenberg and Charles W. Scherr. “Free-Electron Network Model
for Conjugated Systems. I. Theory”. In: The Journal of Chemical Physics
21.9 (Sept. 1953), pp. 1565-1581. DOI: 10.1063/1.1699299 (cit. on pp. 8,
82).

Karimjon K. Sabirov, Mashrab E. Akramov, R. Sherzod Otajonov, and
Davron U. Matrasulov. “Soliton generation in optical fiber networks”. In:

Chaos Solitons Fractals 133 (2020), pp. 109636, 6. DOI: 10.1016/j . chaos.
2020.109636 (cit. on pp. 15, 89).


https://www.nobelprize.org/prizes/physics/2001/popular-information/
https://www.nobelprize.org/prizes/physics/2001/popular-information/
https://www.nobelprize.org/prizes/physics/2001/press-release/
https://www.nobelprize.org/prizes/physics/2001/press-release/
https://doi.org/10.1007/978-1-4612-5282-5
https://doi.org/10.1090/cbms/065
https://doi.org/10.1216/RMJ-1973-3-2-161
https://doi.org/10.1216/RMJ-1973-3-2-161
https://doi.org/10.1016/0362-546X(89)90009-6
https://doi.org/10.1016/0362-546X(89)90009-6
https://doi.org/10.1063/1.1731787
https://doi.org/10.1063/1.1699299
https://doi.org/10.1016/j.chaos.2020.109636
https://doi.org/10.1016/j.chaos.2020.109636

BIBLIOGRAPHY 435

[292]

[293]

[204]

295

296]

297]

298]

299]

300]

301]

302]

Karimjon K. Sabirov, Zarif A. Sobirov, Doniyor Babajanov, and Davron
U. Matrasulov. “Stationary nonlinear Schrodinger equation on simplest
graphs”. In: Phys. Lett. A 377.12 (2013), pp. 860-865. DO1: 10.1016/ 7 .
physleta.2013.02.011 (cit. on pp. 19, 93).

Kaspar Sakmann. Many-Body Schrodinger Dynamics of Bose-FEinstein Con-
densates. Springer Berlin Heidelberg, 2011. por: 10.1007/978-3-642-
22866-7 (cit. on pp. 17, 91).

Ariel Salort and Christophe Troestler. “A computer assisted proof of the
symmetries of least energy nodal solutions on squares”. In: Minimax Theory
Appl. 7.2 (2022), pp. 365-380. URL: https://www.heldermann.de/MTA/
MTAO7/MTAO072/mta07016.htm (cit. on pp. 69, 143, 284, 305, 340).

Benjamin Schlein. “Bose gases in the Gross-Pitaevskii limit: a survey of
some rigorous results”. In: The physics and mathematics of Elliott Lieb—
the 90th anniversary. Vol. II. EMS Press, Berlin, 2022, pp. 277-305 (cit. on
pp. 17, 91).

Maximilian Schlosshauer. Decoherence. And the Quantum-To-Classical Tran-
sition. The Frontiers Collection. Springer, 2007 (cit. on pp. 15, 89).

Enrico Serra and Lorenzo Tentarelli. “Bound states of the NLS equation on
metric graphs with localized nonlinearities”. In: J. Differential Fquations
260.7 (2016), pp. 5627-5644. DOI: 10.1016/j . jde.2015.12.030 (cit. on
pp. 57-59, 131-133, 253, 254, 258).

Enrico Serra and Lorenzo Tentarelli. “On the lack of bound states for certain
NLS equations on metric graphs”. In: Nonlinear Anal. 145 (2016), pp. 68—
82. DOI: 10.1016/j.na.2016.07.008 (cit. on pp. 57, 58, 131, 132, 254,
258).

Enrico Serra and Paolo Tilli. “Monotonicity constraints and supercritical
Neumann problems”. In: Ann. Inst. H. Poincaré C Anal. Non Linéaire 28.1
(2011), pp. 63-74. poI: 10.1016/j.anihpc.2010.10.003 (cit. on pp. 42,
116).

Denis Serre. Matrices. Second. Vol. 216. Graduate Texts in Mathematics.
Theory and applications. Springer, New York, 2010, pp. xiv+289. DOI: 10.
1007/978-1-4419-7683-3 (Cit. on p. 263).

Jalal Shatah and Walter Strauss. “Instability of nonlinear bound states”.
In: Comm. Math. Phys. 100.2 (1985), pp. 173-190 (cit. on p. 231).

Masataka Shibata. “Multiplicity of positive solutions to semi-linear elliptic
problems on metric graphs”. In: Commun. Pure Appl. Anal. 20.12 (2021),
pp. 4107-4126. DOIL: 10.3934/cpaa.2021147 (cit. on pp. 26, 55, 100, 129).


https://doi.org/10.1016/j.physleta.2013.02.011
https://doi.org/10.1016/j.physleta.2013.02.011
https://doi.org/10.1007/978-3-642-22866-7
https://doi.org/10.1007/978-3-642-22866-7
https://www.heldermann.de/MTA/MTA07/MTA072/mta07016.htm
https://www.heldermann.de/MTA/MTA07/MTA072/mta07016.htm
https://doi.org/10.1016/j.jde.2015.12.030
https://doi.org/10.1016/j.na.2016.07.008
https://doi.org/10.1016/j.anihpc.2010.10.003
https://doi.org/10.1007/978-1-4419-7683-3
https://doi.org/10.1007/978-1-4419-7683-3
https://doi.org/10.3934/cpaa.2021147

436

303]

304]

[305)

306]

307]

308

309

[310]

[311]

[312]

313

BIBLIOGRAPHY

Nicola Soave. “Normalized ground states for the NLS equation with com-
bined nonlinearities”. In: J. Differential Equations 269.9 (2020), pp. 6941
6987. DOI: 10.1016/3 . jde.2020.05.016 (cit. on pp. 228, 254).

Nicola Soave. “Normalized ground states for the NLS equation with com-
bined nonlinearities: the Sobolev critical case”. In: J. Funct. Anal. 279.6
(2020), pp. 108610, 43. DO1: 10.1016/j.jfa.2020.108610 (cit. on pp. 228,
254).

Zarif Sobirov, Davron Matrasulov, Karimjon Sabirov, Shin-ichi Sawada,
and Katsuhiro Nakamura. “Integrable nonlinear Schrédinger equation on
simple networks: connection formula at vertices”. In: Phys. Rev. E (3) 81.6
(2010), pp. 066602, 10. DOI: 10.1103/PhysRevE.81.066602 (cit. on pp. 18,
92).

Philippe Spindel. Mécanique: Mécanique analytique. Archives Contempo-
raines Editions, 2002 (cit. on pp. 64, 138, 404).

Walter A. Strauss. “Existence of solitary waves in higher dimensions”. In:
Comm. Math. Phys. 55.2 (1977), pp. 149-162. URL: http://projecteuclid.
org/euclid.cmp/1103900983 (cit. on pp. 2, 42, 76, 116).

Michael Struwe. “Existence of periodic solutions of Hamiltonian systems on
almost every energy surface”. In: Bol. Soc. Brasil. Mat. (N.S.) 20.2 (1990),
pp. 49-58. DOI: 10.1007/BF02585433 (cit. on pp. 37, 111).

Michael Struwe. “The existence of surfaces of constant mean curvature with
free boundaries”. In: Acta Math. 160.1-2 (1988), pp. 19-64. DOI: 10.1007/
BF02392272 (cit. on pp. 37, 111).

Michael Struwe. Variational methods. Fourth. Vol. 34. Results in Mathe-
matics and Related Areas. 3rd Series. A Series of Modern Surveys in Math-
ematics. Applications to nonlinear partial differential equations and Hamil-
tonian systems. Springer-Verlag, Berlin, 2008, pp. xx+302 (cit. on pp. 2,
37,40, 42, 76, 111, 114, 116, 249).

Charles A. Stuart. “A variational method for bifurcation problems when
the linearisation has no eigenvalues”. In: Atti del SAFA III, Bari (1978),
pp. 154-180 (cit. on pp. 30, 104).

Charles A. Stuart. “Bifurcation for Dirichlet problems without eigenvalues”.
In: Proc. London Math. Soc. (3) 45.1 (1982), pp. 169-192. por: 10.1112/
plms/s3-45.1.169 (cit. on pp. 30, 104).

Charles A. Stuart. “Bifurcation for variational problems when the lineari-
sation has no eigenvalues”. In: J. Functional Analysis 38.2 (1980), pp. 169
187. DOI: 10.1016/0022-1236(80)90063-4 (cit. on pp. 30, 104).


https://doi.org/10.1016/j.jde.2020.05.016
https://doi.org/10.1016/j.jfa.2020.108610
https://doi.org/10.1103/PhysRevE.81.066602
http://projecteuclid.org/euclid.cmp/1103900983
http://projecteuclid.org/euclid.cmp/1103900983
https://doi.org/10.1007/BF02585433
https://doi.org/10.1007/BF02392272
https://doi.org/10.1007/BF02392272
https://doi.org/10.1112/plms/s3-45.1.169
https://doi.org/10.1112/plms/s3-45.1.169
https://doi.org/10.1016/0022-1236(80)90063-4

BIBLIOGRAPHY 437

[314]

[315]

316

317]

[318]

[319]

[320]

[321]

[322]

323]

Charles A. Stuart. “Bifurcation from the continuous spectrum in the L2-
theory of elliptic equations on R"”. In: Recent methods in nonlinear analysis
and applications (Naples, 1980). Liguori, Naples, 1981, pp. 231-300 (cit. on
pp. 30, 104).

Charles A. Stuart. “Bifurcation from the essential spectrum for some non-
compact nonlinearities”. In: Math. Methods Appl. Sci. 11.4 (1989), pp. 525~
542. DOL: 10.1002/mma . 1670110408 (cit. on pp. 30, 104).

Charles A. Stuart. “Des bifurcations sans valeurs propres”. In: C. R. Acad.
Sci. Paris Sér. A-B 284.21 (1977), A1373-A1375 (cit. on pp. 29, 30, 103,
104).

Catherine Sulem and Pierre-Louis Sulem. The nonlinear Schridinger equa-
tion. Vol. 139. Applied Mathematical Sciences. Self-focusing and wave col-
lapse. Springer-Verlag, New York, 1999, pp. xvi+350 (cit. on pp. 2, 15, 76,
89).

Andrzej Szulkin and Tobias Weth. “The method of Nehari manifold”. In:
Handbook of nonconvex analysis and applications. Int. Press, Somerville,
MA, 2010, pp. 597-632. URL: https://staff .math.su.se/andrzejs/
publications/Nehari.pdf (cit. on pp. 26, 27, 64, 100, 101, 138, 184, 197,
239).

Terence Tao. Nonlinear dispersive equations. Vol. 106. CBMS Regional Con-
ference Series in Mathematics. Local and global analysis. Conference Board
of the Mathematical Sciences, Washington, DC; by the American Mathe-
matical Society, Providence, RI, 2006, pp. xvi+373. DOI: 10.1090/cbms/
106 (cit. on pp. 67, 141, 402).

Terence Tao. “Why are solitons stable?” In: Bull. Amer. Math. Soc. (N.S.)
46.1 (2009), pp. 1-33. DOI: 10 .1090/80273-0979-08-01228-7 (cit. on
pp. 12, 86, 405).

Hugo Tavares. “Topics in elliptic problems: from semilinear equations to
shape optimization”. In: Communications in Mathematics Volume 32 (2024),
Issue 3 (Special issue: Portuguese Mathematics) (Mar. 2024). por: 10 .
46298 /cm . 12568. URL: https://cm.episciences. org/ 13231 (cit. on
pp. 54, 128).

Lorenzo Tentarelli. “NLS ground states on metric graphs with localized
nonlinearities”. In: J. Math. Anal. Appl. 433.1 (2016), pp. 291-304. DpoI:
10.1016/j . jmaa.2015.07.065 (cit. on pp. 58, 132, 153, 184, 254).

Alessandro Torrielli. “Classical integrability”. In: J. Phys. A 49.32 (2016),
pp. 323001, 31. DOL: 10.1088/1751-8113/49/32/323001 (cit. on p. 404).


https://doi.org/10.1002/mma.1670110408
https://staff.math.su.se/andrzejs/publications/Nehari.pdf
https://staff.math.su.se/andrzejs/publications/Nehari.pdf
https://doi.org/10.1090/cbms/106
https://doi.org/10.1090/cbms/106
https://doi.org/10.1090/S0273-0979-08-01228-7
https://doi.org/10.46298/cm.12568
https://doi.org/10.46298/cm.12568
https://cm.episciences.org/13231
https://doi.org/10.1016/j.jmaa.2015.07.065
https://doi.org/10.1088/1751-8113/49/32/323001

438

[324]

325

[326]

1327]

328

329

[330]

331]

332]

333]

334]

BIBLIOGRAPHY

Richard J. Trudeau. The non-Fuclidean revolution. Modern Birkhé&user
Classics. With an introduction by H. S. M. Coxeter, Reprint of the 1987
edition. Birkhauser Boston, Inc., Boston, MA, 2008, pp. xiv+269 (cit. on
pp. 62, 136).

Toshio Tsuzuki. “Nonlinear waves in the Pitaevskii-Gross equation”. In:
Journal of Low Temperature Physics 4.4 (Apr. 1971), pp. 441-457. DOTL:
10.1007/b£00628744 (cit. on pp. 14, 88).

Warwick Tucker. Validated numerics. A short introduction to rigorous com-
putations. Princeton University Press, Princeton, NJ, 2011, pp. xii+138
(cit. on pp. 339, 340).

Warwick Tucker. “Validated numerics for pedestrians”. In: European Congress
of Mathematics. Eur. Math. Soc., Ziirich, 2005, pp. 851-860. URL: https:
//www2.math.uu.se/~watuc425/main/papers/ECMO4Tucker . pdf (cit. on
p. 340).

E. J. G. G. Vidal, Rodrigo P.A Lima, and Marcelo L. Lyra. “Bose-Einstein
condensation in the infinitely ramified star and wheel graphs”. In: Phys.
Rev. E 83 (6 June 2011), p. 061137. DOI: 10.1103/PhysRevE.83.061137
(cit. on pp. 18, 92).

Juncheng Wei and Yuanze Wu. “Normalized solutions for Schrodinger equa-
tions with critical Sobolev exponent and mixed nonlinearities”. In: J. Funct.
Anal. 283.6 (2022), Paper No. 109574, 46. pOI: 10.1016/j . jfa.2022.
109574 (cit. on p. 228).

Michael I. Weinstein. “Lyapunov stability of ground states of nonlinear
dispersive evolution equations”. In: Comm. Pure Appl. Math. 39.1 (1986),
pp. 51-67. DOI: 10.1002/cpa.3160390103 (cit. on pp. 26, 100, 231, 404).

Michael I. Weinstein. “Modulational stability of ground states of nonlinear
Schrodinger equations”. In: STAM J. Math. Anal. 16.3 (1985), pp. 472-491.
DOI: 10.1137/0516034 (cit. on pp. 26, 100, 404).

Michael I. Weinstein. “Nonlinear Schrédinger equations and sharp interpo-
lation estimates”. In: Comm. Math. Phys. 87.4 (1982), pp. 567-576. URL:
http://projecteuclid.org/euclid.cmp/1103922134 (cit. on pp. 2, 29,
76, 103, 401).

Carl Wieman. Nobel Lecture. 2001. URL: https://www.nobelprize.org/
prizes/physics/2001/wieman/lecture/ (cit. on pp. 16, 90).

Michel Willem. Functional analysis—fundamentals and applications. Sec-
ond. Cornerstones. Birkhauser/Springer, Cham, 2022, pp. xv+251. DO
10.1007/978-3-031-09149-0 (Cit. on p. 354).


https://doi.org/10.1007/bf00628744
https://www2.math.uu.se/~watuc425/main/papers/ECM04Tucker.pdf
https://www2.math.uu.se/~watuc425/main/papers/ECM04Tucker.pdf
https://doi.org/10.1103/PhysRevE.83.061137
https://doi.org/10.1016/j.jfa.2022.109574
https://doi.org/10.1016/j.jfa.2022.109574
https://doi.org/10.1002/cpa.3160390103
https://doi.org/10.1137/0516034
http://projecteuclid.org/euclid.cmp/1103922134
https://www.nobelprize.org/prizes/physics/2001/wieman/lecture/
https://www.nobelprize.org/prizes/physics/2001/wieman/lecture/
https://doi.org/10.1007/978-3-031-09149-0

BIBLIOGRAPHY 439

[335] Michel Willem. Minimaz theorems. Vol. 24. Progress in Nonlinear Differ-
ential Equations and their Applications. Birkhauser Boston, Inc., Boston,
MA, 1996, pp. x+162. DOL: 10.1007/978-1-4612-4146-1 (cit. on pp. 2,
33, 35-37, 76, 107, 109-111, 327, 329, 400).

[336] Hidehiko Yamabe. “On a deformation of Riemannian structures on com-
pact manifolds”. In: Osaka Math. J. 12 (1960), pp. 21-37. URL: https:
/ /projecteuclid . org/ journals/osaka- journal - of ~-mathematics/
volume-12/issue-1/0n-a-deformation-of-Riemannian-structures-
on-compact-manifolds/ojm/1200689814.full (cit. on pp. 42, 116).

[337] Kai Yang, Svetlana Roudenko, and Yanxiang Zhao. “Blow-up dynamics and
spectral property in the L2-critical nonlinear Schrodinger equation in high
dimensions”. In: Nonlinearity 31.9 (2018), pp. 4354-4392. pDOI: 10.1088/
1361-6544/aacc4l (cit. on p. 403).

[338] Vladimir E. Zakharov and Aleksei B. Shabat. “Exact theory of two-dimensional
self-focusing and one-dimensional self-modulation of waves in nonlinear me-
dia”. In: Soviet Physics JETP 1 (1972), pp. 62-69. URL: http://www. jetp.
ras.ru/cgi-bin/e/index/e/34/1/p627a=1ist (cit. on p. 405).


https://doi.org/10.1007/978-1-4612-4146-1
https://projecteuclid.org/journals/osaka-journal-of-mathematics/volume-12/issue-1/On-a-deformation-of-Riemannian-structures-on-compact-manifolds/ojm/1200689814.full
https://projecteuclid.org/journals/osaka-journal-of-mathematics/volume-12/issue-1/On-a-deformation-of-Riemannian-structures-on-compact-manifolds/ojm/1200689814.full
https://projecteuclid.org/journals/osaka-journal-of-mathematics/volume-12/issue-1/On-a-deformation-of-Riemannian-structures-on-compact-manifolds/ojm/1200689814.full
https://projecteuclid.org/journals/osaka-journal-of-mathematics/volume-12/issue-1/On-a-deformation-of-Riemannian-structures-on-compact-manifolds/ojm/1200689814.full
https://doi.org/10.1088/1361-6544/aacc41
https://doi.org/10.1088/1361-6544/aacc41
http://www.jetp.ras.ru/cgi-bin/e/index/e/34/1/p62?a=list
http://www.jetp.ras.ru/cgi-bin/e/index/e/34/1/p62?a=list

	Remerciements, acknowledgments
	Introduction (en français)
	L'équation de Schrödinger non-linéaire
	Pourquoi utiliser les graphes métriques comme domaines?
	L'équation de Schrödinger non-linéaire sur les graphes métriques
	(Nodal) action ground states
	Solutions normalisées
	Rôle des propriétés topologiques et métriques des domaines
	Solutions concentrées
	Problèmes avec non-linéarité localisée
	Solutions nulles sur des arêtes
	Solutions d'équations vs minimiseurs de problèmes sous contraintes
	Régime faiblement superlinéaire (p 2)
	Résultats principaux des chapitres
	Présentation des annexes

	Introduction (in English)
	The nonlinear Schrödinger equation
	Why use metric graphs as domains?
	The nonlinear Schrödinger equation on metric graphs
	(Nodal) action ground states
	Normalized solutions
	Role of topological and metrical properties of domains
	Concentrated solutions
	Problems with localized nonlinearity
	Solutions vanishing identically on edges
	Solutions of equations versus minimizers of constrained problems
	Weakly superlinear regime (p 2)
	Main results of the thesis
	Presentation of the appendices

	On the notion of ground state for nonlinear Schrödinger equations on metric graphs
	Presentation of the chapter
	Preliminaries
	A general existence result
	Proof of Theorem 1.3

	Constant sign and sign changing NLS ground states on noncompact metric graphs
	Presentation of the chapter
	Preliminaries
	Proof of the abstract results
	Graphs with at least one half-line
	Graphs with infinitely many bounded edges
	Qualitative properties of nodal ground states

	A new approach to prescribed mass (nodal) solutions of (NLS)
	Presentation of the chapter
	Existence results for nodal action ground states
	The level of nodal action ground states
	Proof of Theorem 3.1
	Proof of Theorems 3.2–3.4–3.7

	Infinitely many normalized solutions of L2-supercritical NLS equations on noncompact metric graphs with localized nonlinearities
	Presentation of the chapter
	An abstract multiplicity result
	A Pohožaev type identity and its consequences
	Infinitely many minimax levels for E for almost every [12, 1]
	Proof of Theorem 4.3
	Proof of Theorem 4.2

	Near-linear regime and vanishing on edges
	Presentation of the chapter
	The near-linear regime: general theory
	Compact star graphs
	The tetrahedron
	Computer-assisted proofsMany thanks to Prof. Christophe Troestler for his course on interval arithmetic given at UPHF (on which most of section 5.5.1 is based) and for his invaluable help in the computer-assisted proof to study the tetrahedron graph that we will present in this section 5.5.

	What are metric graphs?
	What are metric graphs?
	Metric graphs are metric spaces
	Metric graphs are measured spaces
	Weak derivatives and the space H1(G)
	Coarea formulas

	Rearrangement on metric graphs
	Decreasing rearrangement on the half-line
	Decreasing rearrangement of functions in H1 and the Pólya-Szegő inequality
	Symmetric rearrangement on the line

	The soliton on the real line
	The ODE energy and the phase plane
	Action level and mass of the soliton
	Energy ground states on the real line
	Energy ground states on the half-line
	Uniqueness of positive solutions of (NLSODE) on intervals withDirichlet conditions

	Maximum principles
	Implicit function theorems (IFT)
	Topological IFT
	Differentiable IFT

	The evolution equation
	The Cauchy problem
	Stationary waves
	Non-explosion in the mass-subcritical regime (2 < p < 2 + 4N)
	An explosion threshold in the mass-critical regime (p = 2 + 4N)
	Explosion in the mass-supercritical regime (2 + 4N < p < 2*)
	Dynamics of the explosion when p = 2 + 4N
	Orbital stability and links with normalized solutions
	A few words on integrability in dimension one in the case p=4

	Bibliography

